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NhaBa 1. BBegeHue B aHa/IU3 AaHHbIX

PyKOBOZICTBO T10 MeTOZIaM MaTeMaTH4eCKOU U CTaTUCTUYeCKOW OMO/IMOTeKH TIPUK/Ia[HBIX TTPOrPamMm
ME.com (Mathematical & Engineering components) cogepXUT TeopeTrdeckoe 000CHOBaHKe ",
HeoOXouMoe /IJ1si TOHUMAaHUSI, U3yUYeHUsT U UCTIONb30BaHUsl JAHHOTO TTPOrPaMMHOTO 0becTieueHust
B pa3/IMUHbBIX MTPOEKTaxX.

1.1. lLLikana namepeHus

[MpyHa1/1eXKHOCTh MPU3HAKA 1IKa/Ie U3MePeHHst OCHOBAHA Ha JIOMYCTUMOCTHU JIOTUUECKUX U
apudMeTHUeCKHX Orepariyii, KOTOpble MOTYT ObITh ITPOBE/IeHbI Ha/l TIPHU3HAKOM, KaK IMOKa3aHo B
Tabsnuile.

[Mlkana HornycTrMblie orepauyn
HomuHanbHas Pasnuuenue
[TopsizkoBas Paznuuenue, cpaBHeHHe
KonnuectBeHHas Pa3znnueHuve, cpaBHeHHWe, CII0KEHUE, YMHOKeHHe

Knaccugukaiys BkItoyaeT NpU3HaKu:

1. HomuHajbHble — KaueCTBeHHbIe NIPHU3HAKY C HEYIOPSZ0UeHHbIMU COCTOSTHUSIMU.
HomuHanbHbIe MPU3HAKK MOTYT OBbITH OL[U()POBaHbI, OJHAKO CMBIC/IA 3TU [UQPHI, 3a
VICK/TIOUEHHeM BO3MO)KHOCTH Pa3/inuaTh MPU3HAKU MeXXAy co0oi, He nMeroT. YacTHBIM
C/lyuyaeM HOMHHAaJ/IbHBIX TIPU3HAKOB SIB/ISIIOTCSI OMHApHBIe (IUX0TOMUYeCKHe) MPU3HaKy,
npe/ICTaB/IsIIoLe C0O0i1 HOMUHA/IbHBIE TIPU3HAKU C JBYMS I'Pa/jaliusiMH.

2. TlopsiakoBbIe — KaueCTBEHHbIe TIPU3HAKY C YIIOPSI0YeHHbIMU COCTOSHUAMU. [Topsigok
COCTOSIHMI MMeeT CMBIC/I, IPU3HAKU MOT'YT OBITh OCMBICJIEHHO OL{(POBaHbI 1
CPaBHUBATLCSI MEX/Y COOOM, OZIHAKO pacCTOSTHUSI MeXK/ly HUMU He oripeZiesieHbl. K
TIOPS1IKOBOM 11IKajie OTHOCUTCS TaKoKe I11Kajia paHKUPOBOK.

3. KonnuecTBeHHbIe (UMCIEHHBIE), TTOJpa3e/semMble HA UHTepBa/lIbHbIE U OTHOCHUTE/bHbIE
npy3Hakyd. OHY pa3/IMyaroTCs M0JI0KeHeM HyJ/1eBOM OTMETKH Ha LlIKajie U3MepeHusl.
UucneHHble IPU3HAKK OTpeJie/sitoT U3MepsieMble BeJIMUUHBI U SBJISIIOTCS UCTUHHBIMU
KO/TMYeCTBeHHBbIMH, [IPUYeM MOT'YT U3MepSThCsl KaK HellpepbIBHbIE, TaK U Lie/I0UKCIeHHble
TIPU3HAKHU.

4. ®uKkTuBHbIe (MHAVKATOPHBIE) TIepeMeHHbIe — BCIIOMOTraTe/IbHble OWHapHbIE TTepeMeHHbIe,
NIpYHUMaOLMe 3HaueHus To/bKo 1 mibo 0, KOTopble MPUMEHSIFOTCS /1/1s1 BBeJleHUs B
perpecCHOHHbIe MOJle/I1 KaueCTBEeHHbIX IlepeMeHHbIX.

PaccMoTpuM BO3MOXKHOE KOAMPOBaHUE KaueCTBEHHbIX [TepeMeHHbIX (PUKTUBHBIMU, UTO
HeoOxorMO /17151 0becrieueHust yyacTusi KaueCTBeHHbBIX TlepeMeHHbIX B KOJTMUeCTBeHHBIX pacyeTax
Haps/ly C ICTUHHO KOJIMYeCTBEeHHbIMM IepeMeHHbIMU. ECii KauecTBeHHasi epeMeHHasi IpYHUMaeT
S (hyKCHpOBaHHBIX 3HaUEHUH, TO TEOPETUYECKH OHA MOKeT ObITh 3aKoupoBaHa N (GUKTUBHBIMU
nepeMeHHbIMH, [jle MUHUMaJIbHOe 3HaueHue N, OueBU/IHO, OTIpeZiesisieTCsl U3 L{eJI0UHC/IeHHOTO

1  CcbUlKM Ha UCT0/Ib30BaHHbIE M peKOMeH/lyeMble MCTOUHUKU BbIHECEHb! B OT/e/IbHBIN (aiis.
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HepaBeHCTBa S < 2". BO3MO)KHBI 1 MHbIE BAPUAHThI KOAUPOBKHU. Harprumep, MOXKHO KaueCTBEHHYO
repeMeHHY0 C S (PMKCUPOBAaHHBIMU 3HAYEHUSIMU 3aKOJJMPOBATh S (DUKTUBHBIMU [1€PEMEHHBIMHU.
IIkasibl MOTYT TIPUBOAUTLCS OffHA K APYTOii: KOJTMUeCTBeHHas 11Kasa — K TIOPSIIKOBOH IIIKasie Uiu
HOMUHAJTLHOMU, TOPSIIKOBAs 1IIKa/la — K HOMUHA/IBHOM 11iKaie. OOpaTHbie orneparuy CUATaITCsS
HEKOPPEKTHBIMH.

Cwm. yuebHOe mocobue Bopiiosa.

1.2. TabnnyHble gaHHble

1.2.1. Tabnuybl 2 X 2

[IByxBXO/IOBBIE TAO/IUI[BI COTIPSPKEHHOCTH THTIA 2 X 2 BO3HUKAIOT B Pe3y/IbTaThl COMOCTAB/IeHHUS
JBYyX OWHAPHBIX (JUXOTOMHYECKHX) BEIOOPOK, T. €. BELIOOPOK, COCTOSIIMX M3 3HaueHu 1 u 0,
TipyueM MoJ, 3HaueHreM 1 MOHMMalOT Ha/lnuKe MpU3HakKa, nof, 3HaueHreM (0 MOHUMarOT OTCYTCTBUE
TIpU3HAaKa.

Bb100pKM paccMaTprBaeMoro MOTyT ObITh TIpe/ICTaB/IeHbI B BUe Tabui] TUMa 2 X 2 pa3IMuHbIMU
criocobamu, B 3aBUCUMOCTH OT TOTO, SIBJISIFOTCS JIM BIOOPKY He3aBUCUMbBIMH UM MapHbIMUA. Hike
TIpeZiCTaB/IeHbI CIIOCOOBI MOTyueHHst TabuLl 2 X 2 ¥ yKa3aHbl UX CyIIleCTBeHHbIe 0COOEHHOCTH.

1.2.1.1. He3aBucumMble BbIGOPKN

[TopsioK TTOCTPOeHHs TabMLIBI U3 BAPUAHT HE3aBUCUMBIX BEIOOPOK W/UTFOCTPUPYETCS TabIuLei:
Hanmuuue s¢dekra

Ha Her
Bribopka 1 a b
Bribopka 2 c d

ITpu 3TOM B STUEUMKM 3aHOCATCS:

a — 4McIIo 3HaueHul ¢ 3ddekTom nepBoii BEIOOPKHY,

b — uncrno 3Hauenwmii 6e3 3¢dekTa meproii BLIOOPKHY,

€ — YMCJI0 3HAYEeHUH ¢ 3(deKToM BTOPOH BHIOOPKH,

d — uncno 3HaueHuii 6e3 3¢hexTa BTOpoii BHIOOPKU.

Tabsu1ibl JAHHOTO TUIIA MOT'YT MPUMEHSITHCS TIPU aHa/u3e JaHHBIX TUTIA «OTbIT — KOHTPOJIb» UIH
CpaBHEHMH /IByX He3aBUCUMBIX METO/|0B BO3ZIeCTBUS THIIA «TpyIa 1 — rpymnna 2».

1.2.1.2. MNapHble BbIGOPKN

I171s1 mapHbBIX (COTIPSPKEHHBIX) BHIOOPOK TOPSIIOK MIOCTPOEHMSI Tab/TULIbI UJUTFOCTPUPYETCS
TabMLIe:

Sddexr B
Ha Her
Oddext A Ha a b
Her c d
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B pmaHHOM cilyudae aHanm3y noziBepraeTcst (hakTHuecKu 0JjHa JByMepHasi BLIOOpKa — BbIOOpKa map
3HaueHWii, IepBoe 3HaueHue Napbl — HaJIMuMe UM 0TCyTcTBHe 3(dekTa A, BTopoe — Hajlmuue Uin
orcytctBue 3¢ dekra B. [Io3ToMy B stueliKu TaOIUI[BI 3aHOCSTCS:

a — ymncsio nap 3HaueHui ¢ a¢pdekrom A u ¢ 3¢ dekTom B,

b — uricno nap 3Hauenuii ¢ 3pdexrom A u 6e3 adpdekra B,

¢ — map 4ucsio 3HaueHui 6e3 adexra A u ¢ a3ddexrom B,

d — map umcsio 3HaueHu 6e3 addekra A u 6e3 scddekra B.

TabnMLIbI JAHHOTO TUMA MOTYT MIPUMEHSTHCS TIPY aHa/IM3e JaHHBIX THTA «JJ0 — T0CTIe».

1.2.2. ABYXBX0OA0BbIe TaGNULbI TUNA T X C

I[TycTtb 0603HaueHo:

I — UKACJIO TPaJiaLivii MepBOro NpuU3Haka,

C — UMCJI0 rpaJlalivii BTOPOro MPU3HAaKa,

n, i=1,2,...,r; j = 1,2,...,c — UMCJIEHHOCTh BapHaHT, 00/1alal0IMX OAHOBPEMEeHHO i—i rpajarjuet
11epBOro NpU3HaKa Y j—1 rpafialiield BTOporo Ipu3Haka.

Torga Tabmuia CONpsHKeHHOCTH Oy1eT UMeTh BU/;

nll ”12 cee nlc
n21 ”22 nzc
nrl nr2 nrc

[Topsiziok TIpH3HAKOB (CTOJIOLIBI M/ CTPOKH) 3HaUeHus He uMeeT. [1py aHamm3e TabULbI
COTIPSDKEHHOCTH YCJIOBUTUCH KOJTMUECTBO CTPOK Tab/HMIbl 0003HaUaTh CUMBOJIOM I (OT aHI/IUHCKOTO
CJIOBa 'OWS), a KOJTAUECTBO CTOJIOIIOB — CUMBOJIOM C (OT aHITIMKACKOTO C/IoBa columns), XOTsI MOTYT
BCTpeYaThCs 1 /to0bIe Apyrre 0003HaueHus1. [IBymepHasi Tab/UIia COMPSDKEHHOCTH OyzeT
MMEHOBAThCs I X ¢ Wik R x C tabnmueii. Kaxkpast KjieTka Tabmiibl CONPSDKeHHOCTH C UHAEKCaMH |,
i=1,2,...,r, (Homep CTpokM) H j, j = 1,2,...,c, (HOMep cTo/011a) MpeCTaB/IseT COO0M KOJTMUeCTBO
VHAWBUYYMOB, 00/1a/Iat0IIMX OJIHOBPEMEHHO rpajjalivel i iepBoro npr3HakKa v rpafialyei j
BTOPOTO TMpH3HaKa. JJaHHOe KOIMYeCTBO Ha3bIBaeTCst HabmozaeMoi (Hab/IroieHHOM) YaCcTOTOM
BCTPEYaeMOCTH TIPU3HAKOB. MeToZiaMy KPOCCTaly/IsLiy UCCIeAyeTCs 3aBUCUMOCTD TIePBOTO
HOMMHAJ/IbHOTO TMPH3HaKa C UAC/IOM Ipafialivii r OT BTOPOr0 HOMUHA/IBLHOTO MPH3HAaKa C UAC/IOM
rpagauuii c. Eciu Tabnuiia conpsbkeHHOCTH KBaipaTHast (UMcia Tpajialiyid [jist IepBOTO U BTOPOTO
TIPU3HAKOB OJJMHAKOBBI), TO YaCTO UCIO/b3yeTcsl 0003HaueHue: Tabnuiia Tuna k X k, rae k — unciio
rpajlalyii Kax10ro mpu3Haka.

1.2.3. MHOroBxogoBble Ta6uLbl

MHOroBX0Zi0BbIe Tab/IULIbI COTPSDKeHHOCTH BO3HMKAIOT, KOT/Ia UKCJIO MPU3HAKOB TpeBbIIIaeT 2.
CHauayia /i/1s1 TIOSICHEHUS TIPUHIIMIIA 0003HaueHW PaCCMOTPUM TPEXBXO/IOBYIO Tab/uIly, a 3aTemM
0000611MM pe3y/bTaThl Ha TabMMUIBI COTIPSHKEHHOCTH TIPOM3BOJILHOM pa3MepPHOCTH.

BBezsiem HOBbIe 0003HauenHwust. [TycTs ki, i = 1,2,3 — unc/I0 Tpajjalyii i—To pU3HAKa,

Copyright © 2017 Igor Gaidyshev



@ The ME.com

(.) — obo3HaueHre GUKCUPOBAHHOTO YPOBHS 3—T0 MpH3HaKa. Torya Tabauiia CONpsyKeHHOCTH IS

npu3HakoB 1 1 2 pu puKcpoBaHHOM ks = 1 MeeT BH/| IBYXBXO/[0BOU TabO/IULIBI:
) M )

my oy oomgy
(O] (O] @)
ny o ony o omy
1) 1) ©
My My e M
JleficTBYs aHAJIOTUYHO, TIOlyYaeM U BCe OCTa/IbHbIe Tab/IHLbI:
(2) (2) (2) (.. . (. (k3) (k3) (k3)
nyoony e mg nmytongT o g ong gy
1) 1) 1) (.. . . (k3) (k) (k3)
Ny My e My M0 Nyy” e Wy My My Ny
(2) (2) (2) (.. . (. (k3) (k3) (k3)
Mol M, e M gy mgy gl om oy
b 3 .

TpexBxozoBast Tab/MI]a CONPSPKEHHOCTH TIPe/ICTaB/sieT c000i cBoeoOpa3HbIii «Kyb» CO CTOpOHAMU
ki x ko x ks. XopoI1io 3aMeTHO, HaCKOJILKO TPOMO3/IKO U HeYI0OHO Takoe TIpeZiCTaB/IeHre JaHHbBIX
JJIsI MHOTOBXO/ZIOBBIX TaOJIHL], T03TOMY OBIJIO TIPUHSITO IPYToe TpeJcTaBieHue, pakTuyecKu
OTpaykarolllee Ty )Ke CaMyH0 CYILI[HOCTb, T. . TIPe/ICTaB/IeHUsI B3auMo3aMeHsieMbl. [JaHHOe
9KBHBaJIeHTHOe Tab/JIMYHOe Mpe/iCTaB/ieHre MHOTOBXO0/JOBbIX TabmuL] (7151 pACCMOTPEHHOTO
npyUMepa) Mpe/CTaB/IeHo Hke. biiarogapsi TeM >ke caMbIM 0003HauUeHUsIM TIOHSITEH TTOPSIZIOK
TIOCTPOeHUs TabMMUHOM (hOPMBI MHOTOBXO/IOBOM TaOJTHIBI:

» TlepBbiii cTO0E1] TAO/IUITBI — TPa/IAl[UM TTPU3HAKA 1.

*  Bropoii cTosbel] TabUIbI — rpajjal{iu MPHU3HaKa 2.

* Tpetwii cTonber; TabMUILIBI — FPpajiAlK TIPU3HaKa 3.

* Tlocnemnuii ctonber] 060 TaOMULIBI — 3TO KOTUUECTBA MHAWBUYYMOB (4aCTOThI),
00J1a/1aroIMX OJHOBPEMEHHO T'Pa/lalMsIMU TIPU3HAKOB, TIEPEUHC/IEHHBIX B CTPOKE,
COOTBEeTCTBYHOII[el JJaHHOU UacToTe.

Tabsuria ipefcrapsier co00 BCe BO3MOXKHBIE COUETaHUS TPajialiuil MPU3HAKOB ki, i = 1,2,..., U

n
[ 1%
COOTBETCTBYIOIIIE UM YacTOThI. [To3TOMY pa3mepsl Tabnuipl OyayT =  cTpoKk Han + 1
CTONOLOB, I7le N — KOJMUYEeCTBO M3y4YaeMbIX MTPHU3HAKOB. PaccMOTpeHHOe mpe/icTaBIeH e T03BOoIsieT

1300pa3uTh Ha «TJIOCKOCTH» TaO/IUL[bI COTIPS>KEHHOCTH TPOM3BOJILHONM Pa3MepPHOCTH.

1.3. NMpo6seMbl Ma/bIX N GO/ILLLUUX BbIOOPOK

[Tpo6siemMbl MabIX ¥ OOJBIIX BBIOOPOK OTHOCSATCSI K OCHOBHBIM ITpO0OieMaM, BO3HUKAIOLIM TIPU
NpakTU4YeCcKOM MPUMeHEeHNU MeTO/[0B aHa/u3a JaHHbIX. MOXKHO MPeZJIOKUTh TaKylo
K/IacCU(UKAIHIO BEIOOPOK TI0 UHUC/IEHHOCTH, UCXO/s U3 TpeOOBaHMH Mpe/iCTaB/IeHHbIX KPUTEePHEB:
* OuUeHb Majible BEIOOPKHU — OT 5 710 12,
* Marible BeIOOpPKH — OT 13 710 40,
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*  BBIOOpPKM cpefHelt uncieHHoCcTH — oT 41 o 100,

* Oosbmme BbIOOPKH — OT 101 1 BhIIIIE.
MakcuMasbHasi YMCIeHHOCTb BLIOOPKY JIMMUTHUPYETCS TTOBBIIIIEHHOW TPYA0EMKOCThIO BBIYUCTIEHHST
CTaTUCTUKU KPUTEPUsi, 0COOEHHO, eC/TH B CXeMe ero BhIYMC/IeHHS TIPUMEHSIOTCS KOMOMHATOPHBIe
anroputMmel. [1py 60/BIIMX YMC/IEHHOCTSIX BEIOOPOK CTAHOBUTCS OTPaBAAHHBIM NIPUMeHeHre MeHee
TPYZI0EMKHX B BbIYMC/IEHUU TECTOB, B TOM UHCJIe [TapaMeTpUYeCcKrX.

1.4. O6wana metogonorus

[Top maTeMaTHueCKOM CTaTUCTUKOM MMOHUMAKOT MpaKTUUeCcKoe MPUIoKeHWe JOCTKEHUN Teopyur
BeposiTHOCTel. Teopusi BepOSITHOCTH HOCHT BCeoOIIMii XapakTep 0e30THOCUTENILHO K pu3ndeCcKon
npupoje siBneHus1. [103ToMy MeTo/ibl MaTeMaTHueCKOW CTaTUCTUKU OJJMHAKOBBI /1J151 U3yUeHust
0001 00BeKTUBHOM peaibHOCTH. CTaTUCTHUECKOe UCC/Iel0OBaHUe BK/TFOYAeT I1aru:

1. Paspabortka fu3aiiHa.

2. COop AaHHBIX.

3. Marematuko—cTaTicTH4eckast 00paboTKa.

4. BpIBOABI, pEKOMEH/ALMU U [IPOTHO3.

1.4.1. CtaTuctnyeckas nonynauus

[TpeameToM CTaTUCTUYECKUX MCC/IEIOBAHUN SIB/ISIETCS FeHepasibHasi COBOKYITHOCTh
(craTucTUUeckasi MOMYJISILUsS), O TTapaMeTpaxX KOTOPOM /leflaeTcs Mpe/rnosioykeHre Ha 0CHOBAaHUN
perpe3eHTaTUBHOMN 3MITUPHUYeCKOU BEIOOPKU (BBIOOPOUHOM COBOKYITHOCTH) U3 MOMYJISL[UH.
CraTUCTHUeCKOH MOMy/IsAI[Ue Ha3bIBaeTCSI COBOKYITHOCTh BCEX 0OBEKTOB OZIHOTO KJlacca, Pa3/iuuus
MeX/ly KOTOPbIMH OTIpe/Ie/IsIFOTCS TOMBbKO C/Ty4aiHbIMU (PAaKTOPaMU.

1.4.2. CtaTuucTnyeckasi runoresa

CraTtucThueckor runoTe3oi Hy Ha3biBaeTCsl yTBepXK/ieHre, B KOTOPOM MpeAroaraeTcsi, uTo
WCTUHHOE pacripe/ie/ieHre BeposiTHOCTeN MPUHA/JIeXXUT TOJMHOXKeCTBY CeMeiCTBa BO3MOKHBIX
BepOSITHOCTHBIX pacrpezienieHuii. [IpoBepsiemasi runotesa HyHa3bIBaeTCs HY/1€BOW TMIIOTE30M.
AnbTepHaTHBHOM (KOHKYPUPYIOLel) rurnoTe3ou H, Ha3blBaeTCsl OTPULIaHUe HY/IeBOW IMIIOTe3bI.
[TycTb, Hanp¥Mep, CTaTUCTUUYECKUN KPUTEPUI TIPOBepsieT Hy/eBYIO runore3y Hy o paBeHCTBe («HeT
CTaTUCTUYECKHU 3HAYMMOTO Pa3/inuusi») DYHKIIMH pacrpe/iesieHns IByX BbIOOPOUYHBIX
coBokymnHocTell F(x) = G(x) AnbTepHaTUBHas rurnore3a H; B JaHHOM C/Tydae MOKET ObITh
copMy/poBaHa OHUM U3 TPeX CriocoboB:

1. F(x) # G(X) — «Hy/neBas TUTIOTe3a HeBePHa» — 3TO ABYCTOpPOHHss (two—tailed, two—sided)

TUIOTe3a;

2. F(x) < G(x)—2T0 ogHOCTOpOHHSs (upper—tailed) rumnore3sa;

3. F(x) > G(x) — 310 ogHocTtopoHHs (low—tailed) rumnore3sa.
Kputepuii T poBepKy CTaTUCTUYECKOM rumnoTe3bl Hy eCThb Mpoljelypa BbIpaOOTKHU PeIeHus 0 TOM,
TIPUHSTD WM OTKJIOHUTD AaHHYIO Hy/eByto rurote3y. Kputrndeckoii 06macTbio (06/1aCThIO
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HeTpUHSTHS Hy/IeBOU rurote3bl) U sIBsieTCsl Ta 4aCTb BEIOOPOYHOTO MTPOCTPAHCTBA, KOTOpast
TIPUBOJIUT K OTK/IOHEHUIO TUnoTe3bl Ho.
YpoBHEM 3HAUMMOCTH KPUTEPUSI SIB/ISIETCSI BEPOSITHOCTh Of TOTO, UYTO 3TOT KPUTEPUM TIPUBEJET K

OTK/IOHEHUIO HYJIeBOU TUIOTe3bl B C/lydae ee UCTUHHOCTH P(Tel)=a gy pe3y/bTaThl
TIPOBEPKHU HaXoAAaTCs B Kputuueckout obnactu P(T > T,) < a, Hy/ieBasi TUTIOTe3a OTK/IOHSAETCS U
TIPUHUMAeTCs ajlbTePHATHUBHAs TUIOTe3a. 3eCh KPUTHUUeCKOMY 3HAaUeHUI0 KPUTEePHsi COOTBETCTBYeT
YPOBEeHb 3HAUMMOCTH .

OTKJ/IOHEeHHe HY/IeBOM THUTIOTEe3bI B C/TyYae ee UCTUHHOCTU Ha3bIBaeTCs OmMOKoi I (mepBoro) poza.
[TpuHsITHE HY/IEeBOM TUITOTE3bI, KOT/Ia OHa He BepHa, Ha3bIBaeTcs ommbkoi 11 (BToporo) poza.
BeposiTHOCTh OIMOKY BTOPOTro pojia 0003HauaeTcs 3.

C 1esnbro yHUGUKALIMKA CTAaTUCTUUECKUX Tab/NL] M CTaHAAapPTHU3aLMU BbIBOJJOB YPOBEHb 3HAUMMOCTH
BbIOMpaeTcs u3 ctaHgapTHoM mHerky tuma 0,001; 0,005; 0,01; 0,05 ..., m1bo TO Xe B MPOLIeHTaX.
BenumnHa ypoBHS 3HAUMMOCTH 3aBUCHUT OT Ba)KHOCTHU TIpeAMeTHOM obsiacTu (CM. paszesn o
JIOBEPUTETLHOU BEPOSITHOCTH). UeM MpOBOAATCS UCC/IeloBaHUs Oosiee BaykHbIe (B OMOMeUIIMHE U
CMeKHBIX JUCLIMIUIMHAX — Ooslee cOL[MabHO 3HaUMMbIe), TeM MEHBIIMM YPOBHEM 3HAUYMMOCTH
c/ieflyeT OrepupoBaTh.

Ha cxeme nokasaH anropuTMm /IelCTBHM NPY NMPAKTUUeCKOM pelleHrY 3a/jaukl IPOBEPKU FMIOTe3bl.
[Tyctb HyneBasi rurnoTte3a Hy chopmynrpoBaHa Kak «HET CTaTUCTUUeCKU 3HAUMMOT0 Pa3Iduusi», a
anbTepHaTMBHAas runote3a H; chopMynrpoBaHa Kak «Hy/ieBasi TUIIOTe3a HeBepHay.

QoprMyNHpoOBKA
HYNeBOR W aNETEpHATHEHOA
rMNoTes

!

CTATMCTHYECKMA TECT,
BLIMMCIEHHE CTATHCTHKK
KpHUTER WA K P-3Ha4eHKA

_paBHEHKE
C YPOBHEM ZHAYHMMOCT K

MeHbLUe
Pasnuyua CTAaTUCTHYECKH Pasnnyua CTaTUCTHYECKH
He AOKE38HEl, NPUHHMAasTCA AOKE3aHEl, NPHHHMAasTCH
runoTesa Hy runotesa H,

Pe3ynbTaToM CTaTUCTUYECKOM TPOBEPKHU SIBJISIETCS BBIBOZ, O TOM, B CKOJIbKUX C/Iydasix, Harlpumep,
Ha Kaxxzple 100 npoBe/ieHHbIX UCTIBITAHMI OTK/IOHEHHSI MOJKHO CYMTATh ciyvyaiHbiMu. Ha
3a/JlaHHOM CTaH/|JapTHOM YPOBHE 3HAYMMOCTH MCC/Ie/loBaTelb MOYKeT OCTAaHOBUTBHCSI HA OJHOM U3
JIBYX TUIIOTE3.
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PaccmoTpuM noHsiTUSI ofHOCTOpOHHel (upper—tailed 1 low—tailed) u gBycTOpoHHei (two—tailed)
TUTNOTe3, KOTOPhIM COOTBETCTBYIOT OJJHOCTOPOHHMM (one—sided) u [BycTopoHHMI (two—sided)
KpPUTEPUH 3HAUMMOCTH.
CuuTaeTcs, 4TO KOTZla UCC/e/loBaTe/lb UMeeT I0CTaTOYHOe KOJTMUeCTBO IaHHBIX, TTO3BOJISOIINX
Tipe/iCKa3aTh B aJbTePHAaTUBHOW FMIOTe3e HamlpaB/eHue pas3inuuid (Harpumep, A0S »KenaTeabHbIX
3¢ ¢deKTOB B OMBITHOM TPyIITie He MPOCTO OT/INYaeTCsl OT [J0JIM B KOHTPOJIbHOM TPYIITie, a MpeBbIlliaeT
ee), UCI0/b3yeTCsl OHOCTOPOHHMM KpuTepuid. B mpoTuBHOM ciiydae (707151 3(h(eKTOB B OMBITHOM
rpyTire MpPOCTO OTJIMYAeTCs OT [0/ B KOHTPOJIbHOM T'PYIITIe) UCTI0/b3YeTCsl By XCTOPOHHUI
Kputepuid. [laxke ecii MHTepecCytolliee pa3/inure 10/DKHO ObITh B OAHOCTOPOHHEM HarlpaB/ieHUH,
WCCIe[I0BaTe/I0 peKOMEeH/YeTCs TIOACTPaXx0BaThCsl OT HeOXKUAAHHBIX Pe3y/IbTaTOB, BLITIOHIB
JIBYyCTOPOHHMI TeCT.
[TopsifoK eliCTBUM NIPY PellleHUH O IPUHATHY TUITOTe3bl TAKOU.

1. HyneBas runore3a H, (JBYyCTOPOHHSIS ajbTepHAaTHBa) OTKJIOHSIETCS, eC/IU P, < «.

2. Hynesas runote3a H, (ogHOCTOpOHHSISI upper—tailed anbrepHaTiBa) oTK/I0HSIETCS, eciu (1 —

pu) < Q.

3. Hynesas runote3a H, (ogHocTOpoHHsIs low—tailed anbrepHaTriBa) OTKIOHSETCS, €C/U pr, < Q.
3neck 06003HauEHO:
D2 — HOCTUTHYThIM ypOBEHb 3HAUMMOCTH [IBYCTOPOHHEM CTaTUCTUUeCKOUW TMIOTe3bl,
Pu Y pr, — IOCTUTHYThIA YPOBEeHb 3HAUMMOCTU COOTBETCTBYHOILIeM OHOCTOPOHHEN CTaTHCTHYeCKOM
TUTIOTE3HI.
[1pu BBINIOJTHEHUM TTePEUMCIIEHHBIX YC/I0BUM COOTBETCTBYHOIIAs aJbTepHaTiBHas rurnoresa H;
MOYXeT OBbITh TTPUHSATA.
Eciu onepypoBaTh 3HaueHUEM CTaTUCTUKU KPUTEPHUs], Hy/ieBasi TUTIOTe3a MOXKeT ObITh TIPHHSITA MPU
HaXOXK/[€HUU BBIUMC/IEHHOTO 3HAYEHUS] CTaTUCTUKU Kputepust T B o6sacTu:

* T,_« <T< Ty Ansi ABYCTOPOHHEN a/IbTEPHATHUBHI,

* Ti_ap <T< Ty 11 OGHOCTOPOHHEN a/IbTePHATHBBI.
O6cyxgenue cM. B MoHorpadusx TropuHa c coapt., Cene3HeBa ¢ coaBT., bpanara, KiroriHa ¢
coaBT., Moctesnnepa (Mosteller) c coaBT., kHure I'1oTOBa € COaBT., B CTaThsAx ['yMaHa.

1.4.3. P-3HaueHue

[Tpy nopcTaHOBKe CTaTUCTUKU B ee (PYHKLMIO pacripe/ie/ieHust ojlyyaeTcs BeJIMUMHA, UMeroLast
CMBICJI BEPOSITHOCTH M UHTEPIIpeTaL|io, 3aBUCALYIO OT peliiaeMoi pob/ieMbl. JTa BEPOSITHOCTb
Ha3blBaeTCs (PaKTUYeCKHU JOCTUTHYTHIM YPOBHEM 3HAUMMOCTH, MHaue P—3HaueHueM.

P—3HaueHue 1aeT BO3MOXXHOCTb TIPUHUMATh WJIH OTKJIOHSTD JIaHHYIO THUTIOTe3y TP JIF00OM 3apaHee
3a/laHHOM ypOBHe 3HaUMMOCTH O [TyTeM MPOCTOr0 CPaBHEHMSI BBIUMCIEHHOrO P—3HaueHus C
MIPUHATBIM CTaHJAPTHHIM YPOBHEM 3HAUMMOCTH. Bo3MoOKeH MHOM MOZXO0Z, K ITPOBepKe
CTaTUCTUYECKOU THUIOTe3bl. A IMEHHO, CHavasia BEIYUCISIeTCS 10 BbIOOPKe cTaThcThKa 1. 3arem
BBIUMC/ISIeTCS BepOsITHOCTh P mornazianusi T B KPUTHMUECKYHO 00/1acTb.

PaccmoTpuM, Kak Hy’>KHO ZlelaTh BbIBO/Jbl OTHOCUTEIbHO P—3HaueHHsl CTaTUCTUYECKOM TMIOTe3bl Ha
OCHOBe BbIUMC/IEHHOTO P—3HaueHHst CTaTUCTUKU KPUTEPUS B CTaHJAPTHBIX C/Tydasix
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CTaTUCTUYeCKOM rurnotessbl. ITak, myCTh BbIUKMCIeHO P—3HaueHWe CTaTUCTUKU KPUTEPUS p TTyTeM
TOJICTAHOBKU CTAaTUCTUKU KPUTepHsi B ero (PyHKI[UIO pacripeseneHus. Toraa:

1. B ciyuae AByCTOpOHHEH CTaTUCTUUECKOM rUIoTe3bl ee P—3HaueHue (TOBOPST Ipolile —
[IBYCTOPOHHee P—3HaueHue) BbIUMC/ISIeTCA Kak p, = 2 - min(p, 1 — p).

2. Ecnm cxema BbIUMC/IEHUS] CTAaTUCTUUECKOTO KPUTEPUS M03BOJIsieT Cpa3y BbIUMCIUTD JBa P—
3HAYeHUs1 CTaHJAPTHBIX OAHOCTOPOHHUX CTaTUCTUYECKUX TUMNOTe3 (TOBOPST IMpPOLLe —
OJJHOCTOpOHHee P—3HaueHue): py (BepxHUM XBOCT, upper—tailed) u p; (HWKHUN XBOCT, low—
tailed), To BycTOpOHHEe P—3HaueHue paBHO p, = py + pr. EC/iu pacnipesienieHre cTaTUCTKA
KpUTEpHsI HeCUMMETPUUHO, TO py # pr. OlHOCTOpOHHee P—3HaueHWe BBIYUC/ISIETCS Kak P =
min(pu, pr)-

3. Ecnu pacripegienenvie CTaTUCTKA KPUTEPUSI CAMMETPUYHO, TO py=pr U p2 =2 pu=2* pr.
[TosTOMY ecnu BbIUMC/IEHO IByCTOPOHHEe P—3HaueHue, a pacrpe/ieieHre CTaTUCTUKU
KpUTEPHUsI CHMMETPUYHOEe, OJHOCTOPOHHEee P—3HaueHre MOKHO TO/TyUWTh U3
IBYCTOpPOHHero P—3HaueHus 1o dopmyre p; = p, / 2.

Paccmotpum npumep. [1poBepsieTcsi Hy/eBast TUIIOTe3a O paBEHCTBE CPeJHUX 3HAUeHUH JIByX
BBIOOPOK, a TaK)ke ChOpPMy/TMpOBaHa /IByCTOPOHHSISI a/IbTEPHATHUBA O TOM, UTO CPe/IHME 3HAaUeHUs He
paBHbI. 3agaguMcsi ypoBHeM 3HaUMMOCTH & = 0,05. ITyCcTh Ha OCHOBe CTaTUCTUKU KPUTEPHUS
BBIUMCJ/IEH [JOCTUTHYTHIN YpOBeHb 3HaunMoctu p = 0,988095. Torga fBycTOpoHHee P—3HaueHue
paBHO p; = 2 - min(p, 1 — p) = 2 - min(0,988095; 0,011905) = 0,023810. OueBuHO, UTO P, <
M03TOMY HYyJIeBasi TUIIOTe3a OTKJ/IOHSIeTCSI ¥ TIPUHUMAETCs a/ibTepHAaTHMBHAs TUTIOTe3a 0
CTaTMCTUYECKU 3HaUMMOM pa3/IMuMy CpPeJJHUX 3HaueHHH Ha ypoBHe 3HaunMMocTy o = 0,05. JlaHHBbIH
(hakT 3anuceiBatoT Kak p < 0,05.

O6cyxgenue cM. B MoHorpadusx IlerpoBuya ¢ coaBT., BopoBkoBa, bpayHiu.

1.4.4. floBeputenibHasA BePOATHOCTb

[loBepuTenbHast BepOSITHOCTH ([JOBEPUTE/BbHBIN YPOBEHb, KO3()(ULIMEHT 10BepUsi) OrpesesisieTcs
dhopmynoi
P=1-aq,
I7le o — yPOBeHb 3HaUMMOCTH.
IloBepuTe/bHasi BEPOSITHOCTh TPeOyeTcst /1/1si BEIUMC/IEHUS Psifia BHIDOPOYHBIX CTAaTUCTHYECKUX
nokasareneii. B oTinuue ot psifia ApyTryx napaMeTpoB OHA He BBIUMC/ISIETCS 110 BEIOODKe, a
BBIOMpAeTCs UCC/Ie/joBaTe/IeM U3 CTaHJapTHOM JIMHeWKU (B OCHOBHOM, CJiefysl KacCu(hUKaLu
[TnoXuHCKOr0):
* Hynesoii nopor 0,90 nprmeHsieTcst AJ1si paboThI C TOHWKeHHOW OTBETCTBEHHOCTHIO, TIPU
IepBOM O3HAKOMJIEHUH C SIBJIEHHEM.
* Tlepesiii mopor 0,95 npumeHsieTcst B OOBLIMHCTBE UCC/IeJOBaHUM (HarpuMep,
Bronornyeckre UCCIeI0BaHUS).
*  Bropoii nopor 0,99 npuMeHsieTcst /it paboT C MOBBIILIEHHOW OTBETCTBEHHOCTBIO
(Haripumep, MeIULIMHCKWEe UCC/IeJ0BaHNS).
*  Tpetuii nopor 0,999 npumeHsieTcsi 151 paboT € BbICOKOUW OTBETCTBEHHOCTHIO (HarpumMep,
yCciie0BaHus 3(QeKTUBHOCTH JIeKapCTB).
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[loBepuTe/bHBIN YPOBEHb MOKET OBITH BHIDA)KEH B /10JIsAX, Haripumep, 0,95, 100 B MpolieHTax, TO
>Ke camoe, 95%.

1.4.5. MOWHOCTb Kputepus

MOIIIHOCTBIO Ha3bIBAKOT BeMUMHY 1 — 3, TIe 3 — BeposAITHOCTh OIIMOKK BTOPOTO pPojia
CTaTUCTUYeCKOM ruroTe3bl. MOIIHOCTh XapakTepy3yeT KauyeCTBO CTaTUCTUYECKOTO KpUTepHsl.
MOoI1IHOCTB — 3TO He UMCIo, a pyHKIMA. Yem 3¢ dekTrBHee AaHHask (PyHKLMS CTPEMUTCS K 1, TeM
6osee appeKkTHBEH CTAaTUCTUUECKHUI KPUTEPHIA.

YucneHHOe UCCieIoBaHe MOIITHOCTH MeTozioM MoHTe—Kapiio npezictaBieHo B paboTax
30n0TyXHUHOM € coaBT., Cesie3HeBa € c0aBT., XaccaHa (Hassan), JIemelliko ¢ coaBT., MOHOTpadhuu
XaHa C COaBT.

1.4.6. ConpsXXeHHOCTb BbIGOPOK

[laHHble, TIONMyUeHHbIe B peasibHbIX SKCIIePUMEHTaX, MOT'YT ObITh Ipe/icTaB/IeHbl He3aBUCUMbIMU
b0 ConpsDKeHHBIMU BBIOOPKaMH.

1.4.6.1. He3zaBucnmbie BbI6GOPKU

He3zaBucumbiMu OyayT BBIOOPKH, 0TOOpAaHHBIE M3 IPUYMHHO HE3aBUCUMBIX COBOKYITHOCTel. He
VMMeeT 3HaueHUsl, PABHbI JIU MeX/y COO0M UMC/IEHHOCTH COBOKYTTHOCTEM.
[TprMepbI He3aBUCHUMBIX BHIOODOK:

* MapaMeTphl IByX I'PYMII MalieHTOB, K KOTOPLIM MPUMEHSITUCH pa3/IMUHble MeTOUKU
JleyeHust C LIe/IbI0 U3yUYeHUsT 3HAUMMOCTH Pa3Inuvii MeXXy MeTOIUKaMH;

*  YaCTHBIN C/Tyyail peAbIAyIleil CXeMbl: TapaMeTphl IBYX TPYIII Mal[UeHTOB, K OJHOM U3
KOTOPBIX (OIbITHAs TPyMIa) MPUMeHsJIOCh BO3/leliCTBUe METOIUKH, a K APyrou
(KOHTPOJIbHOM) He TIPUMEHSLIOCh, C 1[e/IbI0 U3yUeHUs] 3HAUMMOCTU BAUSTHUS JaHHOU
METO/IMKH Ha pe3y/bTaT JieueH!s; JaHHasl CXeMa Ha3bIBaeTCsl «OIbIT — KOHTPOJIbY;

*  YaCTHBIN C/TyYail MpefbIAyIlei CXeMbl: TapaMeTphl TPYIITbI MAl[UeHTOB, K KOTOPOM
TIPUMEHSIeTCSI HEKOTOPOe JIeKapCTBEHHOE CPeJICTBO, U KOHTPOJIbHOM TPYTIITBI TIAIlJUeHTOB, K
KOTODOM NpUMeHsITCs T1atebo, a ucceoBaHre TPOU3BOAUTCS C I1e/TbI0 TPOBEPKU
3¢ deKTUBHOCTH TIpenapara.

1.4.6.2. ConpsixxeHHble BbIOOPKU

CoripspkeHHBIMH Oy1yT BbIOOPKH, 0TOOpaHHbBIE U3 IIPUUMHHO CBA3aHHBIX COBOKYMHOCTEH. [Tpu
aHa/M3e COTPSDKEeHHBIX BBIOOPOK UHMC/IEHHOCTH CPABHUBAE@MbIX COBOKYITHOCTEH BCET/ia PaBHbI
MEXy COOOH.
[TprMepsbI COMPSKEHHBIX BEIOOPOK:
*  TlapaMeTpbl OJJHOM U TOM >Ke MCIThITYeMOM IPYIIMbI 0 U MTOC/Ie BO3JeHCTBUS KaKOro—1mubo
(akTopa, HarpuMep, METOAUKH JIeUeHHS; JAHHAsT CXeMa Ha3bIBAaeTCs «/0 U TIOCIe;
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*  TapaMeTpbl OHOW U TOU yKe TPYIIbl UHAWBUAYYMOB (HalpyuMep, CITHCOK MOTUTUYeCKUX
TIApTHH, YUaCTBYOIIUX B TIAP/IAMEHTCKUX BbIOOPAX) MPU BO3/IeHCTBUM Ha Hee pa3/TMuHbIX
(hakTOpOB (MpeAIoUTeHHS 3/IeKTOpaTa B Pa3/IMUHbLIX 30MpaTe/bHbIX OKPyTax);

*  [apaMeTpbl O[HOTO U TOTO >Ke 00beKTa IKCIIEePUMEHTA/TLHOTO UCC/Ie/JOBaHUS, HO
OTHOCSIIMeCS K Pa3/IMYHbIM ero UacTsM, HallpyuMep COCTOSIHUS IByX KOHEUHOCTeH B
Tpoliecce jiedeHusi, OfHA U3 KOTOPBIX IOJ[BEPraeTcs JeueOHOMY BO3/JeMCTBHIO, a pyrasi HeT.

FnaBsa 2. OnucartesnbHasa ctaTUCTUKa

2.1. BBegeHue

PaccMmoTpeHO BeIuMC/IeHHe OCHOBHBIX [T0Ka3aTesiel onycaTe/lbHOM CTaTUCTUKY KOJIMYeCTBEHHbBIX U
KaueCTBeHHbIX BbIOOPOK. [1py 3TOM MCXO/IHbIE JaHHbIe MOT'YT OBITh TIPe/CTaB/IeHbI B KaueCTBe
SMITUPUYECKOI BLIOOPKY WM B CTPYIIITUPOBAaHHOM BH/IE.

2.2. TeopeTnyeckoe o60cHoBaHue

Omnupuyeckre (OTbITHBIE, SKCIIEPUMEHTA/TbHBIE) BEIDOPKH (COBOKYITHOCTH) COCTOST U3 OT/I€TbHBIX
BapHaHT (3/IeMEHTOB), KOTOPble 00beJUHEeHBI OOIITHOCTLI0 HEKOTOPBIX CBOMCTB (ITPU3HAKOB,
repeMeHHbIX ). VICTOUHUK TOsIB/IeHUsT BBIOOPOK /111 CTATUCTUYECKOTO aHa/lv3a 3HaueHHsl He NMeeT.
EnvHcTBeHHOe TpeOoBaHWe K aHaTM3UPYyeMbIM BBIOOPKaM OTIpe/ieisieTCsl TIpe/iCTaBIeHHBIMU
MeTozaMu pacueta. OHM IPUMEHUMBI TOJIBKO K TAKUM BBIOOPKaM, BADUAHTBI KOTOPBIX U3MEPEHBI B
COOTBETCTBYIOLIIEH IIKase.

PaccunThIBatOTCS CieyIOIIYe BHIOOPOYHbIE CTaTUCTUYECKHe TIOKa3aTesd ONrcaTe/TbHOM
CTaTUCTHKU:

*  UHCIeHHOCTb BbIOODPKH,

*  TIOKa3aTe/y TOJIOKEeHUsI: Cpe/iHee 3HaUeHHe U ero CTaHjapTHas OlMOKa, Me/ihaHa,
TiceB/iOMe/IiaHa,

* TmoKa3arenu pa3bpoca (paccesiHus1, MaciITaba): AUCIePCHsi, CTaHAAPTHOE OTK/IOHEHHe,
cpefiHee OTK/IOHEHHe, pa3MaX, K03 puilreHT Bapuallvi, CpefiHsIsi pa3HOCTh J)KUHH,
KBapTU/IA, Me>KKBapPTU/IbHBIM pa3Max,

* rmoka3sarenu (GopMbl pacripeziesieHust: K03(hULMeHT acCUMMeTpPUH, SKCLeCC.

Kpome nepeuric/ieHHbIX TIOKa3aTesiel, 1o BbIOOpKe paCcCUMTHIBAFOTCS:

*  [IOCTaTOYHAsl YNCIEHHOCTh BBIOOPKH, U3 aHa/lM3a 3a/IJaHHBIX ¥ PACCUUTAHHBIX BHIOOPOUHBIX
TI0Ka3areen,

*  ONTUMAasbHOE UMCJIO K/IaCCOB.

*  MUHUMYM U MaKCUMYM.

I71s1 KaueCTBeHHBIX (OMHAPHBIX) BBIOOPOK MOKET ObITh pacCUMTaHa [0/, OIIMOKA ZI0MU U
JVCTIEPCHUST ZIOTH.

[171s1 BCex TOKa3aresieil pacCUMThIBalOTCs KaK TOUeuHkle, TaK ¥ MHTepBajibHbIe OlleHKU. [Ipu 3ToM Ha
pacrieuaTke /i KpaTKOCTH JIOBepUTe/IbHbIE MHTepBabl 0003HauaroTcst abbpesuarypoit JU.
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HamomHuM, uTO TIapameTphbl TIOJIOXKeHUs U pa3bpoca KoinyeCTBeHHOW BbIOOPKU MOTYT
OLIEHMBAThCSI IByMsI MeTO/lJaMU: METO/IOM MOMEHTOB U MEeTO/IOM KBaHTU/IeH.
* Ncnonb3oBaHue MeTOla MOMEHTOB /laeT B KaueCTBe MapaMeTpUueCcKoi TOUueuHoMW OL[eHKH
TIOJIO’KeHHs Cpe/jHee 3HaUeHHe, B KaueCTBe MapamMeTpa pa3dpoca — AUCIepCurio.
* Hcrnonb3oBaHue MeTo/ja KBaHTU/Iel B KaueCTBe HellapaMeTpHUueCcKOW TOUeUHOU OL|eHKU
rapameTpa T0JI0)KeHUsI IPUBOJUT K MeZiaHe, B KaueCTBe rapameTpa pa3bpoca — K
ME>KKBapTUJIbHOMY pa3Maxy.

2.2.1. YUncneHHOCTb BbIOOPKMU

KosmuecTBO BApHUAHT COBOKYITHOCTH B MCTOYHHKAX Ha3bIBAIOT MO—pa3HoMy. Tak, eciv peub uet 00
IMITUPUYECKOM BEIOOPKE, KOIMUeCTBO ee 37IeMEeHTOB MOYKeT Ha3bIBaThCsl UNC/IEHHOCTHIO,
BEJIMUMHOMN UM pa3MepoM. TepMUH «pa3MepHOCTb» YIIOTPeO/IsATh B 3HaUEHUH «UHC/IEHHOCTb» He
c/ieflyeT, T. K. OH 3ape3epBHUPOBaH /|11 OMKXCaHUsI MHOTOMEPHBIX COBOKYITHOCTEA.

2.2.2. CpegHee 3Ha4YeHue

BribopouHoe cpejiHee 3HaUeHHe — CTaTUCTHYeCKH MoKa3aresib, XapaKTepU3y oIy cepeIuHy
SMITMPUUECKON COBOKYITHOCTH, OIIeHKA TlapamMeTpa IMOJI0XKeHUsI.

2.2.2.1. O6bwas metoauka

CpeaHee 3HaueHHe — 3TO TlapaMeTpUUeCKasi OL[eHKa rapaMeTpa TMOJI0KeHHUs] CTaTUCTHUe CKOTO
pacnpenesierusi. CrieoBaTeNIbHO, AJIs1 BLIUMC/IEHHS OL[eHKH CpeiHero 3HaueHust HeoOXoArMo
3a7aThCsl (MM yCTaHOBUTH HA OCHOBE SMITUPUYeCKHUX IaHHBIX) TUTIOM pacripe/ieieH st
CTaTUCTUYeCKOM COBOKYITHOCTH. 3aTeM Crie[lyeT BOCIIO/b30BaThCs METOI0M ONTUMU3ALUHU C Lie/Tb0
BBIUMC/IEHUS] JAHHOM O1leHKH. [Ipoliecc BK/ItOUaeT Ceyrolie Tarbl:

* CocraBneHue (QpyHKIMOHaIA.

*  OrmpegenieHe TTPOM3BOJHBIX (DYHKIIMOHAIA 110 KCKOMBIM TTapamMeTpaM.

* TIpupaBHMBaHUe MPOU3BOJHBIX HYJIIO C 1[e/IbI0 MOyUYeHUsI CUCTeMbl TMHeMHbIX WU
HeJIMHeMHbIX aireOpanyecKrX YpaBHEHUH [I7isi BBIUKMC/IEHUST ONTUMAbHBIX ([[0CTaB/ISFOIIUX
9KCTpeMyM (PyHKLIMOHA/MTy: MUHUMYM — ZIJisl MeTOZla HAMMEeHBIIINX KBa/[paTOB, MAKCUMYyM —
JUIsl MeTO/la MaKCUMaJIbHOTO TIpaB/ioroio0usi) 3HaUeHH rTapaMeTpOB.

* Pemenue ypaBHeHu#. [1j11 HEKOTOPBIX Mojiefieli ObIBAeT AOCTaTOYHO OIHOTO YpaBHEHUs JJist
JAHHOTO TlapaMeTpa, B pe3yJibTare MpeoOdpa30BaHMsi KOTOPOTO TOJy4YaeTCst IPOCTast
anrebpanueckas popmyna. s Ipyrux Mojesieit MpUXOAUTCS aHATUTUYEeCKU WK YUC/IEHHO
peliaTb CUCTeEMY ypaBHEHUH.

2.2.2.2. OueHKa cpefiHero Ha OCHOBE Teopuun pacnpeneneHnin
HYCTB nMmeeTCd Ko/JimueCTBeHHAasa BbIﬁOpKa, HMeroIasad HOpMaJ/IbHO€e pacripeZiejsieHre C INIOTHOCTBIO

1 _Gew?

202

S :Ee >
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rJe |l — rapamMeTp M0JI0’KeHUsI CTaTUCTUUYECKOr0 pacripe/ie/ieHus,

0 — rmapameTp MaciuTaba.

BbIunc/iiM o1jeHKY MaKCUMasbHOTO TIPAaBA0IoA00Us [jist TlTapamMeTpa MoJioykeHus. B

paccMaTpyBaeMOM Ciiydae QyHKIUS MaKCUMaJTbHOTO rpaegonono6us (PMIT) sanuieTcst Kak
(5= )’

n
Loy =[[——e >,

i2 O \/ﬂ
IJie N — YAC/IEHHOCTh BBIOOPKH,
Xi, I = 1,2,...,n,— 3HaUeHUs BAPHAHT BBIOOPKHU.
OnrTvmanbHble 3HaueHUs rapaMeTpoB J0CTaB/sA0T MakCuMyM OMII. BeiuvicsieHus: ynpoLiaroTcs,
ecnu uccieoBatk He camy @MII, a ee norapudm, T. K. OHU JOCTUTalOT MaKCUMyMa TIpU OAHUX U
TeX >Ke 3HaueHUsIX napameTpoB. Jlorapupmuueckass ®MIT umeeT BU,

1 I ¢
InL(u,0) =- nlno+—Y (x, - u)*|.
(1.0) = 202§(, 1)

MakcumymMm norapudmuueckoit @®MIT gocTUraeTcs Mpy paBeHCTBe HYJ/IHO YaCTHBIX TIPOU3BO/IHBIX 110
napameTpam. YacTHasi Tpou3Bo/Has jorapudmuueckori ®MIT o napametpy p OyzeT

OL(u,0) __
ou

1 n
x, - u) =0,
‘ N PR

OTKy'Z[a O4YeBHUHO HOJ'IYIJEIETCH
n n

S w=3x-nu=0
i=l i=l

K, OKOHYAaTeJ/IbHO,

1 n
w=l¥
nig

dopmyra BELIDOPOYHOI OIIeHKH CpeJjHero 3HaueHust TIoTydeHa B Mpe/iroio)KeHUH HOpMaJIbHOTO
pacnpe/iesieHUs1 KOJIMYeCTBeHHOM CTy4aliHOM BeIMurHbl. Crief0BaTelbHO, BHIYMCIEHHYIO M0
JlaHHOM (hopMyJie OL|eHKY [JOMyCTUMO MPUMEHSITh TOJILKO [i/1s1 HOPMasbHO pacripe/ie/ieHHOM
KOJINUe CTBEHHOW BeJIMUMHBI.

BrI60POUHYIO OIeHKY CpejHero 3HaueHHs 0603HauaroT cuMBoamu ~ , M umi E, mpudem
NOC/Ie/JHUe CUMBOJIbI CTAHAPTHO MPUHATO UCII0/b30BaTh B CMBIC/Ie Olleparopa Hajfl Cly4aiHOU
Be/IMUMHOMN. B HEKOTOPBIX MCTOUHMKAX Cpe/iHee [3HaueHue] 4yacTo S5KBHMBa/JIeHTHO Ha3bIBAlOT
cpesiHel [BeTMUMHOM].

JloBepuTe/NbHBIN UHTEPBAaJI OLleHMBAeMOI'0 CpeIHero 3HaueHHsl BBIUMC/ISIeTCS Ha 3a/JaHHOM
[l0BEPUTEeIbHOM yPOBHe, BbIpa’KaeMOM B [J0/ISIX WM MpoLieHTax. [JJoBepuTeIbHbIN UHTEpBasl,
BBIUKMC/IEHHBIN Ha /JoBepuTesibHOM ypoBHe 0,95, o3HauaeT, uto 95% BapraHT BEIOOPOUHOM
COBOKYITHOCTH MONAa/IaoT B JaHHbIN UHTepBasl. llHaue, UICTUHHOe 3HaueHNe Cpe/iHero 3HayeHust
reHepasibHOM COBOKYITHOCTH (MaTeMaTH4eCKOro OXKU/IaHWs) HAXOAUTCS MeXAY HYDKHEeN U BepXHel
3HaueHWsIMU JI0BEPUTE/IbHOIO MHTepBasla C BePOSITHOCTBIO, PaBHOM [J0BepUTe/TbHOM.
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7151 BBIUMCJIEHUSI IOBEPUTETbHOTO WHTePBaJla OLeHMBAEMOT0 CPeIHero 3HaueHusi B Ciyuae, eCiiu
IMITUpHYIeCKasi BLIDOPKa pacripesiesieHa HOPMaabHO, UCIO/b3yeTcs: popmyia:
I =x

; o o
m 1+8)/2 \/; 1+8)/2 \/; >
I7le 0 — CTaHJApTHOe OTK/IOHeHue,
t+py2 — 3HaUeHHe oOpaTHO# (yHKLMM t—pacripeenenus: CTeiofeHTa c mapamerpamu n— 1 u (1 +
B)/2,
B — moBepuUTe/bHBINA YPOBEHb, BbIPa)KEHHBIN B J0/ISX.
[171s1 BBIUMC/IEHNS] J0BEPUTE/ILHOTO MHTepBasia OLeHHBaeMOro Cpe/iHero 3HaueHusl, Korza BbiIOopKa
He sIBJISIeTCS] HOpMaJIbHOM, MPUMeHsieTcst popMyra:

;X +t

I, =|%- W1+ 8)/2)-L:x+W((1+8)/2)-LZ|,
n n

. I =

rae W(.) — obparHasi GyHKIMSI CTaHJAapPTHOTO HOPMaIbHOTO pacIipe/ie/ieHusl.

MeToa MakcuMyMa Tipagornono6us npexacrasieH Tuky (Tiku) c coaBt. O BbIUMCIEHUH
JIOBepUTe/IbHBIX NHTEPBA/IOB OLIEHWBAaeMOTr0 Cpe/Hero 3HaueHusi CM. KHUT'Y Miojijiepa C COaBT.

2.2.2.3. OLeHKa cpegHero Ha ocHoBe Teopun MHOXECTB

[TonbITaemcsi 1aTh YHHMBepCa/lbHOE MOHSTHE CPeJHero 3HaueHusl, He 3aBUCSIIee HU OT IIKaJbl
V3MepeHUs] SMITUPUUeCKUX JaHHBIX, HU OT UX pa3MepHOCTH. [1ycTh UMeeTCs sMnupryecKas
ciydaiiHas Beibopka {Xi, X, ..., X,} uMcieHHOCTBIO n, rae X;, i = 1,2,...,n — BApHaHThI, CKa/IIpHbIe
WY BeKTOPHBIe, MHaue SMITMPUYeCKre peanu3ayy ciaydaiHoi BemmunHel. O603HaunmM yepe3 d(X,
Xi) paccTosiHe MeXXJy TIPOM3BO/IbHOM peasr3aliyei ciydyaiiHOW BeJIMUKMHbI X U BeTMUMHOMN X, | =
1,2,...,n. OcHOBHOE TpebOBaHKeE K JJAHHOMY PacCTOSIHUIO COCTOUT B €r0 IOMYCTUMOCTH B
WCTIO/Th3yeMOH I1IKaJle U3MepPeHHsT SMITUPHUUYECKOM BEIOOPKH.

CpenHuM 3HaueHVeM BLIOOPKH OyzeT ciydaiiHast BeimurHa X, yAOB/IETBOPSIOLIAs YCIOBUIO

M{X,X,,..X,] :argr}(lggé'd(X,Xi),

rje R — mpoCcTpaHCTBO BCeX [OMYyCTUMBIX, C TOUKU 3peHUs 11IKa/lbl MU3MepeHWH, peain3alui
C/Iy4aliHOM BeJIMYUHbI X.

WNHaue, cpeiHee UilleTCs Cpeiv BCEX BO3MOXKHBIX, @ He TOIbKO CPe/id MOTyUYeHHBIX B OIbITe,
peam3anuii X. [TosToMy B 0011jeM ciyuae cpefiHee 3HaueHHe He SIB/ISIeTCS] HUKAKOM 13 BapuaHT Xj, i
=1,2,...,n. 3TO CBOWCTBO MOXXHO CUMTaTh C/Ia00CTHIO B TIOHATHH TOUEUHOH OL[€HKH CPEeIHETO
3HauyeHUsl, KOMIIEHCUPOBaTh KOTOPYO NPU3BaHbI NIPe/ICTaB/IeHHbIEe BbIllle NHTePBaJIbHbIE OLIeHKU.

2.2.2.4. CtaHgapTHas owwmbka

CraHzapTHas ouMbKa CpeJJHero 3HaueHusl OTIPe/IeNsIeTCs o (hopMyie:
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o

u :ﬁa

rle 0 — CTaHJapTHOe OTK/IOHEeHHe,

N — YUCIEHHOCTh BBIOOPKU.

CraHzapTHYy!0 oIIMOKY 0003HaYaloT TakKe CMMBOJIOM M. 3alvcCh, XapaKTepu3yIolasi CpejHee
3HaueHHe U ero CTaH/apTHYO OIIMOKY, IPUBOAUTCS B Bue M + m.

CwMm. moHorpadumuto Teiinopa (c. 24 ).

2.2.2.5. ucnepcus

OCHOBHBIM CTaTUCTHYeCKUM T0Ka3aresieM, XapaKTepr3yroIUM pa3dpoc BEIOODKH, SIBISIETCS

BbIOOpOuHast aucriepcust. OOIIas MEeTOMKa OL[eHKH U BUZ, (DyHKIMOHA/IA [T HOpMa/IbHOM

KO/TMUeCTBeHHOU BLIOOPKY TIpeZicTaB/IeHbI B pa3zeie «CpesiHee 3HAUEHHE».

I[TycTb MeeTCs KoMYeCTBeHHas! BHIOOPKA, UMelolIiasi HOpMaslbHOe pacripe/iesieHre C TVIOTHOCTBIO
s

2

f(x) :Ee 7,

rZie | — rapamMmeTp I10JI0KeHUs] CTaTUCTUUeCKOro pacrpeesieHus,

0 — TlapaMeTp Maciiraba.

BbIunc/iiM o1jeHKY MaKCUMaJIbHOTO TIPAaBAOTIOA00Us it TapameTpa Maciiraba. B

paccMarpuBaeMoM ciiydae (yHKIMS MaKCUMaJbHOTO TipaBaonozo6us (PMIT) 3anumiiieTcs: Kak
(x;- w)?

20?

& 1
L(u,0) =] | ——c¢ ,
(4,0) 1_1[0 oy

I7le N — YMC/IeHHOCTb BbIOOPKY,

Xi, i = 1,2,...,n — 3HaUEHWST BapUAHT BHIOOPKH.

OnTumasbHbIe 3Ha4eHUs [lapamMeTpoB A0CTaB/ AT MakcuMyM @MII. BeruvcieHus ynpolarTcs,
eciy uccaenosathk He camy @MIT, a ee norapudm, T. K. PMIT u norapupm ®MII gocruraror
MaKCHMyMa IIpY OFHUX U TeX ke 3HaueHUsIX napameTpoB. Jlorapupmuueckas ®PMII nmeet Buj,

1 I ¢
InL(u,0) =- Ino+— - u)’.
nL(u,0) \/ﬂ nin 202%(361 )

Makcumym norapudgmuueckoit @MIT focTrraercsi Ipy paBeHCTBe HYJIFO YaCTHBIX NTPOM3BOJHBIX T10
napametpaM. YacTHas rpousBoziHas jorapudmuueckoit ®MII no napamerpy o Oyzer

OL(u,0) 1 I ¢ 2
=- n-— > (x - =0,
oo o2 PACRND

(O

OTKy/la OUEeBU/THO T10J/Ty4aeTCst
14
2 2
no- X (x,- u) =0
i=l

X, OKOHUYaTeJ/IbHO,
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1 7
o’ :;Z(‘xi - 1“)2-
i=1

BennuuHy 02 Ha3bIBatOT BLIOOPOUHOM AMCIIEPCHEN 1 YaCcTo 0003HAuaroT Kak S wiv D, mpuuem
TIOC/IeTHUM CUMBOJI CTaHAAPTHO TPUHSATO MCTIOMb30BaTh B CMBICIIe OTlepaTopa Hajl CIydaiHOU
BeJIMUMHOM.

dopmyra BELIDOPOYHOI OLIeHKH JUCIIePCUH TIOTydYeHa B IMPe/ToI0KeHHH HOPMa/IbHOTO
pacrpe/ie/ieHus1 KOJIMue CTBeHHOM cyuaiiHo BenuurHbl. CriefloBaTe/IbHO, BHIYUC/IEHHYIO 110
JAHHOU (hopMyrie OLIeHKY JOIMyCTUMO TIPUMEHSITh TOIBKO 7Sl HOPMAJIbHO pacripe/iesieHHOM
Be/TMUMHBI.

ByzeT HeBepHBIM I10/1b30BaThLCS MO/TyUeHHOH Bbilile (hOPMYJION AJist AUCTIEPCUH, €C/TA OLIeHKa
Cpe/IHero 3HaYeHUs1 COBOKYITHOCTH MPOU3BOAUTCS TaKXKe 10 BbIOOpKe. O603HAUMM:

& — cyyaiiHasi Be/TMUMHA,

M¢ — mateMaTHueCcKoe OXXKUIaHHe,

D& — BeIOOpOYHAs AUCTIEPCHSI,

X _ BpIGOpPOUHOE CpefjHee 3HaUeHNe.

CoracHO orpe/ie/IeHHI0 U YUHThIBasi, UTO

MG- oy =Dx :ng,
n

rae a — u3BeCTHoe CpejHee 3HadyeHre COBOKYITHOCTH,
MO>XHO 3dIThCdTh

wpg=Y G- a¥ =3[G - D- G- 2P =
=Y G- 7P 2G- DY G- Deala- 7Y

B nocjieqHeM BbIpa’>Ke€HHK CyMMd BO BTOPOM 4J/ieHe, OUeBHU/IHO, NdeT HY/Ib, [I03TOMY IlepeHecCs
HepBbIﬁ UJ/IEH 3TOr'0 BbIpa’>keHHs B JIEBYIO UdCTh U CMEHUB 3HdK, I10/1ydYdeM

i'(xl. - x¥ =nD&- DE =G - DDE,

OTKy/Zd HEIoCpeACTBEHHO C/IEAYET, UTO B C/iydde OLI€HKKW CpeAHEro 3Ha4€HU 10 BI)I6OPKE B
KauyeCTBe OL€HKH AUCTIEDCHUN BLI60quHOﬁ COBOKYITHOCTH 6epeTCH Be€JIMYHWHA, OoripejesisgieMas 1rno

dhopmyre:
1 n
p=" S -w
n-193

dopmysia BEIUMC/ISIET TaK Ha3bIBaeMYH0 HECMeII|eHHYI0 BBIOOPOUYHYIO OLIeHKY AUCIIepCUr
reHepabHON COBOKYITHOCTH (3MIMUPUUECKYIO JUCTIEPCUIO).

[Monyuum 5KBUBa/IEHTHYIO (DOPMYITY /i1 BBIOOPOYHOM AMCIIEPCHH, He COZlep Kalllyio 3HaueHHs
BbIOOPOYHOTO CpeJiHero.
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:Llf(xi-f) —Z(x - 2x X+ X )— Zx -Z(2xx x| =
n-1;4

! Zx - x2(2x -X)| = 1 Zn'xl.z - X ZZn'xi - i')?
i= i= i=l

n-1
B kpyr/bix CK06KaX TMOJTyYH/IaCh Pa3HOCTh YIBOEHHOW CyMMbI BapUaHT BBIOOPKH U TIPOCTO CyMMBI
BapHaHT, T. K.

n 1 n n
Z)_c =nx :n—le. Zle..
i=l n iz i=l

[To3TOMY TTPO/IO/KUM, MTO/ICTABUB BhIPaXKEHHE /ISl CPeHEr0 apu(MeTHUeCKOro 3HaUeHHs],
1 1 | 1 )
— 2
D= Zx-—Zxe —min-; %
- i=l i=l

n-1
17151 BBIYMCIIEHUST I0BEPUTETLHOTO MHTEepBasia OljeHMBaeMoi UCTIepCUU B C/lyuae, eciu
IMITMpUUecKasi BbIDOPKa pacripe/iesieHa HOpMaJibHO, TIpUMeHsieTcst hopmyiia:
In=(D- t(1+[;)/2d,‘ D+ t(1+3)/2d),
T7ie ta+py2 — 3HaUeHue obparHoi GyHKLUM t—pacripedeneHust CTbiofieHTa ¢ lapamerpamu n — 1 u (1
+B)/2,
B — moBepuTe/IbHBINA YPOBEHb, BbIDa)KEHHBIN B [OJISX,
d — BelMuMHA, pacCuMTaHHas 1o Gpopmysie

nlDz,

n

TJie My — YeTBEPTHIN 1[eHTPa/IbHbIA BEIOOPOUYHBIN MOMEHT, BBIUUC/ISIEMBIH TI0 (hopmysie
l ¢ _

m, =L 3G - 2
nig

[1711 BBIUMCJIEHHST IOBEPUTETLHOTO UHTEPBasla OLeHMBAeMOM JIMCIIEPCHH, KOT/la BbIOOPKa He
SIBJISIETCS1 HOPMaJIbHOM, TIpUMeHsieTcsl (popmyia:

In=(D-%¥((1+B)/2)d; D+¥((1+p)/2)d),

rae W(.) — obparHast GyHKIMS CTaHJapTHOTO HOPMaJIbHOTO PacIipe/iesieH s,

MeToj MakcumyMa ripaBgorofo6ust npefctasieH Tuky (Tiku) ¢ coaBt. O BbUMC/IeHUH
JI0BepUTe/IbHBIX UHTEPBAJIOB CM. MIoJijiepa C COaBT.

2.2.2.6. CTaHOapPTHOE OTK/IOHEHMe

CraHzapTHBIM OTK/IOHEHWeM (CpeJHUM KBaJlpaTUueCKUM OTKJIOHEHUEeM, CPeIHUM KBa/|paTUUHbIM
OTKJ/IOHEHHEeM, CTaH/lapToOM, CUTMOM) Ha3bIBalOT KOPeHb KBaJ|paTHbIM M3 AUCTiepcuu. Beruncienue
CTaH/IapTHOT'0 OTK/IOHEHUs TTPOM3BOAUTCS TI0 (popmyrie:

o =D,
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rie D — BbIOOpOUHast AUCTIEPCHSI.

I1711 BBIUMCJIEHNST IOBEPUTETLHOTO UHTEPBAaJIa OL[eHMBAeMOT0 CTAaHAPTHOTO OTK/IOHEHUST
KOJIM4e CTBEHHOMW BBIOOPKH B C/Tydae, eC/Id SMIMPHUecKast BBIDOPKa pacrpe/iesieHa HOpMaJibHO,
rpuMeHsieTcst popmyiia:

-1 -1

o 2

2
Xa-py2 Xasp)2

3

rae n — 4YnucjieHHOCTb BbI60pKI/I,

2
A0-p12 _ syauenne obpatHol QyHKLIMHU Y>—pacnpe/esieHus ¢ napamerpamu n—1u (1 -f)/ 2,
2
XWm)12 _ spauenme obpaTHol QyHKIMHU ¥X>—pacrpe/esieHus ¢ napamerpamu n— 1 u (1 + )/ 2,
B — IOBepUTE/ILHBINM YPOBEHb, BHIPAKEHHBIHN B O/ISIX.
JInist BBIYMC/IeHUs JOBEPUTETBHOTO OIIeHMBaeMOr0 MHTePBasia CTaHAAPTHOTO OTK/IOHEHUs], KOr/a
BBIOOpKA He SIB/ISIETCS] HOPMaJTbHOM, IpUMeHsieTcst hopMyia:
I=(c—®((1+PB)/2)d/(20); 6+ P((L + B)/ 2)d / (20)),
rae W(.) — obparHas GyHKIMs CTaHJapTHOTO HOPMAJIbHOTO pacIipe/iesieHus,
d — BelMuMHA, pacCcuMTaHHas 1o gpopmyse
4

D2

n-1

n

TJie My — YeTBEPThIN 1[eHTPa/IbHbIA BEIOOPOUYHBIN MOMEHT, BBIYUC/ISIEMBIN TI0 (hopmyrie
1 ¢ —

m, =L 3G - 2,
nig

rze Xi, i =1,2,...,n — 3HaUEHWS BaPUAHT BHIOOPKH,
X — cpenHee 3HaueHUe.

O BBIUKC/IEHHUHU [JOBEPUTE/IbHBIX UHTEPBa/IOB CM. Miojjiepa ¢ COaBT.

2.2.2.7. CpefiHee OTK/IOHeHune

BribopouHoe cpefiHee OTKIOHeHHe (BBIOOPOUHast OI[eHKa CpeIHero OTK/IOHEeHMs ), TIOZ00HO
CTaHJAPTHOMY OTK/IOHEHHIO, XapaKTepHu3yeT pa30poC IMIMUPUUECKOH BhIOOPKU OTHOCUTETHEHO
CpeHero 3HaueHHst U BBIUUC/ISIETCS TI0 (hopmyiie

1 n
X =—Z|xl. - X
nig

rJie N — YACJIEHHOCTh BBIOODKH,
Xi, i = 1,2,...,n — 3HaUEHWsI BapUAHT BHIOOPKH,
X — BBIOOPOUHOE Cpe/iHee 3HaUeHHE.
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CpenHee OTK/IOHEHHE OTpakaeT TaK Ha3bIBaeMbli MOAY/IbHbIN TIO/[X0/] K BBIUMC/IEHUIO Mephl
OTKJIOHEHHUSI MeXX/ly BeJIMUMHAMU B POTUBOMO/IOKHOCTb TOMY, UTO CTaHAAPTHOE OTK/IOHEHHe
OoTpa)kaeT KBajipaTUueCKUi TIO/IXO0/,.

2.2.2.8. CpefHAA pasHOCTb [KMHK

CpeaHsisi pa3HOCTb J[[)KMHU XapaKTepu3yeT pa30poC 3HaUe€HWM BapUaHT SMITUPUUECKOUM BEIOOPKU
JPYT OTHOCHTEJILHO ZIpyTra U He 3aBUCUT OT KaKOT0—I11M00 11eHTPa/bHOTO 3HaueHusl, HarlpuMep, OT
Cpe/IHero 3HaUeHUs WJTK MeIaHbl. BeruucieHre BLIDOPOUHOM cpeiHel pa3HOCTH [KuHU
npomBo,qHTCﬂ 1o ¢opmyiie

35

n(n D555
j#i
Fﬂe n — 4YruC/IeHHOCThb BbI60pKI/I,
Xi, 1 = 1,2,...,n — 3HaUeHKsI BApHAHT BLIOOPKHU.

2.2.3. Acmwu\neTpvm

AcuMMeTpust XapakTepu3syeT (popMy CTaTHCTUUeCKOro pacrpesienenusi. Eciy kosddurpieHTt
acuMmeTpuu OoJibliIe Hy/Isl, ACHMMETPHS PABOCTOPOHHSIS (TI0/I0XKUTeNbHast), popma KpUBOM
pacripe/iesieHUst CKOILIeHa BIIPaBO OTHOCUTEIbHO KPUBOM IJIOTHOCTH HOPMasIbHOTO pacripe/iesieHusl.
Ecmu ko3 uiiieHT acuMMeTpry MeHbllle Hy/Isl, TO aCHMMeTpUsI JIeBOCTOPOHHSIsA (OTpULiaTebHast),
(hopma KpuBoO# pacripefiesieHUst CKOILIeHa B/IeBO OTHOCUTETbHO KPUBOU MJIOTHOCTU HOPMAaJIbHOTO
pacnpeenenus. KoaddurmenT acuMmeTpry BEIOOPOYHOM COBOKYITHOCTU BBIUUCISIETCS T10

yTqueHHoi/’I dhopmyre:
3

Z X, - X
CE 1)(n )<l o )’
[/l N — YNCIeHHOCTD BLIOOPKHY,
Xi, I = 1,2,...,n — 3HaUeHUs BapHaHT BBIOOPKH,

X _ BLI60pO‘-IHO€ cpefHee 3HauyeHUe,

0 — BbIDOPOUHOE CTaH/IapPTHOE OTK/IOHEHHUE.

BbIuric/ieHue J0BEpUTETbHOTO MHTEpPBasia OIleHUBAeMOro K03 (hUIMeHTa aCUMMeTPUN
TIPOU3BOAUTCS 110 hopMyie:

_\/Z;A+\/§’
p B

rae Da — pucriepcusi KO3 uiiieHTa aCuMMeTpHH,
B — moBepuTe/bHBINA YPOBEHb, BbIDA)KEHHBIN B [OJISX.
MOucniepcust Ko3dpuLieHTa aCHMMETPUM BBIUKCIISIETCS 110 popmyIie
_ 6(n-2)
T D +3)
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AcumMeTpust HaX0UT IpUMeHeHue, B YaCTHOCTH, TPY UCC/IeloBaHUY (POPMbI pacripesiesieHust
BbIOOPKH. JloBepUTe/IbHBIE MHTEPBA/Ibl BHIUMC/IEHBI B KHUre VrnyHa.

2.2.4. dKcuecc

OKciecc xapakrepusyeT (opMy CTaTUCTUUeCKOTro pacripeesnienus. Eciu skcuecc 6oblile Hyssi, TO
(hopma KpuBoO# pacripefiesieHVsi OCTPOBEpPILKHHAsK 110 CPABHEHUIO C KPUBOMW TJIOTHOCTU
HOpMaJIbHOT0 pacnpeienieHys. Ecim skciiecc MeHsblie Hys, TO (jopMa KpUBOW pacrpeziesieHust
TIJIOCKOBEPIIMHHAS 110 CPaBHEHHIO C KPUBOU IJIOTHOCTU HOPMa/IbHOTO pacripesiesieHus. JDKCLiecc
BbIOOPOUHOM COBOKYITHOCTH BBIUMC/ISIETCS TI0 YTOUHEHHOH (opmyrie:

_ n(n+1) Z”. * - 3(n- 1)°
(n-Dn-2)n-3)51 o (n-2)(n-3)°

I7ie N — YMC/IEHHOCTh BBIOOPKH,

Xi, i = 1,2,...,n — 3HaUEHWsI BapUaHT BHIOOPKH,

X _ BLIOOPOUHOE Cpe/iHee 3HaUeHue,

0 — CTaHJapTHOE OTK/IOHEHHE.

BroruriciieHre oBepyTeIbHOTO MHTEPBasia OLleHUBAeMOro 3KCliecca MPOU3BOAUTCS 10 hopmyrie:

IEZE-\/E;E+\/§,
p b

rae Dg — fucriepcust KclLiecca,
B — moBepUTE/IBbHBIN YPOBEHb, BEIDA)KEHHBIN B [JOMISIX.
[ucriepcust sKcLiecca BIYUCSeTCs TIo opmyrie
_ 24n(n- 2)(n- 3)
E - .
(n+1)>(n+3)(n+5)
OKcliecc HaXoAUT MPUMeHeHWe, B YaCTHOCTH, TIPY UCC/IeI0BaHUM (hOPMBI pacIipe/iesieHusi BLIOOPKH.
[JoBepurebHble MHTEPBasbl B KHUre MrvHa.

X, - X

2.2.5. KoatpcpmymeHT Bapuayum

KosdduimenTt Bapuaiiyu ripecTanisieT co60# XapaKTePUCTUKY PacCesTHUSI C/TyuaitHOM BeJTMUHHBI.
OH nokasbIBaeT, KaKoi MPOLIeHT COCTaB/IsieT CTaHAAPTHOE OTK/IOHEHHe OT CPeJJHero 3HaueHus.
KoaddurmeHT Bapualiyiy UCTIOIb3yeTCs AJIs1 YCTaHOB/IEHUS CTeTleHW BbIpPaBHEHHOCTH
COBOKYITHOCTH T10 TOMY WX HHOMY Tpr3HaKy. KoadduiireHT Bapraliuy BIUUCIISeTCs 10 Gopmyiie:

=2
X B [OJIAX WU
o
g =— 100%
X B [IPOLIEHTAX,

I7ie 0 — CTaHJapTHOe OTK/IOHEeHMe,
X — BpIOOPOUHOE Cpe/iHee 3HaueHMUe.
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17151 BBIUMC/IEHNS [JOBePUTEeIbHOTO MHTepBasla OLleHMBaeMoro ko3¢ puijeHTa Bapyuariu
ripuMeHsieTcst popmyiia:

Iy=(V-%(A+p)/)d;V+P((1+p)/2)d),

rae W(.) — obparHast GyHKIMS CTaHAapTHOTO HOPMA/IbHOTO pacIipefiesieHus],

B — moBepUTe/IBbHBIN YPOBEHb, BEIPA)KEHHBIN B [JOMISIX,

d — BeIMuMHa, paccurMTaHHasi 1o ¢opmyse

1 y? m m
d=|—|V'-—+ el
n 4 4Dx° Xx
T7le N — YUCJIEHHOCTDb BBIOODKHY,
D — BbibopouHast AuCIiepcus,

M3 — TPETUM L|eHTPA/IbHBIM BIOOPOUYHBIN MOMEHT, BBIUMC/ISIEMBIH 110 (hopmyrie

m =2 ¥ - 5,
n g

3

m, — YeTBEePThIN 1[eHTPA/IbHBIM BHIOOPOUYHBIN MOMEHT, BBIUMC/IIEMBIH 10 (hopmyrie
n
m, = 3G - 5,
nig
rae x;, i = 1,2,...,n — 3HaUeHHsI BAPHUAHT BLIOOPKH.
O BBIUMCJ/IEHHH IOBEPUTETLHBIX UHTEPBA/IoB CM. Miosiniepa ¢ coaBT. KoadduieHT Bapralum
TIPUMeEHSIeTCsI TIPY TIPOBepPKe Perpe3eHTaTUBHOCTHU (OL[eHKe JOCTaTOUHOW YUCIEHHOCTH) BBIOODKH.

2.2.6. MUHUMYM U MAKCUMYM

3HaueHUs] MUHMMa/IbHOM U MaKCHMMaJIbHOM BapyaHT BbIOOPKHU:
Xmax — 3HAUEHME MAKCUMAaJIbHOM BapHUaHThI BEIOODKH,
Xmin — 3HAU€HMEe MMHUMa/IbHOM BapuaHThl BbIOOPKH.

2.2.6.1. Pazmax BbIGOPKM

Pa3max BbIOOpKU (pa3mMax BapHallvv, aMITIUTY/IA PsiJia) XapaKTepU3yeT CTereHb pa3bpoca JaHHbIX B
abCo/MOTHBIX YKcIaX. BeIOOPOUHBIN pa3Max — 3TO Pa3HOCTh MeX/y MaKCUMyMOM U MUHUMYMOM
BapUaHT BbIOOPKU. BhIunc/ieHre pa3maxa KOJTMUeCTBEHHOUN BBIOOPKH TTPOU3BOUTCS 110 (hopmyIie:
R = Xmax — Xmin,

T/IE Xmax — 3HAUEHME MaKCUMa/IbHOM BapUaHThI BEIOOPKHU,

Xmin — 3HaUEHHe MUHUMA/IbHOM BapUAHThI BEIOOPKHU.

2.2.7. MegnaHa

Cy1ecTByeT /iBa TUIIMYHBIX OMNpe/iesieHusl MeidaHbl. DHLMKIIoNe 1sl «BeposiTHOCTb 1
MaremMaThJecKasi CTaTUCTUKa» OTIpeZiesisieT MeJraHy C/Iy4aiiHOW BeTMurHbI X Kak r000e uncio m
Takoe, yTo P{X > m} > % u P(X < m} < %. MeziraHa m HellpepbIBHO pacrpe/ie/IeHHOU C/IyYaiiHOU
BeJIMUMHBI X CO CTPOr0 MOHOTOHHOM (PyHKLMel pacripefienienust F(x) onpefensieTcs: Kak
eIMHCTBEHHbI KOpeHb ypaBHeHus1 F(m) = V4.
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Anroput™ oripe/iesieHusi BLIDOPOUHOM Me/[MaHbl KOJTUeCTBeHHON BbIOODKH OTpe/iesitoT
cieiyroImM oopasom. [Ijist BEIYMCIeHNsT MeJUaHbl SMITUPHUYECKOW KOJTMUeCTBEHHOU BBIOOPKH X;, i =
1,2,...,n, YMCIEHHOCTbIO N CHayasla CTPOMTCSI MHTePBaIbHbIM BapUaLlMOHHBIN psif yi, | = 1,2,...,n, T.
e. yropsijoueHHasi 0 BO3pacTaHUIO UCXO[Hast BbIOOPKA. [I/1s1 HeueTHoro n = 2k + 1 MeguaHol OyzeT
BapvaHTa ¢ HoMepoM k. 111 ueTHoro n = 2k MeguaHoi OyzieT 1ojiycyMMa BapHaHT C HOMepaMu Kk 1
k+1.

[TpyBeieHHBIN aTOPUTM MOXKET IMPUMEHSIThCS TAaKXKe U /IS TIOPSITKOBOM BHIOOPKU HEUeTHOM
YMC/IEHHOCTH. [I/151 TOPSIKOBOM BLIOOPKY UeTHOW UHMCIEHHOCTH HEKOTOPBIE aBTOPKI
paccMaTpuBaloT JIeBYIO MeJjMaHy — BapMaHTy BapUalLlMOHHOTO psijila C HOMEPOM K — 1 MpaBylo
Me/IiaHy — BapUaHTy BapHal[MOHHOTO psiZia C HoMepoM k + 1 — BBUAY TOTO, UTO [ijIsl TIOPSITKOBOM
LIKa/Ibl U3MEPEeHHs1 orepaLus JleJieHUs He orpe/iesieHa.

[loBepuTe/bHBIN UHTEPBAaJ OLleHUBaeMOl Me/lhaHbl 3a/1aeTcsi hopMyroi

In = (Ves; Yoo,

r7ie ¢ — mapameTp, BbIUKC/IsieMblii TIo (hopMyJie

c=[n/2-9(1+p)/2)n"*/2],

rae [.] — tenast yacTh yKca,

Y(.) — obparHasi GyHKIMS CTaHAAPTHOTO HOPMa/IbHOTO pacIipe/ie/ieHus,

B — moBepuTebHBIN YPOBEHb, BEIDa)KEHHbIN B OJSIX.

HexkoTopsle vccnefoBareny MpeirnounTaoT MeluaHy CpeiHeMy 3HaueHUIO ([I/1s1 LLIKaJIbl M3MepeHuUs,
B KOTOPOM /IaHHBIM [T0Ka3aTe/lb UMEeeT CMbICT), CUUTast ee O0jiee TOUHOM OLIEHKOW MephbI TIOJIOKEHUS
BBIOODKH.

Cm. XoJieHzepa ¢ coaBT. YTouHeHHas Gopmysa gada TOCT?

2.2.7.1. OueHKa MenaHbl Ha OCHOBE TEOPUM MHOXECTB

PaccMoTpuM BbIOOPOUHBIH TTOKa3aTe lb, TIPeCTAB/ISAIONIHN 000U BapHaHTy BbIOOPKH,
PaBHOY/IA/IEHHYIO OT BCEX OCTa/IbHBIX BADHAHT 3TOM Ke SMIMPUUEeCKON BIOOPKH. [IaHHBIM
ToKas3are/ib Ha3bIBaeTCsl Me[lMaHON MHO)KeCTBa (Jjanee — MeAuaHou). [Ipy 3TOM CMBIC/IOBOE
Haro/IHeHWe TePMHUHA «paBHOY/Ia/IeHHas» OTIPe/IeJISIeTCS 1IKAI0i U3MepeHHst BLIOOPKH.
[TonbiTaemcs 1aTh YHHMBepcalbHOE Ofpe/ie/ieHUe MeJiiaHbl, He 3aBUCSIILiee HU OT LLIKaJIbl N3MepeHUst
SMIUPHUYECKUX JaHHBIX, HU OT UX pa3MepHOCTHU. [TyCcTh nMeeTCs MHOXKEeCTBO peasin3aliyii
HEKOTOPOM C/TyYaliHOW BeTMUWHbI, TIPeCTaB/IsIoNee COO0M CIyuaitHy 0 SMITUPUUECKYIO BEIOOPKY
{X1,Xs,...,Xn}, THe Xi, i = 1,2,...,n — BapUaHThI, CKa/IIPHbIe WX BeKTOpHbIe. O603Hauum uepe3s d(X,
Xi) paccTosiHie MeXXJy TIPOM3BOIbHOM peasr3aliyeit ciydyaiiHoOW BeJIMUMHbI X U BeTMUMHOM X, 1 =
1,2,...,n. OcHOBHOE TpebOBaHKeE K JJAHHOMY PacCTOSIHUIO COCTOUT B €r0 IOMYCTUMOCTH B
WCTIO/Ib3yeMOM 1ITKasie U3MepeHUsl SMIUpHUeCKol BbIOOpKHU. OrpeJie/iuM MeZiaHy Kak pelieHue
ONITUMM3ALIMOHHOM 3a/jaur. MeuaHo# OyzieT ciyyaliHasi BeTuurHa X, Y/I0B/IETBOPSIIOLAs YCIOBHIO

u[Xl,Xz,...,Xn} =argr)1(1€i£1%'d(X,Xi),

2 T'OCT P UCO 16269-7-2004. Cratuctrueckre MeTozbl. CTaTHuCTUUeCKOe NIpe/cTaB/leHye faHHbIX. MeuaHa.
OrnpeziesieHre TOUEYHOM OL[EHKU U JOBEPUTE/bHBIX HHTepBaioB. — M.: V31arenbCcTBO cTaHjapToB, 2004.
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rae D — BIOOpOUYHOE TTPOCTPAHCTBO pPeayd3alivii ClydalHON BeTMUHHBI X.

WNHuaue, MejuaHOM MHOKECTBA SIB/ISIETCS OfHA U3 BapuaHT X, i = 1,2,...,n, yI0B/IeTBOPStOLLast
JJaHHOMY YCJIOBUIO.

[Touck MeiaHbl MHOXKECTBA HE BbI3bIBAET BBIUUC/IUTE/TLHON CJIOKHOCTH B JTFOOOH IIKae
V3MepeHUs U MOKEeT MPOU3BOJUTHLCSI HA OCHOBE (DOPMasIbHOTO NPUMEHEHHsI Npe/|CTaB/IeHHOT0
orpeie/IeHUs.

B ciiyuae KosinyecTBeHHOW BIOOPKY HeUeTHOW YMCIEHHOCTH TI0Ka3aTesib COBIaZiaeT C 0ObIUHOM
MenuaHou. 171 TopsiIKOBOM BBIOOPKHM UETHOUM UMC/IEHHOCTH HEKOTOPbhIE aBTOPhI PACCMATPUBAIOT
JIEBYIO Me/IUaHy — BapUaHTy BapHalL[MOHHOTIO psifia C HOMEePOM K — U MpaByl0 MeiaHy — BapUaHTy
BapUaLIMOHHOTO Psijia C HoMepoM k + 1 — BBU/Iy TOTO, UTO /1Jisl TIOPSIZIKOBOM 11IKaJTbl N3MepeHUst
orepauys JieJleH!s1 He orpe/esieHa.

Cwm. XosneHzepa c coaBt., KopmeHa c coasr. (c. 240).

2.2.7.2. NceBgomegnaHa

[TycTh BbuKc/ieHo m = n(n + 1) / 2 3HaueHUd wy < Wy < ... < Wy BeIMUMH (X + X;) / 2, 1 < j; 1=

1,2,...,n;j = 1,2,...,n, tOe x;, x;, i = 1,2,...,n; j = 1,2,...,n — 3HaUeHUs] BapUAHT UCXOAHOU
KOJTMUeCTBeHHOM BeIOOpPKU. Toryja MeivaHa |l royueHHO!H BBIOOPKH Wy, i = 1,2,...,m, Ha3bIBaeTCs
riceBjoMe/inaHoM (ouieHKoM Xomkeca—J/lemaHa).

WTak, A1 BEIUMCIeHUs] MeJiaHbl TIOJTyUeHHOM BhIIlle KOJTMUeCTBEHHOM BBIOOPKU Wi, 1 = 1,2,...,m,
YMCIEHHOCTBIO M CHadasia CTPOUTCSI UHTEPBa/IbHbIA BapUaLMOHHBIN psif, Vi, I = 1,2,...,m, T. e.

yTIOpsi/JoYeHHasi TI0 BO3pacTaHUIO BbIOOpKa. [17i1 HeUeTHOTO m MeJUaHOM SIBJISIeTCSI BapUaHTa
TI0JTyUeHHOTO WHTePBa/JLHOTO BapUALIMOHHOTO Psifia, MMetoIiasi MOPsiAKOBbIM HoMep (m + 1) / 2. [Ins
YeTHOTO M MeJjiaHa PaBHa CpeIHEMY 3HaueHUIO JIBYX CPeJJHUX BapHUaHT. Y TBePXKJAeTCsl, UTO eC/u
pacripe/ie/ieHlie CHAMMETPHUHO, BLIOOPOUHBIE OLIEHKH MeJUaHbl U TICeBIOMeIaHbl COBIA/IAOT.
[oBepuTe/ibHbIN UHTEPBA OlLleHWBaeMOM TCeBOMeIMaHbl 3a/1aeTCsl PopMyon

L= (Vess; Ynd)

rJie ¢ — rapamMeTp, BbIUKC/sIeMbIH 1o (hopmyrie

| nrD) WL+ B)/2) n(n+12)22n+1) =

rae [.] — uenas yacTh uMca,

N — YUCIEHHOCTh BBIOOPKH,

Y(.) — obparHas pyHKIIMSI CTaH[apTHOTO HOPMa/IbHOTO PACIIpe/ie/IeHHs,
B — moBepUTe/bHBIM YPOBEHD, BbIPAXKEHHBIH B JI0/ISX.

2.2.8. KBapTunu

KBaptumu, a Takke MeanaHa (50% mnpolieHTH/Bb), 0becreurBarOT pa3breHue yropsijoueHHON
KO/TMUeCTBEeHHOU BLIOOPKY (B BH/le BADHUALIMOHHOTO Psifia) Ha 4 TIOAMHOXKeCTBAa PABHOM
YHMC/IEHHOCTU. BhIuncieHne JaHHBIX TOKa3aresel Mporu3BOAUTCA 10 MpaBU/iaM, NPUHATHIM /151
BBIUMC/IEHUS] Me/IUaHbl. BepxHsisi KBapTU/Ib Npe/iCcTaBsisieT co00it 75% IMpOIieHTH/Tb BEIOOPKU.
HwkHsis1 KBapTU/Ib TIpeZicTaBsieT co0oi 25% MpoLeHTUTb BbIOOPKH.
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YKakeM Ha OfJHO T0/1e3HOe yrioTpebieHre KBapTU/aell. ThlOKU Tpe/iIoKI/I TaK Ha3blBaeMbli
rpaduK «AIIHK C ycaMW», TIPe/CTABISIOLIIA COO0M COBOKYITHOCTD C/IeAYIOIIUX 37IEMEHTOB:
*  TOukH, 0603Hauarolel MeraHy,
*  TIPSMOYTOJIbHYKA C BepXHel U HIKHel rpaHuLamMu (e rpayik n3o0paxaeTcs
BePTUKa/IbHO), COOTBETCTBYIOILIMMU KBapTU/ISIM,
*  OTpe3KaMH, COOTBETCTBYIOIIMMHU MaKCUMyMy U MUHIUMYMY BbIOODKH.
WHora n3obpaskaeTcst rpaduK «SIUK C yCcaMu» i BBIOOPKH, U3 KOTOPO yyKe UCK/THOUeHbI
BBIOpOCHI. B 3TOM citydae BEIOPOCHI HAK/IA[BIBAIOTCS Ha TpaduK B BUe ToueK. O MeTogax
WCK/TFOUeHHsT BEIOPOCOB cM. 11aBy «O0paboTka BEIOPOCOB».

2.2.8.1. MeXKBapTU/bHbIiA pasmax

Kak 1u3BecTHO, KBapTH/IH, a Takxe MeauaHa (50% MnpoleHTUb), obecrieunBaroT pa3oreHye
YTIOPSIZI0OUEHHOM KO/TMUeCTBEHHOW BLIOOPKH (B BH/Ie BapUALIMOHHOTO psijia) Ha 4 MOJMHOMKeCTBa
pPaBHOM YMC/IEHHOCTU. BhIuncieHne JaHHBIX MOKa3aresel porU3BOAUTCS 10 MpaBU/iaM, IPUHATHIM
J/151 BBIYUCJIEHUST Me/IhaHbI.
Me)KKBapTH/IbHBIN (MHTePKBAPTH/ILHBIN) pa3Max BIOOPKHU XapaKTepH3yeT CTeleHb pa3dpoca
JAHHBIX B aOCOMIOTHBIX uKciax. BoiOOpOUHbIN MeXKKBapTH/IbHBIA Pa3Max — 3TO Pa3HOCTh MeXIy
BepXHel 1 HIWKHel KBapTU/ISIMU BLIOOPKH, nHaue 75% 1 25% MpoLieHTHIISIMHU BEIOOPKH.
BbruricsieHre Me)XKBapTU/ILHOTO pa3Maxa yropsiIoueHHOM 110 BO3paCcTaHUI0 KOJIMUeCTBEHHOM
BBIOOPKY TIPOU3BOZAUTCS TI0 hopMyJie:
f: f3/4 - f1/4,
r7ie fy4 — 3HaueHUe BepXHel KBapTH/IN BEIOOPKH,
fi4a — 3HaUEHHe HIKHEeH KBapTUIH BLIOOPKH.
ToueuHasi OLleHKa CTaHAAapTHOIO OTKJIOHEeHHUs J/I1 HOpMasbHO paclipesie/ieHHOM COBOKYITHOCTH
MOYKeT OBbITh TTO/TyYeHa U3 Me>KKBapTHU/ILHOTO pa3Maxa Kak
o=t ~o7a13017,

2W(0,75)
rae W(.) — dyHkuus, obpaTtHas QyHKI[UM CTaHZAPTHOTO HOPMAa/IbHOTO pacripe/esieHus,
Me>XKBapTU/IbHBIN pa3Max HaXOAWUT NIPUMeHeHre B KaueCTBe OCHOBBI OZJHOTO U3 METO/I0B
BBISIB/IEHHSI aHOMaJIbHBIX HaO/mtoieHuH (BbIOPOCOB), MpUMeHsieMbIX B IlaBe «O6paboTka
BLIOpOCOB». BenmunHa f/ 2 UCMO/b3yeTcst Kak XapaKTePUCTHKA PAacCesiHUs U Ha3bIBaeTCsI
CEMUUHTEePKBAPUTU/ILHOU LIUPOTOM.

2.2.9. 'ncrorpamma

I'rcTorpaMMma TipeicTaB/isieT cOO0M JUCKPETHBIN WM UHTepBa/IbHBIA BapUALIMOHHBIN psi (P,
pacnpe/iesieHst), TIOyUYeHHbIA B pe3y/ibTaTe TPYNIMPOBKY UCXOAHOW SMITUPHUECKON BEIOOPKH,
M3MepeHHO! B TIOPSIZIKOBOM WJTH KOTMUeCTBEHHOM I1TKasle, TI0 0CoObIM 00pa3oM mofo0paHHbBIM
K/IaCCOBBIM MHTepBasiaM. [laHHbIN BapyUaljMOHHbIN Psifl CTY>KUT OCHOBOM /1151 MHOTHX
CTaTUCTUYECKUX aTOPUTMOB, TaKUX, KaK I71a30MepHbIN METO/, TPOBEPKH HOPMa/bHOCTH
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pacripe/iesieHus, yCTaHOBJIEHHE TUTIA pacripeiesieHus (Kak [yisi JUCKPETHBIX, TaK U AJIs
HeTpepbIBHBIX PACIIPe/e/IeHHI ), KPUTEPUH THUTA XU—KBA/[PaT U JPYTHUX.

WmeeTcst iBa Ty TH MTPAaKTHUECKOM TPYTIIIUPOBKU: 3a/]aBILIMCh TPAHUL[AMU K/TaCCOBBIX MHTEPBAJIOB
(K/1aCCOB) WJTH 3a/IaBIIMCh UX KOJIMYECTBOM, a 3aT€M BBIUMC/IUTDL T'PaHUIIbl. Bo BTopoM ciiyuae jjist
BapHUALIMOHHOTO Psi/ia YMC/I0 K/IaCCOB PAaBHO UMC/TY TPajalivii epeMeHHoM. Ynciio KaccoB
JUCKPETHOT'O BapUALIMOHHOTO Psi/la PaBHO UKMC/TY TPa/ial[iii BADUAHT BHIOOPKH, U3MEPEHHOM B
TIOPSIIKOBOH 11Kasie. [1Jis1 MHTepPBaJIbHOTO BAPUALIMOHHOTO Psijia YKC/IO K/IaCCOB 3aJjaeTCst
TI0/Th30BaTe/IeM Ha OCHOBE OJTHOTO M3 MPUMEHSIEMbIX IPABU/I, PACCMOTPEHHBIX HIDKE.

KputepueM npaBUIBHOCTH BbIOOPA KOJIMUECTBA K/IACCOB CUMTAETCs BepHast Tiepe/jaua THIa
pacripe/ie/ieHust SMIIMPUUECKUX YaCTOT JAHHOW BEIODOPOUYHOM COBOKYMHOCTH. Ecii BBIOpaHO
CJTULLIKOM MaJio K/IaCCOB, MOXKHO MOTEPSATh XapaKTePHYI0 KapTUHY SMITUPUYECKOTO pacripe/ieieHusl.
[Tpu c/mImkoM ToApoOHOM Jie/IeHHH MOXKHO 3aTyIIeBaTh peajbHYH0 KapTUHY pacrpe/ieIeHUs] 4aCToT
CJTy4YaliHBIMM OTK/IOHEHHUSIMH.

WHcTpymeHT «I'McTOrpaMma» 1o3BOJISIeT MO/Ib30BaTeTI0, TIPU ero >KeTaHWH, 3a/jaTh YHC/IO KITacCOB
b0 /leslaeT 3TO aBTOMaTUUeCKU. BhIZIe/stoTCs HeCKOJTBKO 00IIeyTIoTpeOUTe/TbHBIX CIT0COO0B
BBIUMCJ/IEHUS YMC/Ia KJIaCCOB /IJisi BLIDOPOK yMepeHHOU urciieHHOCTH. [TpaBuno Crepxxecca
(Sturgess rule) ocHoBaHO Ha hopmysie

k=1,44Inn+1,

rje k — 4Mc/io K1accos,

N — YUCJIEHHOCTh BIOOPOUHOM COBOKYITHOCTH.

[Tocrie pelieHyst BOMIPOCA O YKC/Ie K/IaCCOB TIPOM3BOJUTCS BHIUMC/IEHUE TPAHUL] K/TaCCOBBIX
WHTEPBAJIOB U Pa3HeCEeHHEe BAPUAHT UCXOIHOU KOJTMUeCTBEHHOUM BHIOOPKHU T10 K/IAaCCOBBIM
WHTEepBaaMm.

O630p crocob0B BeIOOPa uKc/Ia K1accoB cM. y Hoeurkoro ¢ coart., Ckorta (Scott).

2.2.9.1. Moga

Mopa ripefictTaBisieT co00 3HaueHue riepeMeHHOM, TIPU KOTOPOM (PYHKIIUS TZIOTHOCTH
pacripe/ie/ieHHst JOCTUTAeT MaKCUMaJIbHOTO 3HaueHus1. Bu3yalbHbIM 0TOOPa’keHHeM IMITHPUUE CKOH
(YHKLIMY TJIOTHOCTH SMITUPAYECKOTO PacIipe/iesieHus sIB/isieTCsl TUCTorpamMMa (ie/ieHHasi Ha
YKMC/IEHHOCTh BEIOOPKH), TO3TOMY MOy VZI0OHO pacCUMTaTh U BLIBECTU B pazzese «['ucrorpaMmar.

2.2.9.2. OnTMasZibHOE Y1C/10 Kaccos

OueBUAHBIM KpUTEpPHEM MPaBUILHOCTH BbIOOPA KO/IMUECTBA KJIaCCOB CUMTAETCS BepHas repeJaya
THUIA pacIIpe/ie/IeH|s SMITMPUUECKUX YaCTOT JAHHOW BbIOOPOUHOM COBOKYITHOCTH. Ecu BbIOpaHO
CJIMIIKOM MaJio KJ1acCOB, MOXXKHO TIOTePSITh XapaKTepHYI0 KapTUHY SMIIUPUYECKOT0 pacripe/iefieHus.
[Tpu cUIIKOM MOpOOHOM Zie/IeHUH MOXKHO 3aTyIlleBaTh peasibHyI0 KapTUHY pacripeesieHrs YacToT
C/ly4aliHbIMU OTK/IOHEHUSIMU. BOJTBIIIMHCTBO UCTOUHWMKOB OIPaHUUMUBAIOTCS JaHHBIMU
peKoMeHAaLUsAMU, TIpeJjiarasi pa3/inuHble 3BpUCTHUYecKre (opMYy/bl BEIUKMCIEHMS YMC/Ia KTaCCOBbIX
WHTepBaJIoB. BEIOOP HEKOTOPOTO ONTHUMAJILHOTO KOTMYeCTBa K/IaCCOB MO3BOJTUT HE TOJIBKO BEPHO
BU3YaJIbHO Mepe/jaTh TUI pacripefiesieHusi, HO U MUHMMU3UPOBAaTh CyllleCTBEHHbIE IOTePU
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vH(bOopMalL1K, CoZleprKallieiicsi B UCXOJHBIX JaHHBIX, KOTOpasi MPOMCXOAUT NPU (PaKTUUeCKOM
MOHWXEHUU UCXOAHOU KOTMUeCTBEHHOM LLIKaJIbI 10 IIKa/ bl HOMUHATbHOM.

2.2.9.2.1. MeTog onTMusaLunm Yucsa KsaccoB

[pepsiaraeTcst aIrOPUTM, AAFOLIUN MaTeMaThUdeckoe 000CHOBaHWe KpUTepHs, C (hOPMYIUPOBKU
KOTOPOTO HauaT JaHHbIN paszes. [lof onTUManbHBIM YMC/IOM K/1acCOB Mbl IOHMMAaeM MUHUMAa/IbHO
JIOTyCTUMOe, HO BepHO Tepejjatolliee pacrpe/ie/ieHre UCXOAHOM C/lyuyaliHOW BeJTMYUHbI. AJITOPUTM
COCTOUT U3 CJIeAYIOIIUX 11aroB.

1. Tlyctb JaHa Ko/iMueCTBeHHAs SMITMPUUecKast BIOOpKa X;, i = 1,2,...,1.

2. bepercs MuHMManbHOE UMelOLIiee CMbICT YUC/IO0 KIacCoB Kk = 2.

3. TlpousBoguTcs Knaccuukariys, B pesy/braTe KOTOPOM MOIy4YaeTcsl BApUALMOHHBIN psif, Y, j
=1,2,...,k.

4. Tlo BapHallMOHHOMY psIly BOCCTaHaBIMBAeTCs BLIOODPKA Z;, i = 1,2,...,n, (pakTruecKu
Tpe/iCTaBIsiioNasi 000 Orpy0O/IeHHYO 10 HOMHHATBHOM IIKA/IbI C UUC/IOM I'PaflaLiui,
PaBHBIM K, UCXOIHYO BBIOODKY.

5. CpaBHuBaroTCs GYHKLMU pacripeiesieHus HICXOAHOU BIOOPKH X;, i = 1,2,...,n, ¥ BEIOOPKH Z;,
i =1,2,...,n. MoXXeT MCII0/Ib30BaThCs OFUH U3 TeCTOB, NPeJHa3HauYeHHBbIX /7151 CDaBHEHUS
JBYX SMIUPUUECKUX (PYHKLUN pacripefiesieHusl.

6. KoHTponupyeTrcs P—3HaueHue CTaTUCTUKU KPUTEPHSI, BBIUMC/IEHHOrO0 Ha 1iare 5. [TepBoe ke
3HaueHue K, Mpv KOTOPOM Pa3nyusi OKaXXYTCsl He3HAUMMBI, Oy/IeT ONTHMa/TbHbIM YHUCIOM
KJIaCCOB — Ha 3TOM TIPOL{eCC 3aBepiiiaeTcs (MPOLiecc 3aBeplilaeTcst TAkXKe MPU JOCTHKeHUU k
= n). lHaue, npu ycTaHOB/IeHUH 3HaUMMOCTH p < 0,05, 3HaueHue k yBesinurBaeTcs Ha 1 u
OCYLL[eCTBJISIeTCA Mepexoy K wary 3.

3HaueHue k, osrydeHHOe B pe3y/ibTate paboThl airOpUTMa, ZaeT HeoOX0AMMYH0 00beKTUBHYTO
HIWDKHIOIO OLIEHKY YKCJ/la KJ1aCCOBBIX MHTEPBA/I0B PaBHOM LLIMPUHBI, IPU KOTOPOM THIT
pacripezie/ieHUs1 UICXOHOM CJ/TyyaliHOW BeJIMUMHBI [epefiaeTcsl BepHO. B manpHelmmx pacuerax
MOYKHO YBepeHHO OpaThb /r060e UrC/Io KJ1acCoB, paBHOEe WJIM HEMHOTO TIpeBhbIlIaroIiee JaHHYI0
BeJINYUHY.

[Ipeumy11ieCcTBOM Mpe/I0KeHHOTO aJlrOPUTMa SIB/ISIeTCS BOSMOXXHOCTh UCIO/Ib30BaHUs [I/Is1
CpaBHeHHsI pacripe/ie/ieHU: NCXOJHOIO U TUCTOrPaMMBbl — Pa3/IMUHbIX METPUK, KOTOPbIE 3aBUCSAT OT
TIPUMEHSIEMOT'0 KPUTEpUsi, U Pa3/IMUHbIX YPOBHEUN 3HAUMMOCTU. O KPUTepUsiX CPaBHEHUS] (PyHKLIUN
pacnpefiesieHus CM. 1aBy «HemnapameTpuueckasi CTaTUCTUKa».

2.2.9.2.2. MeTop LLiInmasakn-LIMHOMOTO

Metop nipegnoxen [1Iumazaku (Shimazaki) u [llnHoMoTo (Shinomoto). OpuruHaabHBIN METO/
OTNTHMH3UPYeT IUPUHY K/IaCCOBOTO UHTEPBasla, TI03TOMY Mbl HEMHOTO BUJJOU3MEHUTH CXEMY
MeTOZa C 1ie/IbI0 ONTUMU3aL[MU UKC/ia K/1acCoB (JjaHHbIe TTapaMeTphbl B CTy4ae K/1aCCOBBIX
VMHTEepPBAaJIOB PaBHOM LIMPUHBI SB/ISIFOTCS OIHO3HAUHO B3aMMO03aBHCHUMBIMU).

* Tlyctb maHa KonMyecTBeHHasi SMIUpHYecKast BbIOOpKa X;, i = 1,2,...,n.

* Bepercs MUHHMMabHOE UMeIOIIee CMbIC/I YMCJIO K/1acCcoB k = 2.
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*  BbluncsieTcsi COOTBETCTBYHOLLAs IIMPUHA KaaccoBoro uHtepsasia A(k).
* [IpousBoguTcs Knaccudukalus, B pe3ysbTare KOTOPOU Mo/y4yaeTcsl BapUaLiMOHHBIN Psif Vj, j
=1,2,...,k. Ilo BapraLjuOHHOMY psi/ly BBIYUC/ISIFOTCSI ITapaMeTphbl: CpefiHee 3HauUeHHe

l ¢ 1 ¢ _
;Zyj D :;Z(y-" - y)z.
/= u pucnepcus 7=
*  Boruncnsercs ¢pyHKLMOHaN («()yHKLMS CTOUMOCTH», B TEDMUHOJIOTMU aBTOPOB)

2y- D

y:

* 3HayeHue k yBesimurBaeTcs Ha 1 U ocylecTBisieTcs repexof K wary 3. [Iporecc
TIOBTOPSIETCS [0 IOCTYKeHust k = n.

*  OnTUMaTbHBIM UYHC/IOM K/J1aCCOB OyZIeT TO UKMC/I0, KOTOpoe 00ecreunBaeT MUHUMYM
dyskimonany C(A).

2.2.10. AonA

[lst GuHApHOM BEIOOPKH OLleHKa J[0/H (pacipocTpaHeHHOCTH, binomial proportion), T. e.
KOJTMUECTBA BaPUAHT — «C/Ty4YaeB», OTHECEHHOE K UMCIEHHOCTH BIOOPKH, MOXKET OBITh pacCUMTaHa
1o hopmysie MaKCHMaJIbHOTO TIPaBAoMNoA00OusI:

. _m

pP=

n

rJie m — YKC/Io C/Iyuaes,
N — YACIEHHOCTh BBIOOPKU.
[oBepuTe/ibHbIE UHTEPBAJIbI [I/Is1 OLIEHUBAaeMOU IO/ MOTYT BBIUKC/ISTHCS pa3/TMUHBLIMU MeTO/[aMHU.
CraH/]apTHO J0BepUTe/IbHBINA UHTEPBaJl OLIeHUBAEMOM JI0/T B UCTOUHUKAX PAaCCUMTHIBAETCS TI0

Kyaccuyeckoit popmyne Banbga (Wald interval)

1, =(p- W+ p)/2)D,: p+w( +p)/2)yD,)

rae W(.) — obpaTHasi PyHKLMS CTaHJapPTHOTO HOPMaJIbHOTO pacIpe/iesieHus],
B — moBepuTeNbHBIN YPOBEHb, BbIDA)KEHHbIN B J0JSX,

P — mMCTIepCHst [IOTH.
[oBepuTenbHbIe MHTEPBAJIbl OLIeHHBaeMOM /10JIM MOTYT PaCCUUTBIBATHLCS 110 «TOUHBIM» (hopMyiaM
Knonnepa—Ilvpcona (Clopper—Pearson interval). [Ipy 5TOM HYDKHSISI TpaHULIA [OBEPUTEIBHOTO

HWHTEPBAJ/Id OHEHHBaeMOﬁ A0JIM CUUTAETCA KdK
-1

n-m+l
L, =|1+ - ,
m .F;m,Z(ll-m+l)(1 - (1 - /7))/2)
F ()
roe - — O6paTHaﬂ (I)YHKLII/IH F—paCHpeAeneHHH.

BepxHsisi rpaHuLia J0BepUTeIbHOIO HHTEpPBasa OLleHUBAeMOM [JO/IM CUUTAeTCs Kak
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+ n-m
(m+1) 'F‘Z_(ln+l),2(n-m)((1 - )/2)

JloBepuTe/bHBINM UHTEpBaJI OLIeHUBAeMOM [JO/IM PACCUUTBIBAETCS TAKKe 110 (popMysie ArpecTu—
Koyna (Agresti—Coull interval, nHaue Ha3bIBaeMblii yTOUHEHHBIM MeTOZIoM Banbza)

1, =5~ w(+p)/2)D,; 5 +w(+)/2)D,)

rae P — ckoppexTupoBaHHOe 3HaueHue 0/,

H, =|1

P — 3HaueHMe JUCIIEPCHUU CKOPPEKTHPOBAHHOM [[OJH.
CKOppeKTUpOBaHHOe 3HaueHHe JI0/IU pacCUMThIBaeTCs 1o hopmysie

~ m+2
n+4
[uvcrniepcusi CKOppeKTHUPOBAHHOM 10/ BBIYMCIISIETCS TI0 (popMyJie
p, <P - P)
n

[oBepuTe/bHBIN UHTEPBa OlleHUBaeMOM 0/ PaCCUMThIBAeTCS TaKxkKe 10 popmysie BusicoHa
(Wilson interval)

1, =G- w+py/2yD,: p+w+p/2D,)
e p_ CKOPPEKTHPOBAHHOE 3HAUYeHHe JI0/IH,

P — 3HaUeHWe JUCTIEPCUU CKOPPEKTUPOBAHHOM /IOJIH.
B panmbHeMIeH 3anucK Ajist IpocToThl 0003Hauum k = W((1 + ) / 2).
Torpa, ¢ yueToMm BBeZileHHOTO 0003HaUeHHs, CKOpPEKTHPOBAaHHOE 3HaueHKe /10/TH PaCCUMTHIBAETCS
1o gopmyrne

- m+k*/2
n+k>
[vcniepcusi CKOPPeKTUPOBAHHOM 10/ BBIUKCIISIETCS 110 hopmyie
n - -k
= . . 1_ +— |,
Po(n+ kY p1-p) 4n

O0630pbI METOZIOB OIIeHKH /I0/TA CM. B cTaThsix JIbtouc (Lewis), JIbtouc ¢ coaBT., BpayHa (Brown) ¢
coaBT. CM. opurvHasbHble ctaThl Arpectu (Agresti) ¢ coasrt., Knonnepa (Clopper) c coaBr., a
takke pabotsl I[Tupec (Pires) c coarr., [Ipyrand (Drugan) c coaBr., foknaasl [Tupec, Caypo (Sauro) ¢
C0aBT., npuaoxeHue XpomoBa—bopucora k kaure Kalizjanoa, MoHorpaduu Pnetic, drneiic (Fleiss),
dreiic € COaBT.

2.2.10.1. OwnbKa aonu

OmrbKa 10/ BIUUCIISETCS 110 popMyiie
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rae  ? — MUCIIepCus oM.
VccmejoBaTesid MHOT/IA 3a/Ial0TCSE BOIPOCOM, KaK PaCCYMTaTh ITPOLIEHT M OIIMOKY IPOL[eHTa
CJlydaeB OT UHC/IEHHOCTH BBIOOPKU. V/iest 3aK/r0uaeTcst B TOM, UTO BBIUKMC/IEHUS B JJAHHOM CJIydae
MIPOM3BO/ATCS TI0 CTaHAAPTHLIM (GOpMy/IaM [jist JO/IU. Pe3y/bTar yke IepeBOANTCS B ITPOLIEHTHI
100 -p,

cnepytommM obpaszom. ITporieHT BIUMC/ISeTCs Kak rne P — onenka gomu. Ommbka

00 ‘m..
TIPOLIEHTA BBIUMC/IAETCS KaK p

2.2.10.2. Qncnepcua gonv

JTucriepcust 0/ MOXKET OBbITh BBIUKC/IEHA 110 (hopmyrie
b _p - p)

b
p n

A

rae P — BeiGopouHas omeHKa 0y,
N — YUCJIEHHOCTh BHIOOPKHU.

2.2.11. Noka3aTtesib TOYHOCTU ONnbITAa

[Toka3zaTesib TOUHOCTH OIIbITA, MHAuUe — [0Ka3aTe/lb TOYHOCTH OIpe/ie/IeHUs CpeIHero 3HaueHus,
BbIp@)KaeT BeJIMUMHY OLIMOKY Cpe/jHero 3HaueHus B MPOLieHTax OT CaMoro cpefHero. TouHoCTh
CUMTaeTCs YA0BIETBOPUTEIBLHOW, eC/IU BeJIMUMHA TT0Ka3aTesisl He rnpeBbiiaeT 5%, a Npy 3HaueHUsIX,
Bosbimx 5%, peKoMeH/[yeTcsl yBeTMUUTh UYMC/I0 HaO/IoeHri Wy TIOBTopeHui. VHoraa BeTuuuHy
ToKa3aTesis TOUHOCTH MOXKHO YMEHBIIUTb, €C/IU [OBBICUTh TOUHOCTh U3MepeHU apaMeTpoB
00BEeKTOB ombITa. [I0Ka3aresib TOUHOCTH OITbITa BBIUKC/ISIETCS 110 (hopMmyIie:

_m
P =

X B IOJISIX WK
P ="""100%

X B TPOL[eHTax,

T7le m — CTaHJApPTHas OIIMOKa,
X — BpIOOpOUHOE CpefiHee 3HAUEHHe.

2.2.12. locTaTto4yHasA YNC/IEHHOCTb BbIOOPKU

AnHanu3 perpe3eHTaTUBHOCTH BBIOOPKH (MHAUe — CITIOCOOHOCTH BLIOOPKHU a/IeKBaTHO TIPE/ICTAaBUTh
BCIO TeHepaslbHyH COBOKYITHOCTb, IOMY/ISIL[HI0) 0COOEHHO BaykeH Ha HauaJlbHOM 3Tarie
WCCJIeJIOBaHUM, KOT/Ia UNC/IEHHOCTh TeHepa/ibHOM COBOKYITHOCTHU HEU3BeCTHA B MPUHLIUIIE, HO YKe
V3BeCTHBI HEKOTODbIe TTapaMeTphl OIbITa, O3BOJISIIOLLME OLIEHUTh Pelpe3eHTaTUBHOCTb.
IocraTouHasi YUC/IEHHOCTh BBIOOPKHM MOKeT ObITh pacCUMTaHa Kak Jijist KOJTMUeCTBeHHBIX, TaK U JIJIs
KaueCTBeHHbIX BbIOOPOK.

MeTo/;, BBIYMC/IEHHS I0CTAaTOYHOM YMC/IEHHOCTH KOJTHUe CTBEHHOM BBIOODKHM OCHOBaH Ha dopmyiie
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2

2
" :t(1+/3)/20

A2
r7ie ta +p)/2 — 3HaUEHWe obpaTHOM QyHKUMY t—pacripeenieHus CTbIOIEHTA C YMC/IOM CTereHeil
cB0OO/IBI 0 1 apameTpoM (1 + )/ 2,

B — moBepuTe/IbHBINA YPOBEHb, BbIPXKEHHBIN B 015X, K ipuMepy 0,95 (uto cooTBeTcTBYeT 95%),

0 — BbIOOpOUHas OlleHKa CTaHJAPTHOTO OTK/IOHEHMs, K ripumepy, 50 pyo6sei,

A — abcosroTHAs TOTPEeITHOCTE OTPe/ie/IeHHsI CPeHET0 apu(pMeTHUeCKOTO 3HaueHus, K TIpUMepy, 5
pyOreii.

AGcosoTHas TIOTPELTHOCTb BBOAUTCS B UMEHOBAHHBIX UMC/IaX, T. €. B Te€X >Ke eJJMHUIIAX U3MepeHus],
YTO ¥ BapuaHThI BbIOOpKU. Haripumep, rpu mozicueTe KOIMuecTBa HeJle/TMMbIX 00BEKTOB
WCC/Ie[IOBaHuUsl (HarpyMep, n30upaTe/bHBIX OrosiIeTeHei) abcomoTHasE TIOTPeLTHOCTh MOXKET OBITh
yCTaHOB/IeHa paBHOM 1.

B nureparype nipezicTaBieHa Takxxe ¢popmyJia, aHaJIOTHYHasi IPYBe/IeHHOM BhILLe, 38 MCK/II0UeHHeM
TOTO, UTO MCII0/Ib3yeTCs 3HaueHre He oOpaTHOl GyHKIuM pacripeesneHus: CTbiofieHTa, a 00paTHOM
(yHKLIMY HOPMasbHOTO pacripeiesieHust

W1+ p)/2)0’
n= e
rae W(.) — obparHast GyHKIMs CTaHJapTHOTO HOPMa/IbHOTO PACIIpe/ie/IeHHs.
MeTo/, BBIYMC/IEHHS I0CTAaTOYHOM YMC/IEHHOCTH KaueCTBeHHOMN BBIOODKM OCHOBaH Ha (hopmyrie
" _W+p)/2) p (- p)

N ’

rae p_ BbIOOpOYHast OLIeHKa 10/, K rpumMepy, 0,35,
A — abconroTHAs TIOTPEeIIHOCTD ONpe/ieNIeH st 10/, K ipumMepy, 0,05.
Eciv n3BecTHa uMc/IeHHOCTh NMony/situu N, a BbIUKMC/IeHHast JOCTaTouHasi YiC/IeHHOCThb
oka3biBaeTcst 10% u 6osiee OT UMCIEHHOCTH TOMYJISALAH, TO A0CTAaTOYHAsi YUC/IEHHOCTh BBIOOPKH
JIO/DKHA OBITH CKOPPEKTUPOBaHa B COOTBETCTBUU C (hOPMYJION

, nN
n —————.

N+n-1

O BBIUMC/IEHHH [0CTAaTOYHOM UrMCIeHHOCTH cM. Manxotpa, [eBsiTko, ['onybkoBa, JIBanra (Lwanga)
c coasrt., Yay (Chow) c coasr., ctateu Jemn (Dell) ¢ coasr., Kyk (Cook) ¢ coaBT. BelurcieHue
YMCIEHHOCTH [I/1s1 Pa3/IMUHbIX CTAaTUCTAUeCKUX MEeTO/IOB U JJ1s1 UCXOJHBIX J@HHBIX B Pa3/TMUHBIX
IKasiax cM. B ctatbsax Kammbenn (Campbell) ¢ coaBr., Borert (Bonett) c coasr., Bamsrep (Walter) ¢
COaBT.

2.2.13. Kputepuii A6Ge

1715 mpOBepKH, W3BJIeUeHa JIM BbIOOPKA C/TydaliHO U3 HOPMasIbHOM reHepasibHOM COBOKYITHOCTH
6o, ¢ Ipyroi TOUKY 3peHHs], He3aBUCUMBI JIU OIMHAKOBO HOPMAaJIbHO pacripe/iesieHHbIe
CJ/TyuyaiiHble BeJTMUMHBI, MO>KHO BOCIIO/Ib30BaThCsl KpuTepreM AOGe. CTaTUCTHKA KPUTEPUS
(otHOIIeHWe hoH HolimaHa, von Neuman Ratio) MokeT ObITh IozicurTaHa 1o (gopmyiie:

@ o @ Copyright © 2017 Igor Gaidyshev
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"Zlv(xi“ } xi)z
y="—
NG, - 3

I7ie N — YMC/IEHHOCTh BBIOOPKH,

Xi, i = 1,2,...,n — 3HaUEHWsI BapUAHT BBIOOPKH,

X _ BLIOOPOUHOE Cpe/iHee 3HaUeHHe.

B nutepatype 110/] Ha3BaHHEM CTaTUCTUKNA AbOOe purypupyeT BeiiurHa

q=vy/?2.

[Tpu 3TOM P—3HaueHHe MOKET ObITh BBIUMC/IEHO C TIOMOIIbIO MOAU(DULIMPOBAHHOMN CTAaTUCTUKH

T :(q - 1) 21’1—4‘12’

2-(¢- 1)

KOTOpast [yt O0/BILMX BBIOOPOK pacripeziesieHa MpUO/IMKeHHO HopMasibHO 110 3akoHy N(0,1).
Pacripesienenve cratuctuky y usyunn goH HoiimanH (von Neumann). Annpokcumanuio P—
3HaueHuM Tipe kUM bunrxam (Bingham) c coat. Cm. MoHorpacduu bpayniiu, [TeTpoBuya ¢
CO0aBT., AliBa3siHa C COaBT., ClIpaBOYHUK borbIlieBa ¢ coaBT., ctaThu X3pTa (Hart), JIemeliiko.

2.2.14. dopmynbl AN CrpynnupoBaHHbIX BbIGOPOK

['pyrinupoBKa BbIOOPOK MOKeT ObITh KaK C/Ie[ICTBEM UX eCTeCTBEHHOT0 MCXOJHOTO Mpe/iCTaB/IeHuUs
(HoMuHasBHAs MO0 MOPSIIKOBAs IIIKasla U3MepeHusl), TaK U Pe3y/IbTaToOM MOHWKeHHUsT
KO/TMYeCTBeHHOM IIKaJIbl U3MepeHus /10 MOPsAKOBOM WM HOMUHAILHOM 1Kasbl. bosee moapo6Hast
“H(OpMaLs O IIKajax U3MepeHus 1 UX rpeoOpa3oBaHNY TPUBOJUTCS B «BBeeHme».

VcxopnHble JaHHBIe B TPYIIIIMPOBAHHOM BH/I€ MOT'YT, K TIPUMepY, UMeTh CJielyroLuii BUJ (TyCThb
BepPXHsIsI CTPOKA — OL[eHKa 3a KyPCOBYIO PabOTYy, a HDKHSSL — UMCJIO CTY/A€HTOB, TIOTyUHBIINX
JAHHYIO OL[eHKY):

b,i=12,..,5 1 2 3 4 5
vi,i=12,.,5 0 1 10 19 25
3mecb 0603HAYEHO:

bi, i = 1,2,...,k — cepeiuHbI KJIACCOBBIX MHTEPBAJIOB (/1715 KOJIMUECTBEHHBIX BHIOOPOK) /MO0
3HAUYEHUs [i/1s TIOPSIAKOBBIX 1 HOMHUHAJTbHBIX BBIOOPOK,

Vi, i = 1,2,...,k — yacTOTBI Hab/TIOAEMBIX C/TyUaeB B K/accax, MHaue — YUCJIEHHOCTH K/IaCcCOB,

k — uncno knaccos (rpymm).
7151 BIUKMC/IeHUI BEIOOPOYHBIX TIOKa3aTe el UCIOb3YITCsl JOPMYJIbI /I7Is1 CPeJHEro 3HaueHus,
CpeZIHero OTK/IOHeHUsI U IUCIepCru (HeCMellleHHast OL[eHKa), COOTBeTCTBEHHO, B C/IeyIOLLen

dbopme:
1 k
X =—)>bv,

1 k
PR
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1 k
D :_Z(bi - f)zvi
n-193 b0 B SKBUBA/IEHTHOM (popme
1| &, 1 ’
D=——|>Mbv.-—| > bv.| |,
- 1 é' i n Z L

i=

r7ie n — o0lIee uKrc/I0 HabMIOEeHNH, BEIYMCIsIEMOe 110 (popMmyiie

n=Xv,

i=
Jloruka BbIYMC/IEHWH 3aK/It04aeTCsi B CyMMHUPOBAHUU I10 YMCITY K/IaCCOB U IOMHOXKEHHUH KaXK0ro
BBbIPa)KeHMS 110/} 3HAKOM CYMMBbI Ha COOTBETCTBYHOLLYHO0 JaHHOMY Kjaccy yactoTy. Ha ocHoBaHuu
JlaHHOM MH(OpMaLIMK 3aMKcaTh SKBUBaeHTHbIe ()OPMYJIBI /1151 BBIUMC/IEHUS APYTHX
CTaTUCTUYeCKUX T10Ka3aTeseil He COCTaBUT TPYZa.
CrarucThuecKkye rnokasateu, B GOpMysibl BEIUMC/IEHUM KOTOPBIX He BXOZST 3HaueHUsi BADUAHT
BbIOODKH, BHIYMCJISIOTCS TI0 TeM CaMbIM (JOpMYJIaM U /ISt HerpyNIUPOBaHHbIX, U /IS
CTPYIIMPOBaHHBIX JaHHBIX.

NnaBa 3. NapameTpuyeckKkana ctaTUCTUKa

3.1. BBeaeHue

Bce ripeficTaB/ieHHbIE METOZBI IPUMEHUMBI TOJIBKO [I/IsI aHa/I3a BEIOOPOK MPU3HAKOB, M3MePeHHbIX
B KOJIMYeCTBEHHO! ILIKaJIe.
Cepbe3Hol pobeMoid, KOTopast KacaeTcsi MpeACTaB/IeHHbIX METO0B ITPOBEPKH TMIIOTe3, SIB/ISeTCS
NPUMEHUMOCTb METO/IOB B C/Ty4yae Masioil UMC/IeHHOCTH BbIOOPOK, UTO MOXKeT UMeThb C/1efICTBUEM
HU3KY0 MOILHOCTb. JlOTIO/IHUTE/IBHO O BAUSIHUY YHMCIEHHOCTH Ha MOLLJHOCTb KDUTEPUEB CM. B
raBe «BBefieHNe B IPaKTUUeKU aHaIU3».
Yucso HabmoeHni (YMCIeHHOCTh BEIOOPKH) /171 MCTIO/Tb30BaHMS TTapaMeTPHUUeCKUX KPUTepHeB
JOJDKHO OBITh 110 BO3MOXXHOCTH 60/1bILIMM. MUHMMa bHbIe UHMC/IEHHOCTH BBIOOPOK MOYXKHO
yCTaHOBUTbD 110 TaO/MLIaM, JAHHBIM B KHUTe /[)KOHCOHA C COaBT.
CunraeTcs, 4To apaMeTpryecKre MeTOo/bl MOT'yT IIPUMEHSTHCS], TOJIBKO eC/IA SMITMPUUYeCKoe
pacrpe/iesieHle aHaTM3UPyeMbIX BLIDOPOK He TIPOTUBOPEUNT CTAaTUCTUYECKOW THUTIOTe3e O
HOPMaJIbHOCTH pacripefienienust. B aToli cBsi31 He0OX0MMO OTMETUTS /iBa 0OCTOSITeNbCTBA:
* [laHHy10 IPOBEPKY MO)XHO BBITIOJTHUTB C MIOMOILBIO CTaTUCTUUECKUX TeCTOB I/1aBbl
«[IpoBepka HOpMa/ILHOCTH pacripeie/ieHUs» (B JaHHOM IVIaBe COZleprKaTcsi peKOMeH/aLuy,
KaKye UMeHHO TlapaMeTphl BEIOOPOK Moz 1exxar rpoBepke). [lepes HaMu — sipKuii ipumep
TOrO0, KOI7ja pOBepKa MpeJIoChUIOK IPUMeHeHHs] MeTOZla Fopas/io CJI0JKHee CaMOro MeTo/a.
* [lepep ucronb3oBaHKEM MapaMeTpPUUYECKUX METO/|0B, €C/U JaHHbIe He M10Ka3bIBaloT
HOPMa/IbHOCTH pacripeie/leHus], BO3MO)KHa UX HopMasu3alus. MeToasl HOpManu3aLuy
TIpe/iCTaB/IeHbI B 1aBe «IIpeoOpa3oBaHust JaHHBIX».
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VccnenoBaHust TIOKa3bIBakOT, UTO OCTPOTA MPOO/IEMbI OTK/IOHEHHUSI OT HOPMaIbHOCTH U
yTBEp>K/IeHHE, UTO BLIOOPKA TeM HOpMaslbHee, ueM MHOTOUKC/IEHHee, TTpeyBe/inueHa. Psiji aBTopoB
TIOCBSITU/T CBOU UCC/IEZIOBAHUS JAHHOU TeMe.

Cwm. pabotbl Bukkepca (Vickers), Bpumpka (Bridge) c coaBrt., Mionepa c coasr., bisiip (Blair) c
COABT.

3.2. TeopeTuyeckoe 060CHOBaHue

Kpurepu# (TecTbl), TIPH MOMOIIM KOTOPBIX MOTYT OBITH CDABHEHBI CTaTUCTUYECKHe COBOKYITHOCTH,
pa3fessitoTCs Ha ZiBe TPYMIbL: TapamMeTprUyecKye U HerapameTrpuueckue. OcoOeHHOCTBIO
rapaMeTprUYeCKUX KpUTepUeB sSIBISIeTCS psifi TpeO0BaHMIA:

* PacripesenieHye rpu3HaKa B reHepasbHON COBOKYITHOCTH IOJUMHSIETCS] HEKOTOPOMY
W3BECTHOMY, B JJaHHOM CJIy4ae HOpMa/IbHOMY, 3aKOoHYy. HopManibHOCTB pacripe/iesieHust
reHepasibHOM COBOKYITHOCTH MOXKET ObITh CTaTUCTUUECKH YCTaHOB/IEHA Ha OCHOBE
TIPOBEPKH SMITUPHUYECKOTO PaCIpe/ie/ieHus BLIOOPKH M3 IaHHOW COBOKYITHOCTH /IO
NpUMeHeHus1 J1F060ro rnapamMeTpUyecKoro TecTa ¢ MOMOLbI0 OJHOTO U3 MeTO/0B,
TIpe/ICTaB/IeHHBIX B T7iaBe «IIpoBepKa HOpMa/TbHOCTH pacripe/iesieHus». 3aiaua MpoBepKy
HOPMaJILHOCTH B 1]eJIOM CJIO’KHee 3a/lauyl IPOBepPKY TUII0Te3bl 0 MaTeMaTHueCKuX
okuganusx. OHa MOXKeT OBITh YBepEHHO pellleHa JIUIIb MPY 00/bIINX 00beMax BEIOOPOK.

* [lns afieKBaTHOTO TIPUMEeHeHHs psifia KpuTepreB TpeOyeTcst paBeHCTBO JUCIIepCUid
CpaBHMBaeMbIX BEIOOPOK. [103TOMy MHOTHIE aBTOPBI PEKOMEH/IYIOT ITPOBEPUTD HYJIEBYIO
TATOTe3y O paBeHCTBe AMCIIepCHil CpaBHUBaeMbIX COBOKYITHOCTEH € MOMOLLbIO KPUTEpUsI
durepa.

[TycTb 06e BEIOOPKM K3B/IeUeHbl U3 reHepabHbIX COBOKYITHOCTeN, UMEIOI{MX HOpMa/lbHbIe
pacnpe/iesieHUsi C pABHBIMHU W/ HEPaBHBIMU MeX/Ty CO00¥ HeM3BeCTHbIMU Jucriepcusivy. HymeBast
TUTOTe3a COCTOWT B TOM, UTO Cpe/iHUe 3HaueHus! COBOKYITHOCTel paBHbI. [Ipy aHaM3e BbIOOPOK U3
HOPMaJIbHBIX TeHepasIbHbIX COBOKYITHOCTEH C HerM3BeCTHBIMU JIMCTIEPCHSIMH, PaBEHCTBO KOTOPBIX He
npezirosnaraeTcs, 11060 eC/iM OTHOILIEHHe IMCIIepCHii HeM3BECTHO, BO3HUKAeT TaK Ha3blBaeMast
npobnema Bepenca—®wuinepa (Behrens—Fisher problem), pelrtaemast ¢ momoInpro mapaMmeTpyuyeCcKux
MEeTO/IOB: KpuTepus ¥Yamua, Kputepus [larypooii unu kputepust KokpeHa—Kokca.

B mpakTiyecKux MCciie[OBaHUSX pellleHre JaHHOW TPo0sieMbl aKTyaslbHO, T. K. TIPH aHa/IH3e
peasnbHBIX JJaHHBIX BCe TTapaMeTphl pacrpe/ie/ieHus yallie BCero eliCTBUTe/IbHO OLeHUBAOTCSI 10
IMITUPUYECKHUM BLIOOPKaM.

[TapameTpriyeckrie KpUTepUHr B OOJBIIMHCTBE C/lyuyaeB SIB/SIOTCS 60siee MOLHBIMU, UeM UX
HerapaMeTpruecKre aHaaory. Ecy cyiecTBYIOT MpeArnoCchUTKYA UCTIOH30BaHUs TTapaMeTprUie CKHUX
KpUTEepHEB, HO UCIO/b3YIOTCSl HerlapaMeTpUUecKye, YBeJIMUMBAeTCsl BePOSITHOCTh omnbku 11 poga.
Cwm. pa6ortsi ITunTo (Pinto), Pelineke (Reineke).
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3.2.1. Kputepuiu CtblogeHTa

Kpurepuii CTbiofieHTa IpeJjHa3HaueH /1/isi [IPOBEPKH HY/IeBOM TUTIOTe3bl O paBeHCTBe CPeIHero
3HaueHHsI BLIDOPOUHON COBOKYITHOCTH 3a/laHHOMY MaTeMaTHyeCKOMY O>KUZIaHHI0. BerunciieHue
TIPOU3BOJIUTCS 10 (hopmysie

t:|7c-ﬁo|\/5,

rge X — cpeJHee 3HaueHHe COBOKYITHOCTH,

Ao — 3a/laHHOE MaTeMaTHUeCKOe OXKU/IaHHE,

N — YNC/IEHHOCTb COBOKYITHOCTH,

s2 — Ol[eHKa BLIOOPOUHOM IUCTIEPCHUH.

Craructuka Kputepusi CTbIO/[eHTa MOJUHUHSETCS t—paCcTpe/ie/IeHHIO C UUC/IOM CTereHel CBoOOo/ bl
n-1.

CornacHo Mtosiepy ¢ coaBT. (C. 127, CM. Tak)Ke CChIJIKY B UCTOUHUKE), «<KDUTEPUH ¢ OTHOCUTETBHO
HEUYBCTBUTE/IEH K HEOO/IbIITUM OTK/IOHEHHUSIM OT pacripe/ie/ieHusi reHepaJbHOM COBOKYITHOCTH OT
HOPMaJILHOTO (T. €. IPAKTUUECKH SIB/ISIETCS] POOACTHBIM)».

3.2.2. Kputepuir YeH

Kpurepwuii Uen (Chen’s test) B KauecTBe 06001eHust Kputepusi CThIO/|eHTa MpejHa3HaueH st
TIPOBEPKU HYJ/IeBOM TUIIOTe3bI O TOM, UTO CpeZiHee 3HaueHHe BIDOPOYHON COBOKYITHOCTH He
TpeBbIlllaeT 3a/laHHOr0 MaTeMaTUueCKOro OXKUaHusl

X <A,

rie X — cpesiHee 3HaueHKe COBOKYITHOCTH,

Ao — 3a7laHHOEe MaTeMaTHyueCcKoe OyKu/laHue.

MeTo/, MOKET NMPUMEHSITHCS TOIBKO TPH M0JIOKUTETbHOM K03 duiieHTe acCiMMeTpHH.
BbluncieHne CTaTUCTUKY KpUTepUs IIPOU3BOAUTCS 1O (hopMyJie

T =t+a(l+262) + 4a(t + 23),

rae

b — xo3(pdurLeHT acuMMeTpuH,
N — YMCIeHHOCTb COBOKYITHOCTH,

, _[E- A

S — cTtarycTuka Kputepusi CTbIOfIeHTa,
$2 — oLleHKa BBIOOPOYHOM AUCIIEPCUM.
CrarucTyKa KpUTepusi MOAUMHSETCS CTaHAapTHOMY HOPMaJ/IbHOMY pacIipe/ie/IeHHUH0.
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3.2.3. Kputepuit CtblogeHTa 419 He3aBUCUMbIX BbIOOPOK

Kputepuii CThlofieHTa /i1 He3aBUCUMBIX BBIOOPOK (two—group unpaired t—test) nmpegHa3HaueH JiIst
TIPOBEPKH HY/IEBOM MIIOTE3bI O PABEHCTBE CPeJHUX 3HAUEHUH /IByX HOPMasbHbIX BEIOOPOUYHBIX
COBOKYITHOCTeH B C/Tydae PaBHBIX HEU3BECTHBIX JMCIIEPCH.
PacripeienieHrie HopMa/IbHOM C/Ty4aiiHOM BeJIMUMHBI TIOJTHOCTBIO OTIPe/iesisieTCs ABYMSI
TapaMeTpaMH: MaTeMaTUueCKUM O>KHZlaHeM (ero BBIOOpOUHasi OIleHKa — CpeJjHee 3HaueHue) 1
aucriepcrieid. [ToaTomMy B JaHHOM C/ydae HysieBasi TUTIOTe3a MOXKET ObITb C(OPMY/IHMPOBAHA Kak
TUTIOTe3a O TOM, UTO BBIOODKM U3BJ/IeUeHbl U3 OFHOM CTaTUCTHUEeCKOW TIOMY/ISLIH.
BbruncsieHre CTaTUCTUKU KPUTEPUsT IIPOU3BOUTCS 110 (hopMyTie

% - %l

f=— 2
syl/n, +1/n,

rae M u 2 — cpeJiHUe 3HaUeHMS COBOKYTIHOCTeH,

M; ¥ N, — YACTIEHHOCTH COBOKYTTHOCTeiA,

$2 — OlleHKa BLIGOPOUHOM JUCTIePCHH.

OlieHKa BLIGOPOUHOI! IUCTIePCHN PACCUMTHIBACTCS KaK

S2 =S]2(n1 - 1)+322(n2' 1)

n+n,-2

b

rae 5y u S5 _ OLIEHKH /IMCTIEPCUH, KOTOPbIE CUMTAIOTCS TI0 COOTBETCTBYIOIIMM BbIOOPKaM.
CraTuCTUKa KpUTepUs TTOJUUHSIETCS t—pacripe/ie/ieHUI0 C UMCIOM CTerleHel cBoOObI ny + n, - 2.
[oBepuTe/ibHbIE UHTEPBAJIbI [I/Is1 OLIeHUBAaeMOU Pa3HOCTU CPeIHHX 3HAUeHUM BHIUMC/IEHBI B CTaThe
CumMm (Sim) ¢ coaBT. X0Tsl OpPUTMHA/IbHBIN KpUTEPUM M3Ha4a/IbHO TIpe/iHa3HaueH Jijisi HopMalbHbIX
KOJTMUECTBEHHBIX BIOOPOK, UMeeTcst uccenoBaHue XupeH (Heeren) ¢ coaBT. 0 mpUMeHeHHUH
PacCMOTPEHHOTO TeCTa K MOPSAKOBBIM BbIOOPKaM.

3.2.4. NapHbIii KpuTepuii CTblogeHTa

Kpurepuii CTbrofieHTa Jjisl CBsi3aHHBIX BbIOOPOK (TapHbIi Kputepuidi CThrofieHTa, two—group paired
t—test) mpeiHa3HaueH [/ TPOBEPKU HY/IeBOU IMITOTe3bl O PABEHCTBE CPeJHUX 3HAYeHUH /IByX
BbIOOPOYHBIX COBOKYITHOCTeH B C/Tyyae HepaBHBIX HeM3BeCTHBIX JUCTepcuid. B ncTouHnKax
KpPHUTEepHi MOXKeT Ha3bIBaThCsl OFHOBLIOOPOUHBIM KprTeprieM CTbiofileHTa. DTO Ha3BaHHE BbI3BAHO
TeM 00CTOSATEe/ILCTBOM, UTO Ha CAMOM /Jlefle, UCXO/isl U3 TIpe/iCTaBlIeHHOM CXeMbl pacyeTa,
aHa/IM3MpyeTcs JAelCTBUTEbHO OZJHA COBOKYITHOCTb, COCTaB/I€HHAs U3 MOMapHbIX Pa3HOCTeN
BapUaHT UCXOJHBIX CBsi3aHHBIX BbIOOPOK. [TOHATHO, UTO B JAHHOM CJlyydae MpoBepsieTCst HyseBast
TUTIOTe3a O PaBeHCTBe CPe/IHero 3HaYeHHs MOTy4eHHOM BEIOOPKH M3BeCTHOMY 3HaueHHI0, @ UMEHHO
— HYJIIO.

BblunicieHus mpor3BoAATCS 1O popmyiie
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=1

t= L ,

2
np, o} - [Zéi]
i=l i=l

n-1
TJie N — YAC/IEHHOCTh KaXKJ0l BBIOOPKH,
6i = Xxi—yi, 1 = 1,2,...,n — oMapHble pa3HOCTH BapUAHT COBOKYITHOCTeH, T7ie
Xi, 1 = 1,2,...,n — BApUaHTbI IEPBOU COBOKYITHOCTH,
Vi, 1 = 1,2,...,n — BapUaHTbl BTOPOUM COBOKYITHOCTH.

CrarucTika umeet pacripeziesienrie CTbIO[IEHTa C UMC/IOM CTerleHel cBoOoabl n — 1.

3.2.5. Kputepuii Jlopga

Kpurepwii Jlopza (Lord’s range test) pa3paboTaH fijisi IPOBePKH HYJ/I€BOM TUIIOTe3bI O PaBEHCTBE
CpeJHUX [IBYX COBOKyMHOCTel. CTaTUCTUKa KpUTepUsi BIYUC/SeTCs TIo hopmysie
_|x1 - x2|

b

L

n+r,

rae M u 2 — cpesiHMe 3HaUeHMS COBOKYTIHOCTeH,

ri M r, — 3HaUeHus pa3maxoB. ITogpo6Hee 0 pasmaxe cM. miaBy «OmnucaTe/bHas CTaTHCTHKAY.
CTaTUCTHKY MPUMEHSIOT /I O4eHb Ma/lbIX BbIGOpOK. B Tabmulie pe/icTaB/IeHb! ypOBHU
3HAUMMOCTH. 3HaueHHe L, paBHOe WK 60/bliee TabIMUYHOTO 3HAUCHHS], 3HAUKMO.

n ny 5% 1%

2 2 1,71 3,96
3 3 0,64 1,05
4 4 0,41 0,62

OnucaHue KpUTepUsi U CChLTKU JaHbl /17151 IOJTHOThI MH(OpMaLUK.
MerTop nipeficTaB/ieH B KHure 3akca, MmoHorpaduu JIsurmum (Langley). CMm. Takke paboty ITaTH3tiKa
(Patnaik).

3.2.6. Kputepui Yanua

Kpurepuii ¥Yanua (kputepuii Benua, Kputepuit Banua, kputepuit Kpamepa—Yanua, Kpurepuit
Carrep3Baiita, Satterthwaite’s test) mpesHa3HaueH st pelieHust TpobieMbl bepeHca—®urnepa.
Boruriciienust npousBogATCs 1o hopmysie

% - 5|

b
\/512/’71+S22/”2

rae M u %2 — cpegHMe 3HaUEHNA COBOKYITHOCTEH,
Ny U N, — YMCTIEHHOCTH COBOKYITHOCTeH,

2 2
S u 5 — OL€HKH1 ,ZLI/ICHepCI/II\/’I, KOTOPbIE CUUTAKOTCA 10 COOTBETCTBYHOILLIMM BBI60pKaM.
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PacripeiesieHre CTaTUCTHUKU KpUTePHst O/TM3KO K t—pacripesiesieHrto CThIOZ€HTa IPU UKCie
cTereHeli cBOOO/IbI, pABHOM

v = (912/’11 "'522/’72)z
G /m ), G2 /m )

n -1 n, -1

OnucaHue KpuTepusi CM. B KHUre 3akca, KoraHa ¢ coaBT. CM. TakKe ornvcaHue kpurepus FOeHna—
¥Ysmua (Yuen—Welch test) B kaure Bunkokca (Wilcox).
YMecTHO yKasaTh ellle ofHy MozruKaiuio kputepusi CTbIOZieHTa, MpejjIoyKeHHY0 XaTyeCOHOM
(Hutcheson) u npeHa3HaueHHYO /151 CpPaBHeHUs1 MHZEeKCOoB LIleHHOHA [IByX COBOKYMHOCTeH (CM.
rnaBy «/IH(pOpMaIMOHHbIN aHaMU3»):

|, - 1)
f=

N 2 2 ’
\/DHl/nl +DH2/”2
rae H, v H, — unpekce! [lleHHOHa (S3HTPONMUM) COBOKYTTHOCTEM,

D D .
Ay M2 — coOTBeTCTBYIOLIME OLIEHKH AvcTiepcuil nHzaekcoB [lleHHOHa.

PacripefiesieHre CTaTUCTUKY KpuTepHst XardyecoHa O/M3Ko K t—pacripesienieHnt0 CThIOJiEHTa TPy
yKcsie cTerieHel CBOOO/IbI, PABHOM

_ (D1 +D2)2
_D121] /nl +D12{2/n2.

CM. cTartbio XardecoHa, paboty IIIUTHKOBa C COABT.

v

3.2.7. Kputepuii MarypoBoii

[TpubmxeHHOe pelieHye pobieMbl bepeHca—®uinepa faHo [TarypoBoii, KOTopasi peAro/IoKUIIa,
YTO pacrpe/iesieHre CTaTUCTUKKU KPUTEPUsI CyI{eCTBEHHO 3aBUCHUT OT OTHOLIEHHS] HEU3BECTHBIX
aucriepcuid. Beruricnenve kpurepust [1arypoBoii mpou3BoAUTCS 10 popMyJie, aHaIOTUUHOM
dhopmyne Yanua,

|’71 _ ’72|

\/512/”1 +S§/”2 ’

rae M u 2 — cpefiHUe 3HaUeHMS COBOKYTIHOCTeH,
M; ¥ N, — YACTIEHHOCTH COBOKYTTHOCTeiA,

2 2
11 %2 — oreHKu AuCTIepCHiA, KOTOPbIE CUUTAIOTCS TI0 COOTBETCTBYIOI[UM BhIGOPKAM.
[IBycTOpOoHHee P—3HaueHMe BbIUMC/ISIETCS KaK pellleHre HeJIMHeMHOro ypaBHeH!s

@- (-1

ny,1-p/2 62

» 0a-0)+o-v0-Oha-m,,  ©@-w'n
ny+ny,1-p/2 62(1' 6)2 ny,l-p/2 (1_ 6)2 s
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: GUIDE

r7e t.,. — 3HaueHre oOpaTHOM (PYHKI[UH t—pacTipe/iesieHus],

1_
n=c-2c(l- ¢)| —=- i],
n, n
g ="
no+n,
o= slz/n1

2 2 :
sy /n +s,/n,
YpaBHeHHe MOXKeT ObITh pellleHO OHUM U3 MeTO/0B JIOKabHOM ONTUMU3aLiuM. B mpocreiiiiiem

C/ly4ae UCII0/Ib3yeTCs MeTO, ie/IeHUs! OTPe3Ka I10I10JIaM.
OrmvicaHyie KpuUTepusi IPUBOAWTCS B pabote IlarypoBoii.

3.2.8. Kputepuit KokpeHa-Kokca

Kputepuii Kokpena—Kokca (Cochran and Cox test) ripejHa3HaueH Ajisl peleHus: IpobieMbl
bepenca—®uriepa. BriuncieHus por3BoAsTCs 1o ¢popmysie
X - X,

d=

rae X n X2 — cpeHre 3HAYEeHUA COBOKyTIHOCTEﬁ,

niy ¥ n; — YNCJI€HHOCTHU COBOKynHOCTEﬁ,
2
2 — OLIeHKU AHCHEPCHﬁ, KOTOPbIE CUUTAKOTCA 10 COOTBETCTBYHOILIMM BBIGOpKaM.

PacripefiesieHre CTaTUCTHUKY KpUTepUsi O/TM3KO K t—pacripeenenuio CThIOeHTa MPY YnCie
cTereHei cB0O6O/bl, paBHOM

L Gy -5 oy - )
(glz/(nl - 1))2 + (95/(’12 - 1))2

n, +1 n, +1

2
Siy S

- 2.

3.2.9. Kputepuin Kpamepa

KpuTtepuii Kpamepa nipejHa3HaueH /15l IPOBEPKU HYJ/IeBOM TMIIOTe3bl O PaBEHCTBE CPeIHUX
3HAUeHWH JIByX BLIDOPOUYHBIX COBOKYITHOCTEH B C/Tyuae PaBHBIX HEM3BECTHBIX AWCIIEPCUH.
BbruricsieHre CTaTUCTUKU KPUTEPUs IPOU3BOAUTCS 110 hopMyiie

/ _\/nln2|xl B x2|
2 2
VIS s,

b

rae M u %2 — cpegHMe 3HaUEHN COBOKYITHOCTEH,
Ny U N, — YMCTIEHHOCTH COBOKYITHOCTeH,
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2 2
$1'm 52 — o1jeHKM AUCTIEpCHiA, KOTOPBIE CUMTAIOTCS TI0 COOTBETCTBYIOIMM BEIGOPKAM.
CraThCTHKa KpUTepysi OJUUHSETCS CTaHZAPTHOMY HOPMa/IbHOMY pacIipe/ie/IeHHIO.

CmM. moHorpagutro Kpamepa.

3.2.10. Kputepuin duwiepa

F—xputepuit ®uiiepa (kputepuii duiiiepa—CHeZieKopa) MPUMEHSIFOT /IJisi CpaBHEHUS IUCTIepCri
JIBYX HOPMaJIbHBIX BEIOOPOUHBIX COBOKYITHOCTeM. Kputepuii 4aCcTo Ha3bIBAIOT JUCTIEPCHOHHBIM
OTHOIIIEHHEeM WJTH TPOCTO CTaTUCTUKOUW Puiliepa. BeiuricsieHue BezieTcst o Gpopmyiie,
nipeyio)keHHOM CHeZleKOpOM:

2
_5

F =,

Sy
I7le B UUC/IUTeIe — OLIeHKa IMCTIepPCUU OJHOM BBIOODKH, B 3HaMeHaresie — OLleHKa JAUCTIepCUU
npyroii BeIOOpKU. [IpuHaATO (M. JTakuHa) OpaTh OTHOILIEHHE OOBIIEro 3HAUEHUS JUCTIEPCUU K
MeHbIIIeMY 3HaUeHUI0, XOTsl IPUHLIUIHMATbHOW Pa3HULIbI HET.
Yucna crereHeit cBOOO/BI /151 TIOMCKA KPUTHUECKOTO 3HaUeHust o Tabmuije F—pacripezenieHust
(manHast Tabmuiia — ABYXBXO/[0Bast) C/ielyeT B3ATb Ny — 1 ¥ no — 1, /1@ ny ¥ N, — COOTBETCTBYIOLI[HE
YHC/IEHHOCTU COBOKYITHOCTEM.
Cwm. kaury Korana ¢ coaBT.

3.2.11. TpaHcrpeccusa

Y He3aBUCHMBIX BBIOOPOK M3 pa3/IMUHBIX reHepaibHbIX COBOKYITHOCTEeM YacTh BApUAHT MOXKET
OKa3aTbCs B OIHUX U TeX JKe Kaccax BapyualMOHHOIO psifa. Takue ps/ibl Ha3bIBalOTCS
TPaHCrpeCcCUPYIOLIMMH, a X HeroJsiHoe pa3obiijeHre — TpaHcrpeccueil. I1pu cratuctuyecku
JIOKa3aHHOM Pa3/IMuiy B CPeJHUX 3HaueHHsIX OOJIbINasi Be/IMUMHA TPAHCTPeCCHu (KOTopasi MOXKeT
BbIP@)XaTbCs B [JO/ISIX WM B MPOLIEHTAaX) 3aCTaB/isieT NPeAoI0KUTh, UTO pa3/iefieHre psizioB o
aHa/nM3rMpyeMoMy (akTopy He SIB/ISeTCS] eJUHCTBEHHbIM.
B cnyuae HopMasibHBIX reHepabHbIX COBOKYITHOCTEH TPaHCIPeCCHs BBIYUC/ISETCS IO (hopMyIie:
o :n1P1+n2F‘2 ,

n +n,
I7le Ny U N — YUC/IEHHOCTH COBOKYTTHOCTEM.
OcTasbHble BeJIMUMHbI BBIYMC/ISIFOTCS 110 (pOpMysiaM, COOTBETCTBEHHO,

min,- X max, - X.
B =05+051|——"| P, =05+0,5-I| ——=|,
S, " S,
rae I(.) — uHTerpasa BeposiTHOCTEH,
%1 1 %2 — cpesHMe 3HAUEHHS COBOKYTIHOCTEYA,

2 2
S u 52 — OL€HKH1 ,[LI/ICHE[)CI/IIZ, KOTOPbIE CUUTAKOTCA 10 COOTBETCTBYHOLLIMM BLI60pKaM, d OCTdJ/IbHbIe
BeJ/IMUMHBI BBIUYNCJ/IAIOTCA I10 (bOpMYJ'IaM, COOTBETCTBEHHO,

min; = x,— 3S; ¥ max; = X;— 351,

@ o @ Copyright © 2017 Igor Gaidyshev
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- g
Ec/m okakercst, uto T2 2 Xy MaX, < X,

(dhopMyam, COOTBETCTBEHHO,

TO 3HAUYEHHUs BeJIMUUH P; U P, pacCUUTHLIBAIOTCS T10

min,- X, max, - X,

P =05-05 -1 P, =0,5- 0,5 -1

S S

"
CM. MmoHorpaduto JlakuHa.

3.2.12. N'pachuk cpegHUX 3HAUYEHUW C [OBEPUTENIbHBIMU NHTEpPBa/IaMU

IloBepuTe/IbHBIE HHTEPBAJIbI OLEHUBAEMbIX CPeJHUX 3HaueHWH HOPMaJTbHbIX BHIOOPOK
BBIUUC/ISIIOTCSA TI0 (hopmyiie

S S
= Lhapyn 1+5)/2
(1+5) \/; (1+5) \/;

r7le S — BIOOpOYHast OIjeHKa CTaH/[apTHOTO OTK/IOHEHUS,

ta + /2 — 3HaUEHWe oOpaTHOM QyHKUMY t—pacrpeenerus CTbiofieHTa ¢ apamerpamu n— 1 u (1 +
B)/2,

B — moBepuUTe/bHBINA YPOBEHb, BbIDaKEHHBIN B J0MISX.

17151 BBIUMCIIEHNs [JBYCTOPOHHETO [J0BepUTe/IbHbIX MHTePBa/IOB OL|eHHBaeMbIX CPeJHUX 3HaueHUH,
KOT/Ia BLIOODKU He SIB/ISIeTCSI HOPMA/IbHBIMH, TIPUMeHsIeTCst hopMyria:

- lp(a+/5)/2)%;x+1p((1+/5)/2)%

I, =X ; X+t

>

5

I, =

rae W(.) — obparHasi GyHKIMSI CTaHJapPTHOTO HOPMaIbHOTO pacIipe/ie/ieH s,
TomoTHUTeTbHO B Tab/HIle BEIBOAUTCS Pa3HOCTb CPEAHUX aHATU3UPYEMbBIX BEIOOPOK

(X - X,),
rae X1 u *2 — cpeaHMe 3HAUEHUS COBOKYITHOCTEH.

IloBepUTeNbHBIN UHTEPBAJI OLIEHUBAEMOU Pa3HOCTH CPeHUX 3HaueHWH (BbIOOPKU HOpMaJlbHbIE)
BBIUMC/ISIETCS 110 hopMyrie

I, =|(x-X,)- Laepyn

2 2

rae 51 u 52 — olleHKH JCTIepCHii, KOTOPbIe CUMTAIOTCS 110 COOTBETCTBYIOLIUAM BEIGOPKAM.

N1 U N, — YUCJIEHHOCTU COBOKYITHOCTEM,

ta +p)/2— 3HauUeHHe obparHol pyHKLMM t—pacripeeneHrs: CTblofieHTa C apameTpaMu v (UMciio

cterieHelt cBo6osbl) U (1 + [3) / 2. TIpu 3TOM UKCIIO CTenieHel CBOOOAbI CUMTAETCS KaK
L es2/n)
G2 /m ), G2 /m )

n -1 n, -1
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[ToBepuTe/bHBIN UHTEPBAJ OIleHMBAeMOM pa3HOCTH CpPeHUX 3HaueHWl (BBIOOPKU He SIBIISIFOTCS
HOpMa/bHBbIMHU) BBIUMCJISETCS TI0 (popmyJie

S - ) e+ £)/2)

n.n,

1, = (% - X)) - W((1+)/2)

Pe3ynbrarsl rpaduueckoro aHaaM3a MHTEPIPETHUPYIOTC cieyomuM obpasom. Ecm 1003%
JIOBEpPUTE/IbHbIE MHTEPBAJIbl OIIeHHBAaeMbIX CPEeJHUX 3HAUEHHH CpaBHUBAEMBIX BBIOOPOK
TiepeCceKaroTCsi, KOHKypUpYHoIliasi TUIoTe3a (CpeiHue He paBHbI) MOXKeT OBbITh TIPHUHSITA HAa YPOBHE
3HaunmMocTu p < 3. Ecriu 1003% pmoBepuTtenbHbIe MHTEPBa/Ibl OLleHUBaeMbIX CPe/JHUX 3HAUeHU
CpaBHUBaeMbIX BBIOOPOK He IepeceKaroTCsl, HyJ/ieBasi TUIoTe3a (CpefiHie paBHbI) He OTBepraeTcs Ha
yPOBHe 3HauuMocCTH p > 3. T. K. IoBepUTe/IbHbIE HHTEPBAJIbI TEM IIIUPe, YeM OO0JIbIlle 3HaUeHue 3,
BbIOMpasi pa3/iMuHble CTaHJapTHbIE 3HaUeHHs [3, MOXKHO TO/TyUrTh 3HaYeHre YDPOBHS 3HAUYMMOCTH,
OoJsiee TOUHO COOTBETCTBYIOLL[Ee TTPe/ICTaB/IEHHBIM /JaHHBIM.

CM. cratbu Maccon (Masson) c coaBt., Bonbde (Wolfe) c coarr., ITsiiTon (Payton) ¢ coaBT., OcTHH
(Austin) c coaBt., Mapiuasi (Marshall).

3.2.13. OTHOLWEHNA cpegHNX N gucnepcui

PaccmarpriBaeTcst BO3MOXKHOCTb BbIUMC/IEHHMS] TOUEUHBIX U UHTEePBa/IbHBIX OL|eHOK OTHOLIEeHHsI
CpeJHUX U OTHOILEHUs AUCTIEPCUH IBYX HOPMaJ/IbHBIX BEIOOPOK. [Tofjpa3ymeBaeTcs, uTo rnepaast
BbIOOPKA — Ta, COOTBETCTBYIOIIlee 3HaueHre KOTOPOW CTOUT B UMC/IUTe e, BTOpasi BHIDOpKa — B
3HaMeHareJe.

17151 BBIUMCIIEHNS OBEPUTEIbHOTO MHTepBasla OL{eHUBAeMOr0 OTHOLLIEeHHUsI CPeIHUX 3HAUeHUH [IBYX

BBIOOPOK
_m
q = ’
m,

m; — cpe/iHee 3HaueHHe 1epBoi BbIOOPKH,
m, — cpefiHee 3HaUeHWe BTOPOU BBIOOPKH,
CHaua/ia BbIUKC/IIeTCS [IPOMEXKYTOUHas [lepeMeHHast
2
_ 2

g =\ thepyn m, >
T7e ta + p)/ 2 — 3HaUeHHe obpaTHOU GyHKLMU t—pacripeiesieHusi CTbIOIeHTa C TlapaMeTpamMu Ny + n,— 2
n(1+p)/2,
B — moBepuTe/bHBINA YPOBEHb, BbIDa)KEHHBIN B [OJISAX,
H, — CTaH/IapTHast OIMOKa CpeHETO 3HaUE€HUsI BTOPOI BBIOOPKH.
[anbHelilve BbIYMC/IEHUS 3aBUCAT OT 3HAUeHHsI IPOMEXXYTOYHOM TIepeMeHHOM, KoTopasi IBIsIeTCsl
YKMC/IEHHOW XapaKTepUCTUKOW OTHOIIIEHUsI CTaH/[apTHOM OIMOKY CpeIHero 3HaUeHHsI BTOPOU
BBIOOPKHM K CAaMOMY ee CpeJJHeMY 3HaUeHHIO.

1. Tlpu g > 1 “ckoMOl UHTEPBaIbHOM OLIEHKHU He CYIL[eCTBYeT.

2. Tlpu Masiom 3Haue€HUM g CTaHAApTHAas OIIMOKa OTHOIIIEHUS] CPeIHUX 3HAU€HUM BBIUNCIISETCS

1o gopmyre
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T7e |11 — CTaHJapTHas OMMOKa Ccpe/jHero 3HaUeH!st TiepBOi BHIOOPKHU.
[Tpu 3TOM JJOBEpUTE/NBbHBINM UHTEPBaJI OLEHUBAEMOTO OTHOILIEHUST CPeTHUX 3HAUEHHI
I, :(q = LaupSE g +t(1+/5)/2SEq)
m;
3. IIpu 6osnbIIOM 3HAaYEHUM g CTaHZAPTHAs OLIMOKA OTHOLIEHHUS CPeJHUX 3HAUeHUI BBIUMC/ISETCS
0 YTOUHEHHOU (opmyrie

SEq :L - g)‘u_1+&’
l1- g m, m,

[Tpu 3TOM ZOBEpPUTEBLHBIN HHTepBaJI OLIeHMBaeMOr'0 OTHOLIEHUS CPeIHUX 3HaueHUN

:L SE

[ﬂ I- g (1+/5)/2 SE

(1+/j)/2

,HOBepHTeJILHbIﬁ VHTepBasl oueHHBaeMoro OTHOLIEeHHS AUCIIepCUil BBIYMCSeTC sl o hopmysie

S -
]012 = Sl (1+ﬁ)/2(”1 N ) E (1+ﬂ)/2(n1 Ln,- 1|,
2

2
rie 51 — BEIGOPOUHOe 3HauUeHHe AucTepcud 1—ii BBIGOPKH,

2
52 _ BpIGOpOUHOE 3HAUEHNMe JVCTIePCHM 2—ii BHIGOPKH,
N1 ¥ N, — YUCJIEHHOCTU COBOKYTTHOCTEM,

-1

LA CONS obparHas ¢yHKIus F—pacrpesieneHus..

AJITOpUTMBI BBIUKC/IEHUH U TIOSICHSIOIIME TIPUMephI CM. B MOHorpadusix Motynbcku (Motulsky),
betea (Bethea) c coaBT. CM. Takxe ctatbto JIu (Lee A.F.S.) c coaBT.

naBa 4. HenapameTpuyeckaa ctaTUCTUKA

4.1. BBeaeHue

PaccmarpuBaroTcsi HermapaMeTpuueckre MeTo/ibl TPOBEPKH CTaTUCTUYECKHX TUIOTe3 U MeTOZbl
aHa/IM3a KaueCTBeHHBIX (OMHAPHBIX) JaHHBIX. BBITyeT HECKO/ILKO OCHOBHBIX COOOpa)kKeHHUM
OTHOCHTEJILHO T0/Ie3HOCTH HerlapaMeTpUueCKUX MeTOZIOB:

* [lapameTpuyeckrie MeTOZbl MOTYT NPUMEHSITHCS, TOJBKO €CJ/IM Jj0Ka3aHa HOPMa/IbHOCTh
pacripe/iesieHUsi aHaIU3UPYyeMbIX BEIOOPOK, HO SMIUpHUeCKUe BEIOOPKH, MMO/TyueHHbIe B
peaibHBIX SKCIIePUMEHTaX, OUeHb UacTO He SBJ/ISFOTCSI HOPMaJIbHO pacrpe/esieHHbIMU.

* [lapameTpuuecKue MeTOZbI MOTYT NIPUMEHSIThCS /it OO/IBIINX BBIOOPOK. PeasbHbie
BBIOODKM YaCTO CoZiep>KaT HeDOJIbIIIoe YMC/I0 BAPHAHT, UTO TeM Oosiee [ieyiaeT ToJie3HbIM
HerapaMeTpuuecKre MeTO/bl.
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VccneoBaHuMs TIOKa3bIBakOT, YTO OCTPOTA MPOO/IeMbI OTK/IOHEHHST OT HOPMaJIbHOCTU
TIpeyBe/IMUeHa, a YTBEP)K/IeHHe, UTO BLIDOPKA TeM HOpMaslbHee, YeM MHOTOUHMC/IEHHee, He UMeeT
OCHOBaHHUS1. PsiJi aBTOPOB MOCBSITH/ CBOU MCC/Iel0BaHUs JaHHOU Teme. CM. paboThl Bukkepca
(Vickers), Bpumka (Bridge) ¢ coarrt., Mrosiepa c coaBt., bisiip (Blair) c coaBr.

Cepbe3Hoii mpoOsieMoi, KoTopasi KacaeTcsi Tpe/iCTaBlIeHHbIX METO/IOB MPOBEPKU TUTIOTe3 TaK Ke,
KaK U rapaMeTpuuecKuX, sSIB/sieTCsl IPUMeHUMOCTh MeTO/IOB B C/Tyuae MaJioi UMC/IeHHOCTH
BbIOOPOK, UTO MOXKET UMETh CJIe[ICTBUEeM HU3KYI0 MOLIHOCTb KpUTepust (HallOMHUM, YTO MOILJHOCTb
— 9TO He UUCJI0, 8 MOHOTOHHAs (PYHKITHSI YUMCJIEHHOCTH — ueM 00JIbIlle UNC/IEHHOCTH BBIOOPOK, TEM
BbIIlIe MOLLHOCTb KPUTEPHSI, K TOMY >Ke 3aBUCSIILasi OT abTepPHaTHBhI). [l0MOMHUTENBHO O BAUSIHUU
YHCJIEHHOCTU Ha MOIIIHOCTh KDUTEPUEB CM. B I7laBe «BBe/jeHue B MpaKTUUeCKUi aHa/In3».

[Tepen mpuMeHeHWEM JIF0OOT0 CTAaTUCTAYECKOTO MeTo/la He0OX0MMO YOeaUTh s, UTO TIPOBEPSIeTCs
CTaTUCTUYeCKasi 3HAUMMOCTD Pa3/Inuuii UMEHHO TeX TlapaMeTpPOB BHIOOPOK, KOTOPbIe HHTEPECYIOT
WICC/Ie[i0BaTesns, a TakXkKe B TOM, UYTO MEeTO/, COOTBETCTBYET LLIKajie U3MepeHus1 UCXOAHbIX JaHHBIX
(npu3HakoB). O 1IKanax u3MepeHusi CM. 1aBy «BBejeHue».

4.2. TeopeTUyeckoe 060CHOBaHUue

Cy1iecTByeT 60JIbIII0€ KOJIMYECTBO OMBITHBIX JAHHBIX, KOTOPhIe He M0Ka3bIBalOT HOPMa/IbHOCTU
pacnpe/esieHus1, I03TOMY TIPUMeHeH1e TapaMeTPHUeCKUX KpUTepHeB He MOXKeT OBITh
000CHOBAHHBIM /IJIs1 IAHHBIX paCCMaTPHUBaeMoro KJjacca.

[TpakTHYeCKH 1eHHBIMH SIBUJTMCh POOACTHBIE METO/Ibl, KOTOPbIE TIPUMEHUMBI B IITUPOKOM /iMaria30He
yciioBuid. PobacTHble, HerlapaMeTpruuecKre U CBOOOIHBIe OT pacripe/iesieHus TIPOLeypbl
TPaZULIMOHHO OTHOCST K OIHOMY KJIaCCy, XOTS B IUTepaType eCTh U a/lbTepHaTUBHbIEe MHeHus. Cam
TEePMHUH «HelapaMeTpHuecKasi CTaTUCTHKa» OblT BBeZieH B 1942 roay Bonbdosuriem.

4.2.1. Po6aCcTHOCTb

[ToapobHOe 06CyXIeHUe 3TOM TeMbI IPUBOJUTCS XbioOepoM. ITog pob6aCcTHOCTBIO MbI [TOHUMAaeM
c/1a0yr0 UyBCTBUTE/ILHOCTD K OTK/IOHEHUSIM OT CTaHJAPTHBIX yCJIOBUM (HaripuMep, SMITUPUYeCKOoe
pacrpezie/ieHHe MOXXeT OT/IMUaThCs OT TeOPeTHUYeCKOr0 HOPMAaJIbHOTO), @ MeTO/[bl, TIPUMEHHMBIE B
IIIMPOKOM JIMaria30He peasibHbIX YCI0BUH, Ha3biBaeM POOACTHBIMU. B 3TOM KauecTBe TIOHSITHE
pPOOACTHOCTH CTAaTUCTUUYECKOTO METO/Ia IPAKTUUeCKU COBITAZIAeT CO CMBIC/IOM JIAHHOTO TIOHSITHSI,
KOTOPOE BKJ/IQ/[bIBA€TCS B HETO B MeXaHUKe ¥ CMeXKHBIX MTPUKJIQJHbIX AUCIIUTUTHHAX.

[ToHsATHE poOACTHOCTU HE TOXK/I€CTBEHHO YCTOWUMBOCTH CTAaTUCTHUECKOH MPOLIeAYPHI (He MyTaTh C
YKMC/IEHHOM YCTOMUMBOCTBIO anroputMa). Kak ykasbiBaeT Xbi00ep, CTaTUCTHUECKYFO MPOLIeAYPY
Ha3bIBAlOT YCTOMYMBOM, €C/TM Ha 3HaUeHHe OLIeHKU He OKa3bIBalOT BJIMSHUS MaJible U3MeHeHUsI B
BbIOOpKe (Masible M3MeHeHUsI BceX WK OoJIbIive U3MeHeHUsT HeCKOJTbKUX 3HaueHUHM — CM.
«ObpaboTKa BLIOPOCOB»). [TOHATHS YCTOMUMBOCTH U POOACTHOCTH pa3/IMUHbI, HO MHOT/IA MX
TIPUMEHSIFOT B KaueCTBe CHHOHHUMOB.

HemnapameTpuueckue KpUTepUM He TpeOyIOT TIpe/IBapUTETbHBIX MPeATION0KEeHUH OTHOCUTE/TEHO
BU/Ia UCXOIHOTO PacIipe/iesieHust U siBJIsTtOTCS 60/1ee poOaCTHBIMH, UeM UX IapaMeTpudecKue
aHasioru. MIx Ha3bIBalOT TaKyKe KPUTePUSIMH 3HAUMMOCTHU, He3aBUCUMBIMU OT TUIIA PACIpe/ie/ieHus..
EcrecTBeHHO, HerapaMeTprUYeCcKre KPUTEPUU TIPUMEHUMBI U JIJisl C/Tyuasi HOpMabHOTO
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pacripezenenvst. OfHaKO HellapaMeTpHuecKrie KpUTepHH B OOJIBILIMHCTBE C/TyYaeB SIB/ISTFOTCSI MeHee
MOIIHBIMH, YeM HX IapaMeTpruecKe aHajaoru. Ec/ii cyiecTBYIOT MPeAToChUTKA UCTIOb30BaHMs
rapaMeTpuyeCcKUX KpUTepHeB, HO UCIIO/b3YIOTCS HellapaMeTpHuecKye, yBelnuuBaeTCst
BeposATHOCTH ownbku 11 poza.

4.2.2. TecTupyemblie napamMmeTpbl

MHorue Tob30BaTe | 3a/]al0T BOMPOC, TT0YeMY, K IIPUMePY, O[HUM METO/IOM MeX/y BbIOOpKaMu
BBISIBJISIFOTCS] CTaTUCTUUECKY 3HAUMMBble pa3/iiuusi, APyTUM — HeT. []esio B TOM, UTO BCe MeTO/[bI
Tipe/jHa3HaueHsbl Ji7isi IPOBEPKU OTCYTCTBUS CTAaTUCTUUECKUX Pa3/IMuMii B pa3/inyHbIX [TapameTpax
(vHOTZIA — B COBOKYITHOCTH IapaMeTpoB) BLIOOPOK. Tak, MOXXHO cebe MpeiCTaBUTh TaKhe BLIOODKH,
KOTOpbIe IMEIOT OJJMHAKOBbIe IapamMeTphl MOI0XKeHuUs (MejuaHbl), HO pa3Hble apaMeTpbl
paccesiHus (gucnepcuu). B TakoMm runoreTuueckoM ciayvyae Kpurepuii AHcapu—bpeaiv nokaxet
HajMuve pas3inuuii, Kputepuil BusikokcoHa — HeT. CTaHOBUTCS TIOHSITHBIM, [T0UeMy UCC/ieloBaTe/n
YaCTO He OrPaHWYMBAIOTCS OAHUM TECTOM, a MbITAKOTCS BBITIOJIHUTD UX COBOKYITHOCTD [I/Is
CTaTUCTUYECKOTO CPaBHEHUSI BCEBO3MOYKHBIX TTapaMeTPOB BHIOOPOK: CPeIHUX, Me/[UaH, AUCIIePCHH,
(yHKLMI pacrnpe/esieHusl.
[Tpu dhopmyTMpoBaHUY HYJ/IEBOU TUIIOTE3bI 00s13aTe/IbHO CIeyeT YKa3biBaTh, KaKe KOHKPEeTHbIe
rapaMeTpbl SMIUPUUECKHUX BEIDOPOK CPaBHUBAKOTCS C MIOMOILIBIO UCTIOIb3YeMOr0 KpUTepusi.
HNanHasi uH(opMaLys IPUBOAUTCS B OMTMCAHUM KaXKJ0ro KpuTepusi. Hy)KHO yKasbIBaTh 3TO B
HayuYHOM MyO/IMKALUY, UTOOBI UMTaTe b NUMeJT BO3MO>KHOCTD TTPOBEPUTH MPABU/ILHOCTh
paccyxeHui aBTopa. B Tabnuije yka3aHbl TeCTUpyeMble ITapaMeTpbl BBIOOPOK /ISt pa3/TMUHBIX
KpUTEpHEB.
TecTupyemble napameTpbl CrarucTryeCKu KpUTepuin
[Tonoxxenue (location tests) Bunkokcona, ManHa—Yuthu, Ban nep BapzeHa,
Yaiita, ®umepa—ileiitrca—Teppu—TedTrnra,
Po3eHnbayma, MeiiaHbl, MeJUaHHbIH Myja—
bpayHna, I'exana, biioma, Tbroku, Mak—Hemapa,
cepuii Banbga—BonbdoBuija

Paccestnue/macirab (scale tests) Amncapu—bpegmu, Knorya, Casugka, KoHosepa,
Myna, [3Bupa, 3urens—Ibroku, Moseca
DyHKLUA pacripefiesieHus CwmupHoBa, Kpamepa—dhon Museca, Koiinepa,

Jlemana—Po3eH0/arta

B noka3aHHo# Tab/uiie He KOHKPeTU3UPOBAHO, KaKrie UMEHHO MapaMeTphl SIB/ISIFOTCS IapaMeTpaMu
TIOJIO)KEeHUs], @ KaKue TlapaMeTpamMy paccesiHus. Y TOUHeHHe TIPUBOAUTCS B Taburie.

[Tapametp [TapameTpuika HenapameTpuka

[Tonoxenne CpefHee 3HaueHue MennaHa wim TiceBoMeaHa
(ouenka Xomkeca—JlemaHa)

Paccessnue CraHJapTHOe OTK/IOHeHHe’ Me>XKBapTHU/IBHBIA pa3Max Ui

3 B xauecTBe mapameTpa paccesiHusI IPUMEHSIOT JUCIIEPCHIO, OHAKO B JaHHOM C/ly4ae yA00HO B35Th CTaHJapTHOe
OTKJIOHEHHUe Ji/Is1 COIIOCTaB/IeHusI C TapaMeTpOM paccesiHusl B HellapaMeTpHUYeCKoM Cilyvae.
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CeMMMHTepKBapTU/IbHAsI IIMPOTa
[ToppobHee 060 Bcex mepeurc/ieHHbIX TapaMeTpax CM. iaBy «OrucaresibHas CTaTUCTHKA».

4.2.3. Tunbl KPpUTEPUEB

Bce HerapameTpuuecKkue KpUTepuu MPOBEPKH FMIIOTe3, B 3aBUCKMOCTH OT UX KOHCTPYKLIMH, MOTYT
NIpUHAJJIe)KaTh K OJHOMY U3 C/elyHOIIUX TUIIOB:

*  paHroBble KpUTepUM (PaHIOM Ha3blBalOT HOMEP BapMAHTHI B PSiZly YIOPSJOYEHHBIX 110

BO3pacTaHMIO WK YObIBAaHHUIO BapHaHT),

* KpUTepuM, OCHOBaHHbIe Ha CpaBHEHWU (YHKL{MI pacripe/ieneHus],

*  TOUYHbIe KDUTEPUH.
[TpencraBneHHOe pa3zienieHre KpUTepreB Ha TUIbl OUeHb YCI0BHO U YaCTO OTHOCUTCS TOJIBKO K
peanu3anui. Jlyyille roBOPUTh O TECTUPYEMBIX NTapaMeTpax, Kak 3TO OMMCAHO B NIpeJblylieM
pasziesne. B onmcaHnuu HEKOTOPBIX KpUTEPHUeB aBTOPaMU YCTaHaB/IMBAKOTCS [1apasllesii MeXay
PaHroBbIMHY M IlepeCcTaHOBOYHbIMU KPUTEPUSIMU, PAHTOBBIMU KPUTEPUSMU M KPUTEPUSIMU Ha OCHOBE
¢byHKIMii pacripesiesieHysi. OnucaHbl KOMOMHATOPHBIE aITOPUTMbI BHIUMC/IEHNS] PAHTOBBIX
KputepueB. K TOUHBIM KPUTEPUSIM OTHOCSITCSL KaK TlepeCcTaHOBOYHbIe KPUTEPUH [i/Isl Tab/uL]
CONPSDKEHHOCTH, SIB/ISIOLLMXCS TPOAYKTOM aHa/M3a HOMHUHA/IbHBIX [IPU3HAKOB, TaK U KPUTEPUU
MepBbIX IPYTUX TUIOB, /s KOTOPHIX U3BECTHO (U MPaKTUUeCKU IPUMEHUMO) TOUHOE
pacripefiejieHue CTaTUCTHK.
MHorue U3 npe/iCcTaB/leHHbIX KDUTEPHUEB UMEKOT MHOTOMEpHbIe aHasIoTH, Npe/iCTaB/IeHHbIE B I71aBe
«/JACIIepCUOHHBIA aHA/IN3».

CmM. moHorpadum XoseHzepa C CoaBT., ['aeka ¢ coaBT., XerrcmaHreprepa, Konosepa (Conover),
PynuoHa, HopmatuBHbIM oKyMeHT EPA QA/G-9.

4.2.3.1. PaHroBble Kputepumn

K paHroBbIM KpUTepUsSIM OTHOCSTCS:
* KpuTepuii BUTKOKCOHa /1Jisi He3aBUCUMBIX BbIOODOK,

* KpuTepuii BUIKOKCOHa /i/1s1 CBSI3aHHBIX BHIOOPOK,

* KpuUTepuii MaHHa—YUTHH,

* kpurepui BaH fep BapzeHa,

* kpurtepuit CaBuKa,

* kpurepui AHcapu—bpennuy,

* kpurepuit Knotua,

* Kpurepui 3urensi—IbrOKH,

* kpurtepuii KoHoBepa,

* MejvaHHbIM KpuTepuid Myzna—bpayHa.
HexkoTopsle 13 npeficTaB/ieHHbIX TeCTOB SIB/ISIOTCS SKBUBaJeHTHBIMU. KpuTepry Ha3bIBatOTCs
5KBHUBAJIEHTHBIMH, T10 OTIpe/iesieHnt0 XosuieHepa 1 Bynda, ecyu fjy1s m00bIX BO3MOXHBIX BHIOOPOK
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peleHue, IPUHATOe C TTOMOLLBIO0 OJIHOTO U3 KPUTepHeB, COITIacyeTCsl C pellleHreM, PUHATHIM C
TOMOLLBIO IPYTOTO KPUTEPHSI.

HeTpyznHo roka3arb 3KBMBa/IeHTHOCTb psifia KpUuTepures. [1s1 yroMsHyThIX MeTo0B Koty faet
cienyroiyto dhopmysmy:

(T+T+1)/4=W=(N/2+1)/N/2-S,

rae Ty T' — ctaTUCTUKU 3Uresisi— bHOKH,

W — cratuctvka AHcapu—bpeniu,

S — crarucruka baprona—/l3Bua,

N — uncneHHOCTb 06beIHEHHON BLIOOPKH.

Tak>ke SKBUBaJIeHTbI KpUTEPUHM BUTKOKCOHA ([1/1s1 He3aBUCUMBIX BEIOOPOK, Oe3 yueTa MornpaBokK) U
ManHa—YutHu. [IpocTtasi hopMysia UX CBSI3U UMeeT BU/]

U =nn, + 1Dy

rae U — ctatucTvka MaHHa—YUTHHY,

W — ctatuctrka BuUnkokcoHa,

Ni — YUCIEHHOCTD TOM BBLIOOPKH, /151 KOTOPOM BBIUMC/IS/TUCH CTAaTUCTHKH,

N, — YUCJIEHHOCTh JIPYTrOi BLIOOPKHU.

[laHHbIe KpUTepUM Ha3bIBatOTCS paHroBbIMU (P. BumkokcoH, 1945 ), Tak Kak OHU ONEepUPYIOT He
YMC/IeHHBIMU 3HAUeHUSIMU BapUaHT, a UX paHraMy. CHauyasa MpoOM3BOZAT COBMECTHOE
paHXHUpOBaHKE CPABHUBAEMBIX BHIOOPOK. [IaHHasi MporieZiypa MO>KeT ObITh OpraHu30BaHa
Pa3/IMYHBIMU CII0COOaMH, OTHAKO TIPe/TIOUTUTE/TbHBIM B CMBIC/Ie TIPOCTOTHI ITOHUMAaHUS TpoLiecca v
ero peasiM3aliuy siB/sieTcsl 00beJUHEeHNe IByX CPABHUBAeMbIX BEIOOPOK, UX COPTHUPOBKA,
pPaHKUPOBaHKe 110 TpebyeMoii cxeMe U TIOC/Ieytolee pa3HeCeHre PaHTOB Ha MecTa
COOTBETCTBYIOI[UX UM BapHaHT B 00ernx BbIOOpKax. Ec/ii UMeIOTCsl COBMa jatoLifie 3HaueHus],
COBIABIIMM HaO/TIO€HUSIM YCIOBHIMCh Ha3HAUaTh CPeJHUNA PaHT.

PaHroBbie KpUTepry MOTYT IPUMEHSITHCS K MPU3HAKaM, MU3MepeHHbIM B KOJIMUeCTBeHHOW WU
TIOPsIAKOBOM 11Kase. [[pruMeHeHre paHTOBBIX KPUTEPHEB K KOJTMUeCTBEeHHbIM MpH3HaKaM
(bakTHUeCKY TTOHM)KAeT UCXOJHYIO KOJTMUeCTBeHHYO LIKaly J10 MOPsAAKOBOM 1IKa/ibl (HallOMHUM,
YTO PaHT — 3TO HOMeP BapHaHThI 10 MOPSAJKY B pAHXXUPOBAHHOM Psily). ITO BbI3bIBAeT OMaceHue
HEKOTOPBIX aBTOPOB, XOTS B JIUTepaType MoKa3aHo, YTO TOUHOCTh BbIBOZIOB CHU)KAeTCs TOpaszo
MeHbIIle, YeM MO>KHO Ob1TI0 ObI cebe BOOOpa3UTh.

CxeMbI BEIUMC/IEHUH BCEX PAHTOBBIX KPUTEPHUEB MOT'YT OBbITh OMUCAHbI OIHUMH U TEMU JKe
YHUBEPCA/IbHBIMU COOTHOIIIEHUSIMH, OT/TMUAFOIIUMUCS TOJBKO CIIOCOO0OM BBIUMC/IEHUSI PAHTOBBIX
oTMeToK (pyHKUU oT paHroB). Kpome Toro, mepe/ paHKMpOBaHUEM UCXOZIHbIE BIOOPKH, B
3aBUCUMOCTH OT CXeMbI aJlTOPUTMa, MOTYT OBbITh ITO/[BEPrHYThI TIPe00pa30BaHUSIM.

O603HaunMm:

N = n; + n, — ob11iee unco HaO/MIOEHUM B IBYX TECTUPYEMBIX BLIOOPKAx, KOTOPOe MOXKeT ObITh
CKOPPeKTHPOBaHO MpY HAJIMYMU COBIMAZAIIINX BapHaHT,

n; — YMC/I0 HaOJTroIeHrH B OZJHOM BbIOODKe,

n, — 4nCI0 HabmoieHNi B IpyTol BEIOOPKE.
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O611ast hopMysia BEIUMC/IEHUST CTaTUCTUKU PAHTOBOTO KPUTEPHS], COTTIACHO XeTTCMaHIIeprepy,
MOXXeT OBbITh TIpe/iCTaB/IeHa B BUjIe

§ =) a(R),

i=l

R.,i=12,..n, o
roe 1> — paHru HabMIOeHUH BEIOOPKH,
a(R),i =1,2,....,n

1> — paHroBbIe MeTKU 0011iero Bu/a.
I/l CTaTUCTUK PAHTOBBIX KPUTEPHEB MOTYT ObITh M3BECTHBI TOUHBIE (POPMYJTbI BEIYMCIIEHHUST
KPUTHUECKUX 3HaYeHWH, OZJHAKO BbIUMC/IEHHS TT0 TOUYHBIM ()OPMYy/iaM YacCTO TPYLOEMKH YyxKe Mpu
Cpe/IHUX U BCeryia MpH OOJIBIINMX YMCIEHHOCTSIX BBIOOPOK. [ToipoOHee 0 BLIUMC/IEHUSIX
pacrpeziesieHui cM. rnaBy «BBezneHue».
OHM ym0OHBI [/ TTIOCTPOEHUS] TOUHBIX CTaTUCTHUECKUX Ta0/IHII, OZJHAKO B TIPAKTHYE CKUX
BBIUMCJ/IEHUSX, KaK Noka3anu ['aek u [lIuzgak, Mo)keT NpUMeHSTbCSl HOpMaJlbHasl arrpoKCUMaLst
CTaTUCTUKW PAHIOBOI'0 KpUTepHUst

_S-ES

N

rae ES — maTeMaTuyeckoe OxXuziaHue,
DS — pucnepcusi, KoTopasi MOXKeT ObITh CKOPPEKTHPOBaHa TIPY HaJIMUUK CBSI30K.
[TapameTpbl HOpMaLHOTO pacripe/iesieHUs BLIYUC/ISIOTCS TI0 (popMysiaM, JaHHBIM
XeTTCMaHIIeprepom,
ES =na,

e i

O6paTuTe BHUMaHHe, UTO CYMMHPOBAHHE B TlapaMeTpax HOPMa/IbHOM arpOKCHMAL[iH
TIPOM3BOJUTCS TI0 00eMM BbIOOPKAM, TOT/id KaK CTaTUCTHKA KPUTEPHSI BEIUMC/ISIETCS [JIsT OfIHOM
(/rro60ih) 13 BEIOOPOK.

B03MO)KHO ¥ TOUHOE BBIUMC/IeHHe P—3HaueHHH paHroBLIX KpuTepreB. Hamprumep, MeTo/MKa
TOUHOT'O BBIUMC/IEHUsT KpUTepreB BUIKOKCOHA MOTHOCTBIO COBITA/IaeT C COOTBETCTBYHOLUMU
KPUTEPUSAMU PaHIOMHU3aIMK KOMIIOHEHT, TIpe/[CTaB/IeHHbIMU B I71aBe « TOuHbIe KDUTEePUI», C TOM
pasHUIel, YTO BCe MaHUITYJISILIAKU ITPOM3BO/SATCS HE C BApMAHTaMHU BBIOOPOK, a C MX paHramu. I1o
9TOM NpHUUYKHe KPUTEpHr BHUIKOKCOHA MOTYT ObITh MHTEPIIPeTHPOBAHbI KAK KPUTEPHUH PAHTOBOM
paH/IOMH3al[|H.
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4.2.3.1. YueT CBA30K

Casi3Koii (ties) Ha3bIBAIOT COBIIa jarolie paHTH. [1py HaTMUMK CBSI30K CTAaTUCTHKA KPUTEPUs
(TouHee, AUCTIEPCHS TIPY HOPMAJTLHOM aMMPOKCUMALIUN CTaTUCTUKWA KPUTEPUsT) KOPPEKTUPYETCS C
TIOMOIIIbIO 0COOBIM 00pa30M BEIUMC/ISIEMOI TIOTIPAaBKU Ha 00beJUHEHHe PaHTOB.

4.2.3.1.2. YyeT nonpaBKN Ha HeNpepbIBHOCTb

[ToripaBKa Ha HerpepbIBHOCTH (continuity) gakTryecku BBOAUTCS B OPMY/Y BbIUMC/IEHUS
HOPMaJ/IbHOH aIrrpoKCUMaLMu CTaTUCTUKY KPUTEepHs, T. K. AUCKPETHOe paclipejie/leHue paHr0BOU
CTaTUCTUKY anlpOKCUMUPYeTCs HellpepbIBHBIM HOPMaJIbHBIM pacIipe/ie/leHHeM.

Cwm. pesynbrats! [Iypu (Puri), Pagkapama (Rajaram).

4.2.3.1.3. Kputepuit BUNKOKCOHa ans He3aBUCUMbIX BbIGOPOK

W—kputepuii BunkokcoHa (KpUTepuii paHroBbIX CyMM BH/IKOKCOHa, By XBBIOOPOUHBIM KPUTEPHIA
BunkokcoHa, cTaTUCTHKA paHrOBOM CyMMbI YUJIKOKCOHA, Wilcoxon signed-rank test, Wilcoxon
sum—of-ranks test for comparing two unmatched samples) nprimMeHsieTcs1 /il IPOBEPKH
OZJHOPOJJHOCTH /IByX He3aBUCHMbBIX COBOKYITHOCTEH O/[MHAKOBOM W/IM pa3HOU YMC/IEHHOCTH.
BbI60pKH MOTYT IpUHA/|IeXKaTh MOPSIKOBOW MJTH KOJIMYeCTBEHHOM IIIKasle.

BbIuncsieHre CTaTUCTUKU KpPUTEepPHsi IPOU3BOAUTCS 110 popMmyJie:

1y

n
W =min ZRI.,ZSI. ,
i i
rne R,i=12,..,n
S.,i =12,..,n, 6 o 6
— paHT# BLIOOPKH, UMeloIIleil Haubo/IbIlyI0 CYMMY PaHTOB.
Ipyroii mpueM — B KaueCTBe CTaTUCTUKK KPUTepUsi OepeTcsi CyMMa PaHTOB BLIOOPKY HaUMeHbILIeH
YKMC/IEHHOCTHU, XOTsI TIPUHLIUITAATLHON Pa3HUI[bI TYT HeT.
BbruricsieHHOe 3HaueHre CTaTUCTUKU KPUTePUsi CDaBHUBAETCS C TOYHBIM KPUTHUUECKUM 3HaueHUeM,
OZIHAKO TIpY OOJIBIIION UHC/IEHHOCTH BBIOOPOK JIaHHBIMU (hOPMYJIaMHM TI0/Tb3YIOTCSI HEOXOTHO M3—3a
oripe/ie/IeHHBIX BEIUUC/TUTE/TBHBIX CTIOXKHOCTeH. DOpMYJIbI IPUTO/HBI Z1J1st TIOCTPOEHUs Tab/uIl, HO
JJ1sI TIPAKTUUECKOTO BBIUMC/IEHUS] 3HAUMMOCTH KPUTEPUsT IIPUMEHSIeTCS TIOAXO/, YUHUThIBAFOIINNA

(akT, uTO CTaTUCTUKA
w-EW

! — paHru BbIOOPKHU, UMetoLIel HAMMEHBIITYI0 CYMMY PaHTOB,

VDWW pacripe/iesieHa 1o CTaHapTHOMY HOPMAa/IbHOMY 3aKOHY.
31echk 0003HaUeHO:
EW =n(N + 1) / 2 — maTeMaTHyeckoe OXXuaHue,
qucniepcust 6e3 cBsi30Kk DW = niny(N + 1) / 12
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nn b
DW =—1122 N+1- —N VoDl
WIH, TIPU HaJTAUWH CBS30K, (N-1)
N = n; + n,— YMC/IEHHOCTb 00BEAMHEHHOM BHIOOPKHU.

4
b=)1,(-1)
7= — IOTpaBKa Ha 00beIMHEHHE PAHTOB,
rge t, j = 1,2,...,g — YUCJIeHHOCTD CBSI3KU,
g — UMCJIO CBSI30K.
[Tpu pacueTe umc/ia CBSI30K, TIPY HAJTMUKHU XOTSI ObI OZJHOM CBSI3KH, YUHUTHIBAIOTCS TaK)Ke BCe TPYIIIIhI
C YMCIEHHOCTBIO 1, UTO, OIHAKO, UCK/TIOUAeT yUeT JaHHBIX rPymIl (Mofg00HO KpUTeprio AHCapy—
bpenym) n3—3a ocobeHHOCTel BBIUKMC/IEHUs TIOTIPABKK Ha 00beiiHeHWe PaHToB. B oTueTe Xeb3enb
(Helsel) c coar. co cchuikoii Ha Konorep (Conover) MpUBOAUTCS MHOM CIIOCO0 yueTa CBS30K.
Ecu nonyueHHoe 3HaueHWe CTaTUCTUKU TipeBbiiaeT 0,02, To B popmyny BBOJUTCS MOTMpaBKa Ha
HerpepbIBHOCTh: CYMTALTCS, YTO HOBOE 3HaueHHe HauMeHbllleid CyMMbl paHToB paBHO W + 0,5.
Kputepuii pekoMeHyeTCst /il BBIOOPOK yMePEeHHOUW UMC/IeHHOCTH (UHMC/IEHHOCTD KaXK0M BBIOOPKHU
ot 12 no 40).
NwmeeTcst mpocTasi popmyra CB3M pacCMaTpUBaeMoro KpuTepusi ¢ KpurepueM MaHHa—YUTHH,
TI03TOMY TIPe/ICTaB/IeHHBIM TeCT B HEKOTOPBIX UCTOUHMKAX HOCUT HaMeHOBaHUe KPUTePUsI
BunkokcoHa—MaHHa—YUTHMU.
Cwm. KoraHna c coaBr., Yepuuk (Chernick) ¢ coaBr., crarsto JlaBanx (LaVange) ¢ coaBt. TouHoe
BBIUMC/IEHHEe pacrpezie/ieH|s] CTaTUCTUKY BUKokcoHa cM. B pabore Jlemana (Lehman). Bnustaue
Pa3/IMUHBIX TIONIPAaBOK B KPUTEPHUSIX BUTKOKCOHa—MaHHa—YHUTHH pacCMOTpeHO B pabote Beprmana
(Bergmann) c coaBT. Ha cBsi3b cTaTuCTHKU KpuTepusi BusikokcoHa U rioiaau, orcekaemoii ROC
kpuBoii (AUC), ykaszaHo B MoHorpaduu Bnacoga.

4.2.3.1.4. Kpntepuit BUNnKokcoHa ans cBA3aHHbIX BbIGOPOK

T—xputepuii BunkokcoHa (3HaKOBbI PaHTOBBIM KpUTEPU YUIKOKCOHA, KDUTEPHI 3HAKOBBIX
paHroB YuikokcoHa, Wilcoxon signed-ranks test for matched pairs), B oTimune ot W—kpurepus
BunkokcoHa, mpyuMeHsieTcs /il IpOBepKH OZHOPOJHOCTH /IByX COBOKYITHOCTEH C TIOTMapHO
COTPsKEeHHbIMU BapvaHTaMU. BbIOOpKY MOTYT MpUHa//IeXXaTh MOPSJKOBOM UM KOJTMUeCTBeHHOU
LIKase.

Kputeprem npoBepsieTcsi cTaTUCTUUECKAs 3HAYMMOCTb HY/1eBOW TMIIOTE3bI O TOM, UTO
pacripeZiesieHle C/1ydaiiHbIX BeJIMUMH CUMMETPUYHO OTHOCUTE/BHO HYJ/ISl. DTH C/lyyaiiHble
BeJIMYMHBI B paCCMaTpHMBaeMOM C/Iydae Tpe/iCTaB/IsII0T OO0 pa3HOCTU CTy4YalHbIX BeJTMUKMH,
COOTBETCTBYIOIL[MX /IBYM /IPYTUM BbIOOPKaM, IIO3TOMY YaCTO KPUTePUii Ha3bIBAlOT
OZIHOBLIDOPOUHBIM KpUTeprieM BusikokcoHa. [pyroe Ha3BaHWe KpUTepusi — KpUTepUi BUTKOKCOHa
7151 COTIPSDKEHHBIX 11ap, T—aensra—Kpurepuii, W—kpurepuii BunkokcoHa 1160 npocTo Kputepuii
BuskokcoHna.

MeTopyiKa pub/IMKeHHOTO BBIUMC/IEHHSI TIOX0Ka Ha MPOLielypy BbIUMC/IeHns: W—KpuTepust
BuUKOKCOHa, 0/JHAKO 3/1eCh Mbl OTlepupyeM abCO/IFOTHBIMU BeJIMUMHAMM Pa3HOCTel BapUaHT.
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MaccuB pa3HocTelt parkupyetcs. Ecii cpegu pa3HocTel ecTh Hy/ieBble, OHM O0TOpachiBaroTCs (TIpy
3TOM UYKMCJIEHHOCTh COKPAIIAeTCsl Ha YMC/I0 OTOPOIIIEHHBIX HY/IEBBIX pa3HOCTeH). 3aTeM paHram
J00aB/ISIIOTCS 3HAKK Pa3HOCTEM, ¥ BBIUMC/ISIETCS HAaUMEHbIIasi U3 CYMM TIOIOKUTETbHBIX W'
PaHroB, KOTOpasi CDaBHUBAETCSI C TOYHBIM KPUTHUECKHUM 3HaueHWeM, O[HAKO TP OOJTBIIION
YKMC/IEHHOCTH BbIOOPOK /JaHHBIMH (POPMY/IaMH TIO/Tb3YIOTCSI HEOXOTHO M3—3a OTIpe/ie/ieHHbIX
BBIUMC/TUTE/TBHBIX CTIOXKHOCTeH. DOpMYJIbI IPUTO/IHBI /J1s1 TIOCTPOEHUS TaOJTHUII, HO ZJ1st
TIPAKTUYeCKOTO BBIUMC/IEHUS 3HAUMMOCTH KPUTEPUsi TIPUMEHSIeTCS TIOAXO/I, YUMTHIBAIOLLUH (aKT,
YTO CTaTUCTUKA

w*-EW*

bw* pacripejiesieHa I10 CTaHJapTHOMY HOPMaJ/IbHOMY 3aKOHY.
3pecb 0603HaYeHO:
rae EW' = N(N + 1) / 4 — matemaTHueCKoe O)KH/laHHe,

qucriepcus 6e3 CBSI30K DW™ =N(N +1)(2N +1)/24
pw* - L N(N +1)2N +1) - b ,
WY, TIPH HaJTMUUH CBA30K, 24 2
N — UKCIEHHOCTh KaX/0T0 psifia (1oc/ie 0TOpAChIBaHUSI HYJ/IEBBIX 3HAUEHUH),

4
b=}t -1)
J= — I10TIpaBKa Ha 00be/IMHEHNE PAHIOB,
rge tj, j = 1,2,..., — YUCJIeHHOCTD CBSI3KY,
g — UMCJI0 CBSI30K, NIpHUYeM, IpY HaJIMUMU XOTsI Obl OHOM CBSI3KHM, CJe/joBaso Obl YUUTHIBATh TAKKe
BCe IPYIBI C YUCTEHHOCTHIO 1; OZJHAKO yUeT JaHHBIX rpyri (MofobHO KpuTepuro AHCapu—
Bpegsin) 13—3a ocobeHHOCTe BLIUMC/IEHNS TTOTPaBKU Ha 00be/iiHeHe paHIOB UCK/TFOUeH U3
anropurMa (JaHHbIe C/1araeMble — HyJIeBble).

KpuTepuii pekoMeH1yeTcs /1Sl BBIOOPOK YMepeHHOM UHCIeHHOCTH (UMCIEHHOCTh KaXK[0M BBIOOPKHU
ot 12 no 40).

Kputepnii onrcaH npakTUueCKU BO BCe€X UCTOYHUKAX, MOCBSILEHHBIX [IPOBEPKe FMIOTe3,
HerlapamMeTpUUeCKOM CTaTUCTHKe U PAaHIOBbIM KPUTepUsIM, B YaCTHOCTH. Kputepuii nomnynspeH
cpeu 6rocraructukoB. CM. Hanipumep, Kuury Yepuuk (Chernick) c coasr.

4.2.3.1.5. Kputepuiit MaHHa-YUTHN

U—xkpurepuii ManHa—YuTHU (BunkokcoHa—MaHHa—YUTHU) PUMeHSIeTCS ZJisl IPOBePKU
OZITHOPOAHOCTH [BYX HEe3aBUCUMbBIX COBOKYTTHOCTel OZMHAKOBOU M/IM pa3HOM UKCIeHHOCTH.
Bb160pKY MOT'YT MpUHA/|/Ie)KaTh TIOPSIIKOBOM UM KOJTMUeCTBEeHHOM 11Kasie. HabsiroeHust JO/DKHBI
ObITb HE3aBUCUMBIMH (HETIAPHBIMH ). BBIUKC/IEHHUS] MOTYT TTPOM3BOJMUTLCS TI0 hopmysiam (B
VICTOYHMKAX OIKCAaHbI pa3/MYHbIe CXeMbl, PUBO/SIIME K aHAJIOTUYHBIM pe3y/ibTaTaMm)

U1 =nn; + nl(nl + 1) / 2— Rl,

Uz =mnmn; + nz(nz + ].) /2 — Rz,
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U = max(U.,U>),
rie R, u R, — CcyMMBbI PaHTOB BBIOOPOK,
N1 ¥ N, — YUCJIEHHOCTH COOTBETCTBYIOLUX BbIOOPOK.
BoluncieHHOe 3HauUeHUe CTaTUCTUKUA KPUTepHsi CPaBHUBAETCs C TOUHBIM KPUTHUYECKUM 3HaYeHUeM
pacripeiesieHusi MaHHa—YWTHH, OfHAKO TPU O0JTBILION YMC/IEHHOCTH BHIOOPOK /IaHHBIMHU
(hopmyniamMu 10J1b3yHOTCSI HEOXOTHO M3—3a OMNpe/ie/IeHHbIX BbIYMCIUTEbHBIX C/I0)KHOCTEH.
@dopMyrIbl PUTOAHBI 7SI TOCTPOEHHs TaOJIUL], HO [i/ist TIPAKTUYeCKOro BBIUMC/IEHUS 3HAUMMOCTH
KpPUTepUsl IPUMEHSIeTCS MOJX0Z, YUUTHIBAIOIIMI (PaKT, YTO CTaTUCTHKA
U- EU

U
rge EU = niny / 2 — MatemaTuyeckoe OXujaHue,
DU = mny (N + 1) / 12 — pucniepcusi, KOTopasi B C/Tyuae HaJMuusi CBSI30K KOPPEKTUPYeTCs,
N = n; + n, — YKCIEHHOCTh 00bEeJUHEHHOU BLIOOPKHU.
pacripeiesieHa 110 CTaHAapTHOMY HOPMaJ/IbHOMY 3aKOHY.
Kputepnii s5kBrBasieHTeH kputeputo Bunkokcona. Ctatuctnueckue csocrsa U-kputeprst MaHHa—
Yutau u W—kputepusi Bunkokcona coBrnazatoT. OTMeTUM TOJIBKO, UYTO B KpuTepud MaHHa—YUTHU
He WCII0/B3YIOTCS TIOTNPaBKHY, pa3paboTaHHble /il KpuTepyst BUTKOKCOHA, TTI09TOMY pe3y/bTaThl
pacuera i1l O4HUX U TeX JKe JaHHbIX MOI'YT pa3/nyarbCsl.

CwMm. MoHorpaduro Yunkca. TouHoe BbIUMCIeHUe pacripefiesieHys CTaTUCTUKU MaHHa—YUTHU CM. B
pabore ManHa (Mann) c coapbrT.

4.2.3.1.6. Kputepuii BaH gep BapgeHa

PanroBeiii X—kputepuii Ban fep Bapgena (Van der Waerden’s X—test) mprMeHsieTCs1 ZiJisl IPOBEPKU
OZJHOPOJJHOCTH /IByX He3aBUCHUMBIX COBOKYITHOCTEH O/JMHAKOBOM M/ pa3HOW YMC/IEHHOCTH.
Bb160pKY MOT'YT MpUHA/|/Ie)KaTh TIOPSIIKOBOM UM KOJTMUeCTBEeHHOM 1Kaie. CTaTUCTUKA KPUTEPUS
BBIUKC/IsIETCS 110 hopMyrie

n
x =Y w| &

i=l N +1 ,
T7ie N; — UUC/IEHHOCTD OZIHOM BBIOOPKH,
N, — YUCJIEHHOCTh JIPYTOi BEIOOPKH,
R;, i =1,2,...,n; — paHTOBBIe METKH OZIHOM U3 BHIOOPOK,
Y(.) — pynkuus, obparHast GyHKIMK CTaHAapPTHOTO HOPMa/IbHOTO pacIipefiesieHus],
N = n; +n, — YUCIEHHOCTb 00beJUHEHHOW BbIOOPKH.
[TpakTUUeCK” 3HAUMMOCTb MOXKET BbIUMC/IATHCS TTOCPEACTBOM HOPMaJIbHOM armnpoKCUMaLyn
KPUTHUECKOTO 3HaueHUs kputepus. [Ipu 3ToM MoubUIpOBaHHAs CTaTUCTHKA
X-EX

DX

rae EX = 0 — maremaTrhueckoe OXKWJIaHUE,
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]
N +1

—__ g’ N
NN - 15 — IUCTIePCHSI.
pacripe/ie/ieHa 1o CTaHJapTHOMY HOPMa/bHOMY 3aKOHY.

CM. TakKe pOJCTBEHHBIM MPeZCTaB/IeHHOMY TeCTy Kputepui dnrurnepa—KuivHa, onvucaHHbIN
'appetom (Garrett) c coasT.

4.2.3.1.7. Kpntepuii CaBnmxa

Kpurepwii C3BUpKa Nipe/iHa3HaueH [ijist TPOBEPKU TIPUMEHSIETCS ZIJ1s1 IPOBEPKU OFJHOPOJHOCTH
JIBYX HE3aBUCHUMbIX COBOKYTTHOCTe OZJMHAaKOBOM UM pa3HOW UMCIeHHOCTH. BbiIOOpPKU MOTYT
TIPUHAZIJIEXKATh TTOPSAKOBOU WM KOIMUeCTBeHHOM IKasie. [Tpe/jioykeHO HeCKOJTbKO SKBUBA/IEHTHBIX
(hopm 3arvicu GopMyJibl BEIYMCIEHUsI CTaTUCTUKU KpuTepusi. CTaTUCTHKA KPUTEPUST BHIYUCISIeTCS
o popmyrne

n N 1
s=) 2 -

izl j=N+-R, J
rae R;, i = 1,2,...,n; — paHry BLIOOPKM C HauOO/IbIIel YMCIeHHOCTRIO,
N = n; +n, — YUCIEHHOCTb 00beMHEHHON BBIOOPKH,
N, — YUC/IeHHOCThb BIOOPKY C HauOO/bIlel UMC/IeHHOCTBIO,
N, — UUCJIEHHOCTh BBIOOPKYU C HAMMEHbIIIeH YMCIeHHOCTBIO.
[TpakTHYeCcK’ 3HAUMMOCTb MOXKET BBIUMC/ISITHCS TTIOCPEICTBOM HOPMa/IbHOM armpOoKCUMal|u
KPUTHUECKOTO 3HaueHus1 Kputepust. [1py 3ToM MoaudUIUpOBaHHAsT CTaTUCTHKA
S-ES

JDs

rae ES = n; — maTeMaTnuecKoe OXUaHUe,

N
ps ="t | izl
N- 1 Nj:] ]
— TUCTIePCHS.

pacripeziejieHa I10 CTaHJapTHOMY HOPMa/IbHOMY 3aKOHY.
O6061eHrem kputepust CIBHU/KA SIB/ISIETCS ITUPOKO W3BeCTHBIN Kputepuii Kokca
(yrorapudmMuUe CKU paHTOBBIN KPUTEPHH ), MHOTZA Ha3bIBaeMblid 0000IIIeHHBIM KPUTEPHEM
CaBU/Ka, TIpeAHa3HaYeHHbBIN [/ aHa/IM3a [1eH3yPUPOBaHHbIX BRIOOPOK U MPe/ICTaBIeHHbIH B T/IaBe
«AHanIU3 BBDKUBAEMOCTH».

CM. moHorpaguro CKpUITHHKA C COABT.

4.2.3.1.8. Kputepuir AHcapu-bpegnn

Kpurepuii Ancapu-bpennu (Pporinga u Aucapy, Freund—Ansari test) mpuMeHsieTcs1 17151 IPOBEPKU
OZHOPOZHOCTH IBYX He3aBUCUMBIX COBOKYITHOCTEeM OZMHAKOBOU WM/IM Pa3HOM UYMCIeHHOCTH.
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BbIOOPKH MOTYT NPUHA/IIEXKATh MTOPSIIKOBOM W/TH KOJTMUEeCTBEHHOM I11Kajie. CTaTHMCTUKA KPUTEPUST
BBIUUC/ISIETCS TTI0 (hopMyJie

ny

W=)R,
i=l

rae R;, i = 1,2,...,n; — paHry BEIOOPKU C Haubo/bliel UiCIeHHOCTRIO,

Nn; — YUCJIEHHOCTh OHOW BHIOOPKH,

N, — YUCeHHOCTh APyroi BHIOOPKH,

N = n; +n, — UMCIEHHOCTb 00BeIUHEHHOM BEIOOPKHU.

17151 IoCTpOeHust KpUTepHsl PaHKUPOBaHHe TIPOU3BOAUTCSI 0c00bIM 06pa3oM. Ecii N ueTHO, paHru
rpucBauBaroTcd rno cxeme 1,2,3,...,N/2,N/ 2,...,3,2,1. Ecziu N HeueTHO, paHI'¥ [IPUCBaUBaIOTCA T10
cxeme 1,2,3,...,(N-1)/2,(N + 1)/ 2,...,3,2,1. [Ipy HaMUUU OJUHAKOBBIX HaO/IOeHUI
WCITIOJIb3YHOTCS CBSI3aHHbIe (CpefjHUe) PaHTH.

[TpakTHueCcKy 3HAUMMOCTb MOXKET BbIUHC/ISITHCS TTIOCPEICTBOM HOPMaJ/IbHOM amnmpOoKCUMaLu1
KPUTHUYeCKOro 3HaueHusi Kputepusi. [Ipy 3ToM MoaudULIMpoBaHHAasE CTaTUCTHKA

w-EW

VDW pacrpe/iesieHa M0 CTaHJapTHOMY HOPMa/IbHOMY 3aKOHY.
31echk 0003HaUeHO:
EW =n(N + 2) / 4 — maTeMaTryeckoe oXkKuiaHue /st 4eTHoro N,
EW =n(N + 1)*/ 4/ N — maTemMaTHueCKoe O)KufIaHHe [ijisi HeueTHoro N,
D :nlnz(N +2)(N - 2)

aucriepcust iyist uetHoro N 6e3 CBSI30K AN -1)
y mmll6h- NV +2)°|

b

VIJTH, TIPY Ha/IM9HH CBSI30K, 48N (N - 1)
D =" (N + 1)(2N2 +3)
JMCTIepCHs 11 HedeTHOro N 6e3 CBSI30K 48N
y mmlloND - (v +1)']
48N*(N-1)

WJIW, IIpU HAJIMYKUHK CBA30K,

g
b=X1r]
J= — romnpaBKa Ha 00beJuHeHre PaHT OB,
rge t, j = 1,2,...,g — YUC/IIEHHOCTD CBSI3KY,
r, j = 1,2,...,g — CPeIHUI paHT B CBsI3Ke,
g — UKCJIO0 CBSI30K, TIPUYEeM, MPY HaJIMUUK XOTs Obl OTHOM CBSI3KH, YUUTBIBAIOTCS TAKXKE U BCE
IPYMIIbl C YUCTEHHOCTHIO 1.

Cwm. [leckuH (Sheskin), /I)koHCOH ¢ coaBT., [IeTpoBHY C COaBT.
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4.2.3.1.9. Kputepunii Knotuya

Kpureputii Knotiia (Klotz test) mpruMeHsieTcst /iJisi IPOBEPKH OJJHOPOAHOCTHU JIByX He3aBHUCHUMBbIX
COBOKYITHOCTEH O/IMHAKOBOW WM Pa3HOM UMC/IEHHOCTH. BHIOOpKU MOT'YT IIpHUHA/|/Ie)KaTh
TIOPSIIKOBOM WJTH KOJTMUeCTBeHHOM 1iKase. CTaTUCTUKA KPUTEPUSI BLIUKCIISETCS 110 opMyIie

n 2
k=Y |w| &

i=l N +1

)

T7ie N — YUCJIEHHOCTh OFHOMN BLIOOPKH,
N, — UUCJIEHHOCTD JIPYTOU BHIOOPKH,
R;, i=1,2,...,n; — paHrOBbIe METKH OZIHOH 13 BLIOOPOK,
Y(.) — dyHkuus, obpaTHast GYHKIUK CTaHAAPTHOTO HOPMAJTBHOTO pacripe/ieieHus],
N = n; +ny — YMC/IEHHOCTb 00BeIMHEHHOW BHIOOPKHU.
[TpakTHueCcKu 3HAUMMOCTb MOXKET BbIUMC/ISITHCS TOCPEACTBOM HOPMaJ/IbHOM anmnpOKCUMAaLuU
KPUTHYEeCKOT0 3HaueHUsi Kputepus. [Ipy 3ToM MOAU(PUIIMPOBaHHAs CTaTUCTHUKA
K- EK

JDK

_m 5 I
EK =L 3}|w
i=l N +1
rae — MaTeMaTrudeckoe OXuadHue,
. 4
S o 7 LN | S
NIN-DS| IN+1)] n(N-1)

— IACTIepCus,
pacripefiesieHa 10 CTaH/JapTHOMY HOPMa/IbHOMY 3aKOHY.

Cwm. T'aek (Hajek) c coBT., AtiBa3siH c coaBr. (1983).

4.2.3.1.10. Kputepuin 3urensi-TboKu

Kpureputii 3urens—Twroku (Cumgkena—Toroku, Caiikena—Tbtoku, Siegel-Tukey test) mpumMeHsieTcs
[J71s1 TIPOBEPKU OJHOPOJHOCTU JBYX He3aBHCHUMbBIX COBOKYITHOCTeH OJJMHAKOBOU WU/TM pa3HOM
YKMC/IEHHOCTU. BEIOOPKY MOT'YT TIPUHA//Ie)KaTh IMOPSIKOBOM WM KOJTMUeCTBeHHOM I1IKaJie.
CraTUCTHKA KpUTepUsl BBIYUC/sIeTCs o hopMyrie

T :SR,.,
i=l

rae R, i = 1,2,...,n; — paHry BIOOPKHU C HaKOOJIbIIIeH YHNC/IEHHOCTBIO,

N, — YUC/IeHHOCTb OJJHOU BLIOODPKH,

N, — UUCJIEHHOCTD JIPYTOM BHIOOPKH.

I171s1 TIOCTpOEeHMsT KpUTepHsT PAHKHPOBaHHe MIPOU3BOIUTCSI 0COObIM 06pa3omM. PaHru

1,4,5,8.9....,7,6,3,2 .
TIPUCBAUBAIOTCS TI0 cXeMe ~—— —=""""—2="2= 50 HWcUepraHusi BApHAHT 00beAHEeHHOW BBIOODKHU.

[Tpy Ha/IMUMY OMHAKOBBLIX HAOJIIOIEHUI UCTIONB3YIOTCS CBsI3aHHbIe (Cpe/IHHE) PAHTH.
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B Ha3BaHMM PacCCMOTPEHHOTO KPUTepUsi Ha CaMOM Jiejie 00be/[JUHeHbI /iBa TeCTa — KpUutepuid 3uressi
Y KpuTepri ThIOKU. DTH TeCThbl pa3/IMuaroTCsl TOBKO HarpaB/ieHreM PaH)XKUPOBaHWsl BapUaHT.
[IpucBOeHVe paHroB BapuaHTaM B cxeMe ThbHOKM HaUMHAETCsl He C/eBa HarpaBo, Kak B cxeMe
3ureisi, a cripaBa HasieBo. [TocTpoeHHBIN TaKUM CII0cOO0M Kputepuii 0603Hauaercst Kak 1"
[TpakTUUeCK” 3HAUMMOCTb MOKET BbIUMCJIATHCS ITOCPEACTBOM HOPMaJ/IbHOM armpoKCUMaLyy
KPUTUUECKOT0 3HaueHus1 Kpurepust. I1py aToM MoaudrILMpoBaHHas CTaTUCTHKA
T-ET

DT’
rae ET = ny(N + 1) / 2 — MmaTemaThuecKoe OXKW/JjaHue,
DT = nyny(N + 1) / 12 — pucnepcus,
N = n; +n, — YUC/IEHHOCTb 00BeIMHEHHOW BEIOOPKH,
pacripeiesieHa I10 CTaHAapTHOMY HOPMaJ/IbHOMY 3aKOHY.
[IpencTaBneHHbIN KpUTepUi 9KBUBaIeHTeH KpUuTeputo AHcapu—bpeu.

Cwm. crateto Knoria (Klotz), MmoHorpaduu BnaropeiiieHckoro ¢ coaBT., KoraHa c coasT., [1leckuH
(Sheskin).

4.2.3.1.11. Kputepuir KoHoBepa

Kpurepuii Konosepa (Conover’s two—sample squared ranks test for equality of variance)

TIPUMEHSIeTCsl [/l TIPOBEPKU OJJHOPOJHOCTHU JIBYX He3aBUCHUMbBIX COBOKYITHOCTeH OZJMHAKOBOU WU/TH
Pa3HOI UMC/IeHHOCTH. BEIOOPKYM MOTYT TIpHHA/I/Ie)KaTh TOPSAKOBOM MJTH KOJTMUeCTBEHHOM IIIKare.
[Tepes pacyueToM CTaTUCTUKKU KPUTEPHS NCXOZHbIE BLIOOPKHU TIOIBEPTalOTCsl peoOpa30BaHMsIM T10

dhopmynam

U, =|xi -m,i =L2,..,n,
V. Z‘yi - my|i =12,...,n,,
e i, i = 1,2,...,n; — 0lHa U3 BBIOOPOK,

Vi, 1 =1,2,...,n, — IpyTras u3 BIOOPOK,
N; — YUCJIEHHOCTh OJHOW BLIOOPKH,
N, — YUC/IEHHOCTD JIPYTO BBIOOPKH,

1 g
m =%

n - o
1= _ cpegHee 3HaUeHHWe OJHOM BBIOOPKH,
1 ¢
my :_Z Vi
n, g

— CcpeJiHee 3HauUeHUe /Ipyroi BbIOOPKU.
CraTucTvKa KpUTepUsl BBIUMCISAETCS 110 popMyJie

K =X [rU)L

R;, i =1,2,...,n;— paHTOBbIe METKH OIHOU 13 BLIOOPOK.
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[TpakTHyeCcKH 3HaUMMOCTb MOXKeT BbIYMC/IATHCS ITOCPeICTBOM HOPMa/IbHOM anmnpoKCUMaLuu
KPUTUUECKOT0 3HaueHus1 Kpurepust. I1pu aToM MoaudrILMpoBaHHas CTaTUCTHKA
K- EK

JDK

rne EK =mR* _ \arematiueckoe OXUziaHue,
K =" S [R@) - (R
N(N-1)7T N-1 — JucIiepeus,
—, 1 )
R ==Y [rW)

N3 — CcpeiHee 3HauUeHWe CyMMbI KBa/IpaTOB PaHTOB,
N = n; +n, — 4MCIeHHOCTb 00beMHeHHOW BBIOODKH,
pacrpe/iesieHa 10 CTaH/IapTHOMY HOPMaIbHOMY 3aKOHY.

OnucaHue MeTofia MpUBOUTCS B MoHOrpaduu KoHoBepa, kaure CripeHTa (Sprent) ¢ CoaBT.,
cTatbssx KoHoBepa ¢ coaBT., pabotax Buikokca (Wilcox), auccepraryu bydana (Buchan).

4.2.3.1.12. Kputepuunn Mypa-bpayHa

Mepyannblii kputepuii Myna—bpayHa (kputepuii Myza) npumeHsieTcs [ijisi IPOBEPKU
OZJHOPOJHOCTH /IByX He3aBUCHMBIX COBOKYITHOCTEM OJMHAKOBOM W/ Pa3HOW YMC/IEHHOCTH.
BbI60pKH MOTYT IpUHA/IeXKAaTh MOPSIKOBOM MJTH KOJTMUeCTBEHHOM I11Kajie. CTaTHCTHKA KPUTEPHsT
BBIUMCJISIETCS 110 (popMyIie

n
V., :Z sign N+l
i=l
rae R;, i = 1,2,...,n; — paHTH BBIOOPKY C HAMMEHbIIIel YUC/IeHHOCTHIO,
n; — YACIeHHOCTb OJJHOU BLIOODKH,
N, — YUCJIEHHOCTh JIPYTOU BBIOOPKH,
N = n; +ny — YMC/IEHHOCTb 00BeIMHEHHOW BHIOOPKHU.
[TpakTHueCcKu 3HAUMMOCTb MOXKET BbIUMC/ISITHCS ITOCPECTBOM HOPMaJ/IbHOM anmnpOKCUMAaLuU
KPUTHYEeCKOT0 3HaueHusi Kputepus. [Ipy 3ToM MoAU(UIIMPOBaHHAs CTaTUCTHUKA
V.- EV,
DV, ’

+

R -

b

Ev, =0

rae 2 — MaTeMaThu4deCKoe OXXhJaHue,
__hn,

AN-D JTUCTIEPCHSL.
pacripefie/sieHa o CTaHAAPTHOMY HOPMaJIbHOMY 3aKOHY.
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4.2.3.2. Kputepum Ha 0CHOBE CpaBHEHNS PYHKUMIA pacnpeaeneHns

Wnes cpaBHenust dyHKImi pacrpezenenus (A.H. Komvoropos, 1933 1.) oka3anack Hanbosee
TUIOZIOTBOPHOM TPY KOHCTPYUPOBAaHUM KpUTepreB coriacusi. bosee moapobHas nHbopMalys aHa B
rnaBe «[IpoBepKa HOPMA/ILHOCTH pacTipe/ie/ieHusD.
Vpes cTana nosie3HOM U NpY CpaBHEHUU SMITMPUUeCKUX (QYHKLMN pacrnpesiesieHrst SMITMPUYeCKUX
BbIOOpOK. VI3 KpuTepueB JaHHOTO KJlacCa HaMU TIpe/ICTaB/IeHbI:

* kpurtepuit CMUDHOBa,

* kpurepuii JlemaHa—Po3eH6saTTa,

* kpurepur Kolinepa.
Cyl1riecTByeT rpyIina KpUTeprueB Ha OCHOBe pacripe/ie/ieHust x2, peJjHa3HaueHHast /71 aHaIn3a
Tab/MUL] COTIPSPKEHHOCTH, SIBJISTIOLIIMXCS TIPOAYKTOM COTIOCTaB/IeHHS] SMIUPUUECKIX BHIOOPOK.
V3 KpuTepueB JAHHOTO KlacCa HAMU TIPe/ICTaB/IeHbI:

* kputepuii Mak—Hemapa (/17151 COTpsDKeHHBIX OMHAPHBIX BLIOOPOK) B €TI0 aCUMIITOTUYECKOM

BapuaHTe,

*  KpUTepHUi XU—KBajpaT (/11 He3aBUCUMBIX OMHAPHBIX BBIOOPOK),

*  KpUTepuil MeAuaHsbI (/17151 TOPSJKOBBIX WJTH KOJTMUeCTBEHHBIX BEIOOPOK).
[nst ipumeHeHust kputepust Mak—Hemapa v KpuTepusi Xu—KBa/ipar (B mpeZicTaB/ieHHOM (hopme)
aHa/IM3MpyeMble BEIOOPKU JO/DKHBI TIPUHA/I/Ie)KaTh AUXOTOMUYECKOH 1TKasie u3MepeHus, T. e.
(cornacHO MPUHSITOMY 37l€Ch COTVIALlIeHUI0) COCTOSATh TOJIBKO M3 HyJ/el U eIMHUL], IpPUYeM Hy/b
03HauaeT OTCYTCTBUe TIPU3HaKa, a eWHHIIa 03HAYaeT Ha/iMure Mpu3HakKa.

4.2.3.2.1. Kputepuii CMnpHoBa

Kpurepuii CmupHoBa (kputepuii KonmoropoBa—CmupHoBa, Kolmogorov—Smirnov test,
Kolmogorov—Smirnoff test) mpumeHsieTcst 17151 IPOBEPKH OJHOPOAHOCTU ABYX HE3aBUCUMBIX
COBOKYTHOCTeM OJMHAKOBOM WJIM pa3HOM UYMCIeHHOCTH. [IpoBepseTcs HyneBas ruroresa o ToM,
SIBJISIFOTCSL JTU OIMHAKOBBIMU HeTlpepbiBHbIe PYHKLIMY pacripefiesieHusi reHepaabHbIX
COBOKYTTHOCTEH, U3 KOTOPBIX B3AThl BEIOOPKHU. VHaue, MpoBepsieTCst IPUHAJIEXKHOCTD [IBYX
BbIOOPOK OZTHOM M TOM yKe TeHepabHON COBOKYITHOCTH MPH YCJIOBUM HETIPEPLIBHOCTH ee (DYHKLIUU
pacnpeziesieHusl.

CraTUCTHKA KpUTEpUs UMeeT BUJ

D,, = sup |F,(x)- G,(x)

m,n >

- 00<X <00
rae Dy, — MaKCMMasibHast Pa3HOCTh MeK/1y UaCTOCTSIMU PSJIOB X' U X,
m Y N — YUC/IEHHOCTH BapHALMOHHBIX PSIZIOB, IOCTPOEHHBIX TI0 SMITUPHUECKHUM BBIOOPKAM,
Gn(.) u F,(.) — cooTBeTCTBYyHOLI[ME SMITUPUUecKre (GYyHKLIUU pacripefie/ieHusl.
[TpakTUUeCcKy BbIYMC/IEHUS TIPOU3BO/ATCS T10 (popMysiam:
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D zmax(D,:’n,D;n’n),
. -1
D; =max L. F (x,)| =max| G, (x,) - S—],
? I=rsm| m Iss<n n
D; . =max| F,(x.)- Ll] =max| > - G,(x,)|
’ l<r<m m Issn | p ’

DyHKIMS pacripeeneHus: MOAUGMUIMPOBAHHOM CTAaTUCTUKYU KPUTEPHS DJN (MMeroTCS U UHBIE
dopmynbl) nipu N = mn/ (m + n) — oo cxoauTtcs K GyHKUMU pacripeseneHust KosiMoroposa.
Kputepwii pekoMeHyeTcst /11 BBIOOPOK CpeiHeld U 00/IbIIION YMC/IEHHOCTH (UMCIEHHOCTD KaXKJ0M
BbIOOPKH OT 40 10 100 1 BoIiIe). [Tpy 60JIBIIEN YMCTIEHHOCTH BBIOOPOK CTAHOBUTCS OO/bIIIe
TeOopeTUYeCKUX OCHOBAHUH JIJIs1 IPUMEHEHUs ITapaMeTPUUYeCKUX TECTOB.

Cwm. yueOHMK AtiBa3siHa C c0aBT. (KpuTepHii ogHOpoAHOCTH CMHUPHOBA), CTAaThiO JIEMEIIIKO C COaBT.
CraTHUCTUKa pacCMaTpUBAeMOT0 TeCTa MOKeT ObITh 3arrcaHa Kak MaKCUMyM JIMHEMHBIX PaHTOBBIX
CTaTUCTHK — MOJU(ULIMPOBAaHHbBIX CTaTUCTUK Myza. I1o3ToMy HEKOTOpbIe aBTOPbI paCCMaTpUBAlOT
MeTO/] B Kypce paHroBbix KputepueB. I'yaman (Goodman) npe/ioxu armpoKCUMHAPOBATh
CTaTUCTHKY KpUTepusi pacrpesiesieHreM x2 (CTaTUCTUKA Xxu—KBazpar ['yimaHa, Goodman
approximation of Kolmogorov—Smirnov test).

4.2.3.2.2. Kputepuii JlemaHa-Po3eHONnaTTa

Kpurepwuii Jlemana—Po3en6arra (Lehmann—Rosenblatt test, Lehmann’s two—sample test)
TIPUMEHSIeTCST /1711 TIPOBEPKH OZHOPOJHOCTH [IBYX HEe3aBUCHMBIX COBOKYITHOCTeH O[MHAKOBOM W
pa3Hoi yncieHHOCTU. [IpoBepsieTcst HysieBast TUTIOTe3a O TOM, SIBJISFOTCS JIM OMHAKOBBIMU
HerpepbIBHBIe (DYHKLIMH pacripe/ie/ieHusi TeHepalbHbIX COBOKYITHOCTEMH, U3 KOTOPBIX B3SIThI
BbIOOpKU. VHaue, IpoBepsieTCsl IPUHA/IEXXHOCTD ABYX BEIOOPOK OZIHOM U TOM >Ke reHepalbHOU
COBOKYITHOCTH TP YCJIOBUU HETIPEPBIBHOCTH ee (PYHKIMY pacIipe/iesieHusl.

CTaTrCTHKa KPUTEPHS BLIUKC/ISIETCS TI0 hopmyrie

1 1” 2 lm 2 4mn'1
T= N @R-iy+=Y (S, - -0
| m B 38, 0

rae R, i = 1,2,...,n — paHT'¥ OfIHOMN BLIOOPKH,

Sj, j = 1,2,...,m — paHTu Apyroii BIOOPKU.

n ¥ m — YUC/IEHHOCTU BBHIOOPOK.

@dyHKIIYS pacrpefie/ieHusi CTaTUCTUKK KPUTepHsi TIpU m, n — 00 COBMajjaeT ¢ QyHKIuei
pacripefiesieHus1 a; KpUTepUeB THUTIa OMera—KBa ipar.

CM. Tabmuiibl BosibitieBa ¢ coaBT., KHUTY MapThIHOBA, ctathi Jlemana (Lehmann), Po3en6narra

(Rosenblatt), Canzgpama (Sundrum), Bernepa (Wegner), Jlemeiiiko (Lemeshko) c coaBr., Jlemeliiko ¢
coaBrt., Puia (Fisz).
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4.2.3.2.3. Kputepunii Koiinepa

Kpureputii Koiinepa (Kuiper test) mprMeHsieTcst /iJist IPOBEPKY OJJHOPOAHOCTHU [IByX He3aBUCHUMBbIX
COBOKYTHOCTe 0JJMHAKOBOM WK pa3HOl uncieHHOCTU. [IpoBepsieTcst Hy/ieBasi TUTIOTe3a O TOM,
SIBJISTFOTCSI JTU OJJUHAKOBBIMU HeTIpepbiBHbIEe (DYHKLIMHU pacripe/ie/ieHus reHepabHbIX
COBOKYITHOCTEH, U3 KOTOPBIX B35IThl BBIOOPKH. VHaue, IpOBEpsIeTCS MPUHA/IEKHOCTD IBYX
BLIOOPOK OTHOM U TOM >Ke reHepabHOM COBOKYITHOCTHU TTPH YC/IOBHUY HENPEPBIBHOCTH ee (DyHKI[UH

pacripezie/leHusl.
CTaTHCTHKA KPUTEPHsl UMeeT BHJ
V :Dr:t,n +Dr-n,n’

. = sup |F,(x)- G,(x),
D, . = sup |G,(x)- F,(x)|,

- 0<x<00

+

D
rae ™7 — MaKCUMaslbHasi pasHOCTb Fp(x') «Bblme» Gpu(x),

mn — MakCUMasbHasi pa3HOCTb F,(x') «Hmke» Gp(x),
Fo(x") u Gn(X) — sMnupuueckue GyHKIMM pacrpeesieHrs BApUALIMOHHBIX PSAJOB X' U X,
TIOCTPOEHHBIX 10 SMIUPHUUECKUM BbIOOpPKaMm,
n ¥ M — YUC/IeHHOCTU BapUALIMOHHBIX PSJIOB X' U X.

dyHKIMs pacrpeeneHusi MOAUGMULIMPOBAHHOM CTaTUCTUKU KPUTEPHST VAN (MMetoTCS U MHBIe
dopmynbl) ipu N = mn / (m + n) — oo cxoauTcs K GyHKIUU pacrpezenenus Kotinepa.

KpuTepuii pekoMeH1yeTcs [Jist BLIOOPOK cpe/iHeid ¥ O0JIbIIION YMC/IEHHOCTH (UMC/IEHHOCTD KaXKIoM
BeI0OpKU OT 40 10 100 u BbIme). [1pu GonbIieli UMC/IEeHHOCTH BEIOOPOK CTAHOBUTCS OOJIbIIIe
TeopeTHyeCKUX OCHOBAHUM /IJisi IPUMeHeHUs! TapaMeTpUUYeCKUX TeCTOB.

Psip aBTOpOB nonaraeT kputepuii Koiinepa npeAnodyrutebHbIM OTHOCUTE/IBHO KPUTEPUSI
CmupHOBa. MIMeroTcst TuTepaTypHble JJaHHbIe O MOMbITKaX NpuMeHeHust Kputepus Koiinepa,
nofiloOHO KpuTepusiM Trria KosiMoropoBa, /it IpPOBEPKU COT/Iacys pacripezesieHui (mogpobHee o
NIpOBepKe HOPMabHOCTU CM. B I71aBe «IIpoBepKa HOpMa/IbHOCTH pacrpefiesieHus» ).

4.2.3.2.4. Kputepuii Mak-Hemapa

Kputepuii Mak—Hemapa (McNemar’s chi—square test) npumeHsieTcst [jjisi IPOBEPKU HY/IEBO
TUIIOTEe3bI O TOM, OTOOpPAHbI JIU ZIBe UCCIIelyeMble MOMapHO COTPsKeHHbIe OMHApPHbIE BLIOOPKU U3
reHepasibHbIX COBOKYITHOCTEN C 0JMHAKOBOM UaCTOTOW BCTPeUaeMOCTH M3ydyaeMoro 3ddekra.
PaccmarprBaeMblii MeTO/I TIpeJHa3HAUeH /1Jisi 00pabOTKH Tak Ha3bIBAEMbIX UEThIPEXITO/IbHBIX
(ueTHIPeXKJ/IETOUHBIX) Tab/MLI, WHade Tabmui] Tma 2 X 2. AHa/lM3UpyeMble BHIOODKH JJO/KHBI
TIPUHA/|JIe)KaTh TUXOTOMUUECKOM IIKajie U3MepeHusl, T. €. COCTOSATh TOJIBKO W3 Hy/iel U eIVHULI,
npyrYeM Hy/Ib O3HaYaeT OTCYTCTBHe TIPU3HAKA, a eAMHUI[A O3HauaeT Ha/llnuue Tipr3Haka. [lepes
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TIpUMeHeHreM MeTozla HeoOX0MMO 03HAKOMHUTBCS C pa3/iesioM, TTOCBSITIeHHBIM OIMMCAHUI0 Tab/uI] 2
X 2.
BbiunciieHre CTaTUCTUKK KPUTEPUs TIPOM3BOIUTCS 110 hopMmyiie:

_(p--Y)
B b+c ,

rae b — unciio rmap HabmozeHui ¢ addekToM A Bo repBoii BEIOOPKe, HO 6e3 3ddekTa B BO BTOpPOI
BBIOODKE,

¢ — unc/io HabmoaeHuit 6e3 addekta A B mepBoi BEIOOPKe, HO € 3dekToM B BO BTOPOIi BRIOOPKE,
Y = 0 — monpaska Ha HenpephLIBHOCT (TonpaBKa MeiiTca), B ciyuae ee HeyueTa,

Y =1 — B ciyuae yueTa MornpaBKU (Pe>XUM M0 YMOJTYaHUIO).

Cuuraetcs, 4To Npu BefnuuHe b + ¢ > 10 cTaTucTKa KpuTepus (IByCTOPOHHSISI TUIIOTe3a)
YAOBIETBOPUTEJIBHO arlpOKCUMUPYeTCs pacripefie/ieHneM x2 C YUC/IOM CTerieHel CBOOO/Ibl, PaBHBIM
1. TIpu b + ¢ < 10 MO)KHO MCII0/Ib30BaTh TOUHbIE METO/IbI, MIPe/ICTaB/IeHHbIe B I71aBe « TouHbIe
KPUTEPUU», B KOTOPOM JI7Isl TIOJTHOThI U37I0’KEHUSI TIpe/iCTaB/ieH Takke KpuTepuii Mak—Hewmapa,
JIOTIO/THEHHBIM €r0 TOUHLIM BapHUaHTOM.

XZ

O BBIUMC/IEHHWH KPUTEPHsi U TOUHOM pacrpe/ie/ieHuH ero CTaTUCTUKU CM. 3aMeTKU beHHeTTa
(Bennett) c coaBT., Mmatepuasbl kommnanuu Cytel. CylijecTByeT BapyaHT paCCMOTPEHHOT'O KpUTepHsi
(xputepuii CTroapra—MakcBesia, Stuart—Maxwell test), mpegHa3HaueHHBIH /1 aHA/THU3a TaOIUL]
tuma k X k, 1oJyJaroiyuxcst 13 HOMMHA/IbHBIX BLIOOPOK C YKC/IOM Tpafialivii TPU3HAKOB, PABHBIM K.
AHanorrnyHoe Ha3HaueHue UMerOT KpuTepuii cummerpun baykepa (Bowker’s test of symmetry) u
Kputepuii bxankapa (Bhapkar’s test). /laHHbIe MeTO/bI TIPe/ICTaB/IeHbI B I71aBe «KpoccTaOy/siusi».

4.2.3.2.5. Kputepnii xu—-kBagpar

Kpurepuii xu—KBa[paT MpUMeHSIeTCs AJIs IPOBEPKH Hy/IeBOU TUIIOTe3bl O TOM, OTOOPaHBI /v /1Be
HCc/ielyeMble He3aBUCHUMble OWHapHBIe BEIOOPKHU U3 reHepasibHbIX COBOKYITHOCTEH C OZIMHAKOBOM
YacTOTOW BCTpeuaeMOCTH U3y4yaeMoro 3¢dekra. PaccMaTpriBaeMblii MeTOZ, TIpejHa3HAYeH /1St
00pabOoTKM Tak Ha3bIBaEMbIX UETHIPEXTIONBHBIX (UETHIPEXK/IETOUHBIX) TabMMLI, WK TabmuI] 2 X 2.
Amnanu3supyemblie BEIOOPKH JI0J/DKHBI TIPUHA/|IEXKATh AUXOTOMHUUECKOH IITKajie U3MepeHus, T. e.
COCTOSITb TOJILKO M3 HyJIeN U eJUHMULI, IPUUeM Hy/Ib O3HauaeT OTCYTCTBUe TIPU3HaKa, a eJMHULIA
O3HauaeT Ha/IMuKe TpU3HaKa. [lepes nmprmMeHeHreM MeTo/la HE0OXOJUMO 03HAKOMUTBCS C
pasziesioM, TIOCBSIIIIEHHBIM OITUCaHUI0 TabuI] 2 X 2.
BbluncieHre CTaTUCTUKKU KpUTEPUs [i/1s1 JAHHOTO Cydasi IPOU3BOAUTCS TI0 hopmysie
X2 =22:22:(|fij' 4}|'Y)2’

il j=l f,,
rze fij, i, j = 1,2 — BbIUMC/IEHHbIe YaCTOThI — 3HaUeHUsl B K/IeTKax a, b, ¢, d B JanbHeliem Jjis
HaIvIIAHOCTH 0003HAUMM HX STUMU JKe JTUTePaMH,

f;faiaj :1729

— COOTBETCTBYIOLIUE OKHUaeMbI€ UdCTOThI, BBIUMC/IIEMbIE T10 d)OpMy']'IaMI
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. _(a+b)(a+to)

o=
J}lz :(a +b)n(b+d)’
~ _(c+d)b+d)
2 N >

T7ie a — Yuc/Io HabmoaeHutd ¢ 3¢ dekToM A B TIepBOi BLIOOPKE,

b — uncno HabmogeHMH Ge3 3ddekTa A B iepBoii BIOOPKE,

¢ — uncio HabsmogeHui ¢ 3¢dekTom A Bo BTOpOi BLIOOPKE,

d — uncno Habsmromenuii 6e3 3ddekra A Bo BTOpoii BBIOOPKE,

n=a+b+c+ d-obijas UNCIEHHOCTb BCEX HAOJTIOEeHUH,

Y = 0 — momnpaBKa Ha HerpephLIBHOCTS (TonpaBKa MeiiTca), B c1yuae ee HeyueTa,

Y = 0,5 — B csiyuae yueTa nornpaBky (peXkum 110 YMOJTYaHHUIO).

CraTuCThKa KPUTEPHs VIOBIeTBOPUTE/TLHO alllPOKCUMHUPYETCS pacripe/ie/ieHHeM x2 C YUC/IOM
cTerieHeli CBOOOABI, pPaBHBIM 1.

Cwm. JIeanra (Lwanga). ITorpaBku ob6cyxaatorcsi B ctathbe Jly3eH (Loosen). CyliecTByeT BapuaHT
KpUTepus [/1s1 aHamM3a TabmuLy Timna k x Kk, 1ostyJaromyxcsi U3 BbIOOPOK € YMC/IOM Ipajialiuii
TIpU3HAKOB Oosiee 2, TIpeZicTaB/IeHHBIN B I71aBe «KpoccTabysimms».

4.2.3.2.6. Kputepuit meguaHbl

KpuTepuii MeanaHbl (MeAUaHHBIN KPUTEPUI) IPUMeHsIeTCsI [/isl IPOBEPKU OJJHOPOJHOCTHU JBYX
He3aBHCHUMBIX COBOKYITHOCTEH OJMHAKOBOW W/TM Pa3HOU UMCIIEHHOCTH. BbIOOpKU MOTYT
TIpUHA//1e)XaTh MMOPSAKOBOW WIH KOMMYeCTBEHHOM 111Kasle. DTarbl BEIUMC/IEHUS] KpUTepUs 71 ABYX
BBIOOPOK UMC/IEHHOCTSIMU N1 Y N BK/TFOYAIOT:

*  OObenvHEHHWe NCXOAHBIX BBIOOPOK, BEIUMC/IEHHE Me/IiaHbl 00beIMHEHHON BBIOODKH.

*  @®opmupoBaHUe TaO/UIIBI THMA 2 X 2 TIO C/IeYIOIeMy TIPaBUiIy: B ilUENKY A 3aHOCUTCS
YKC/I0 OTMETOK 1epPBOi BEIOOPKH, TPEBBIIIAIOIIMX Me/JiaHy; B siueiiKy B 3aHOCHTCS 4ncio
OTMETOK BTOPOM BBIOOPKH, MPEBBILIAIOLINX MeAnaHy; B ssueiiku C v D 3aHOCUTCS YKCII0
OTMETOK, COOTBETCTBEHHO, ITePBOM 1 BTOPOi1 BLIDOPOK, He TIPEBBIAIOIINX MeJHaHYy.

B ciyuae n; > 15 w/unu n, > 15 K rosyyeHHOM Tab/vlle MpUMeHsIieTCsl KpUTepUid XM—KBa/ipar C
YKC/IOM CTereHel cBOOO/bI, paBHBIM 1.

Cy1ecTByeT BApHAHT KPUTEPUS /IS aHa/M3a Tabmuiy Tuma 2 X k, moyJaronmxcst u3 k mopsiikoBbIX
BBIOOPOK C YKMC/IOM Bapuallvii IPU3HAKOB, PAaBHBIM 2.
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4.2.3.3. Kputepuii cepuii Banbga—BonbtoBuua

Kputepuii cepuii Banbga—Bonbdosuiia (Wald—Wolfowitz runs test) mprMeHsieTcs A1t IPOBEPKU
OJHOPOJHOCTHU [JByX HE3aBUCHUMBbIX COBOKYITHOCTEH OJJMHAKOBOM WX pa3HOW UMC/IEHHOCTH.
[TpoBepsieTcst Hy/eBasi TUIIOTe3a O PaBEHCTBe LIe/I0ro psijia TapaMeTpOB JBYX CPaBHHBaeMbIX
BLIOOPOK, BK/IIOUAst MeiiaHbl ¥ K03 dUIMeHTbI acuMMeTpun. Kputepuii pUMeHsIeTCS B C/Tyuae,
eCJId MCC/Ie[JoBaTe i MHTePeCyeT, UMeIOT JId MeCTO JItoOble pa3/iMuusi MeXK/1y COBOKYITHOCTSIMHU.
BbI60pKM MOT'YT MpUHA/|/IeXKaTh TIOPSIKOBOM WM KOJTMUeCTBEHHOH IITKase. eCcTb pacuera
3aK/TI04YaeTcsl B 00beIMHEeHNH BEIOOPOK C UMC/IEHHOCTSIMU Ny U N, B OJJHY BHIOOPKY 0011[eit
YMC/IeHHOCThIO N = n; + n,, ee COPTUPOBKE TI0 BO3PAaCTaHUIO UK YOBIBAHHUIO U TIOZICUETE YHCIA
cepuii 371eMeHTOB R, OTHOCSIIUXCS K TIEPBOM U BTOPOM BLIOOPKaM.

3HaUUMOCTb TIPH UHUC/IEHHOCTH BBIOOPOK N; > 20 U n, > 20 MOXKET BBIUMCIATHCS TIOCPECTBOM
HOpMasbHOM annpokcuMmauuu. I1pu 3ToM MogudUIMpoBaHHasi CTaTUCTUKA

IR- ER|- 0,5
VDR
ER =2 4
rae N — MaTeMaTuueckoe o)XujaHue,
R _2nn,(2nn, - N)
N*(N-1)

— Jycrepcus,
0,5 — rorpaBKa Ha HellpepbIBHOCTb,
pacripefiesieHa 10 CTaHIapTHOMY HOPMa/IbHOMY 3aKOHY.

BapuaHTbI KpuTepusi cepuii U arrpoKCcHUMalldu Tipe/icTaB/ieHbl B MoHOrpaduu bpayniu. Metog,
OMnMCaH B CripaBOYHUKe PyHHOHa. 3amMeuaHusi 0 IpUMEHeHUU CM. B KHUre ['aeka C COaBT., CTaTbe
KameHn ¢ coaBrT.

4.2.4. Tabnuupbl 2 X 2

PaccuMThIBaKOTCS CJIeyIOIIME MPOAYKTHI aHa/|3a Tabuiy Tuma 2 X 2

*  OTHOCUTEJIbHBIN PUCK,

*  OTHOIIIEHHeE IIIaHCOB,

*  PasHOCTb J0JIeH,

*  TIPOTHOCTHYHOCTb.
Tabsuiel 2 X 2 BOHUKAIOT B Pe3y/IbTaThl COTIOCTAB/IEHUS ABYX OMHAPHBIX ([UXOTOMUYECKHX )
BBIOODOK, T. €. BBIOOPOK, COCTOAIMX U3 3HaueHud 1 1 0, ipuueMm Moy 3HaueHreM 1 TOHUMaroT
Ha/IMu¥e TIPU3HAaKa, noj 3HaueHreM O TIOHUMAKOT OTCYTCTBHE MPU3HAaKa.
[n1st pacyeTa IoJb30BaTe/ b MOXKET yKa3aTh OJJHY U3 OILUH pacueTa TabiuIbI:

*  [lns He3aBUCUMBIX BEIOOPOK.

» Jlnst cBSI3aHHBIX (MApHBIX) BEIOOPOK.

* Pacuer o roToBoi#i TabsuIle /1 He3aBUCHMBIX BBIOOPOK.
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* PacueT 1o roToBoM Tab/uIle /I/1s1 CBSI3aHHBIX BEIOOPOK.
Ba)kHO 3HaTh, UTO Tab/MUI[LI THMA 2 X 2 MOTYT OBITH TIOTyYeHbI U3 UCXOJHBIX BHIOOPOK Pa3/TUUHbIMU
criocobamu, B 3aBUCUMOCTH OT TOTO, SIBJITFOTCS JTU BLIOOPKK HE3aBUCHUMBIMU W/IM CBSI3aHHBIMHU.
Cm. moHorpaguto Hetomen (Newman).

4.2.4.1. OTHOCUTENbHbIA PUCK

OTtHocuTenbHBIN pUCK (relative risk, RR), Wiy oTHOIIIEHHEe PHCKOB — OTHOILIIEHHe 3a00/1eBaeMOCTH
Cpe/iy /WLy, TT0/|BePraBIlMXCsl U He TI0/IBepraBIINXCs BO3/IeHCTBUIO (PAKTOPOB pUCKa.
OTHOCUTeBHBIN PUCK He HeceT MHGOPMAaIUH O BeJITMUKHe abCOo/TFOTHOTO PUcKa (3a00/1eBaeMOCTH).
[lake TIpM BBICOKMX 3HAYEHHUSIX OTHOCUTE/ILHOTO PUCKA aDCOJTIOTHBIN PUCK MOXKeT ObITh COBCEM
HebosbImM, ecii 3abosieBaHue pefikoe. OTHOCHTE/IbHBINA PUCK TIOKa3bIBaeT CUITY CBSI3U MEXY
BO3/eiiCTBHEM U 3a00/IeBaHHEM.
PaccmarpurBaeMblii MeTOZ, TIpejHa3HaueH /1/isi 00pabOTKK Tak Ha3bIBaeMbIX UEThIPEXITO/IbHBIX
(ueTHIPEXK/IETOUHBIX) TabML], Wau Tabmur 2 X 2. AHaM3UpyeMble BBIOOPKU JI0/DKHBI
TIPUHA/|JIe)KaTh JUXOTOMUUECKOM 1IKajie U3MepeHusl, T. €. COCTOATb TOJIbKO M3 Hy/el U e[JUHULI,
npyUYeM Hy/b O3HaYaeT OTCYTCTBUe NPU3HAaKa, a eJMHKUL]A O3HauaeT Hajlnuue Tpy3Haka. [lepes
TipUMeHeHreM MeTo/la Heo0X0IMMO 03HAKOMUTBCS C Pa3/iesioM, TIOCBSIIeHHBIM OMMCAHU0 Tabui] 2
X 2.
BbruricsieHre OTHOLIIEHUS] PUCKOB TPOW3BOAUTCS 10 (popmysie
RR :nll(n2] +1,,) ,

Ny, (g, +1y,)
TZIe N1, Ni2, No1, Nyp — TYEUKH TaOHLIBIL.
[IByCTOpPOHHUM /I0BepUTe/IbHBIA UHTEPBAJT BBIYUC/ISIeTCsI TI0 hopmysie
Irr = (RR—W((1 + B) / 2)Srr; RR + W((1 + B) / 2)Skxr),
rae W(.) — obpaTHasi PyHKLMS CTaHJaPTHOTO HOPMaJIbHOTO pacIipe/iesieHus],
B — moBepuTebHBIN YPOBEHb, BbIDa)KEHHbIN B J0JSX,
Srr — CTaH/IapTHAast OIIMOKa OTHOIIEHUST PUCKOB.
CraHjapTHas omM0OKa jorapudma OTHOLIEHHSI PUCKOB BBIYHCISIETCS TI0 (hopMyJie

1 1 1 1

ny  nytn, ny, Ny tn,

S In(RR) —

OkoHuaresibHast popMy/ia IByCTOPOHHETO [I0BEPUTEILHOIO HHTEPBA/IA OL[eHUBAEMOT'O OTHOIIIEHHSI
PUCKOB OyzieT:
Irr = (exp(In(RR) = P((1 + B) / 2)Siner)); exp(In(RR) + P((1 + B) / 2)Sinn)))-

CwMm. Arpectu (Agresti), XaitHec (Haynes) c coaBrT., cratbu beprenna (Bertell), I'apra (Gart),
bapparr (Barratt) c coasr., [TogonpHOM € COaBT.
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4.2.4.2. OTHOLWEHVE LLAaHCOB

OtHortmerue 11aHcoB (odds ratio, OR) orpe/iesisieTcst Kak OTHOIIIEHHE 1IaHCOB COOLITHS B OIHOM
TpyTIIie K maHcaM COOBITHS B APYTOM TPYTINe, UK KaK OTHOLLIEHHe 1IIaHCOB TOTO, UTO COOBbITHE
TIPOM30M/IeT, K IIIaHCAM TOTO0, UTO COOBITHE He Mpou30oi/eT. B vccieoBaHUSX C/Tyuaii—KOHTPOJIb
OTHOIIIeHKe 1L1aHCOB MCI0JIb3yeTCsl /17151 OL|eHKM OTHOCUTEIbHOTO pe3ysibTara.
PaccmarprBaeMblii MeTO/, TIpeJHa3HaueH /1/isi 00pabOTKK Tak Ha3bIBa@MbIX UEThIPEXITObHBIX
(ueTHIPEXK/IeTOUHBIX) TabML], Wn Tabmur 2 X 2. AHaIM3UpyeMble BBIOOPKU /I0/DKHBI
TIpPUHA/|/Ie)KaTh JUXOTOMUUECKOM 1IKajie U3MepeHusl, T. €. COCTOATb TOJIbKO M3 Hy/el U eJUHULI,
npyUYeM Hy/b O3HaYaeT OTCYTCTBUe NPU3HAaKa, a eJMHKUL]A O3HauaeT Ha/llnuue Tpy3Haka. [lepef
TipUMeHeHreM MeTo/la Heo0X0IMMO 03HAKOMUTBCS C Pa3/iesioM, TIOCBSIeHHbIM OMMCAHU0 TabuL] 2
X 2.
BbruricsieHre OTHOLIIEHUS 1L1aHCOB MPOU3BOAUTCS M0 hopMyrie
OR Iy ’

NNy,
TZIe N1, Ni2, No1, Nyp — TYEUKH TaOHLIBIL.
[IByCTOpOHHUM /I0BepUTe/IbHBIA UHTEPBAJT BBIUUC/ISIeTCsI TI0 hopmyie
Ior = (OR—P((1 + B) / 2)Sor; OR + W((1 + B) / 2)Sor),
rae W(.) — obpaTHasi PyHKLMS CTaHJapPTHOTO HOPMaJIbHOTO pacIipe/iesieHus],
B — moBepuTeNbHBIN YPOBEHb, BbIDa)KEHHbIN B J0JSIX,
Sor — CTaHJjapTHas OLIMOKa OTHOLLIEHUS [IIaHCOB.

CranziapTHas orrbKa JorapugmMa OTHOLIEHHMS [IAHCOB BLIYUC/ISETCA 110 (hopMyie
1 1 1 1

Sior) =4 — F—F+—+—.

Ry Ry Ny Ay

OkoHuaresibHast popMy/ia IByCTOPOHHETO [I0BEPUTEILHOIO HHTEPBA/Ia OL[eHUBAEMOTO OTHOIIIEHHSI
IIIAHCOB OyzeT
Ior = (exp(In(OR) = ¥((1 + B) / 2)Sior); exp(In(OR) + P((1 + B) / 2)Sucon))-

CwMm. Arpectu (Agresti), Xatinec (Haynes) c coaBrt., ctatbu babuu c coarrt., bnenga (Bland) c coasr.

4.2.4.3. Pa3HOoCTb Aonen

PaccmarpuBaembiii MeTo, BbiurcieHus: pasHoctu goneii (difference of proportions) npeanasHaueH
[J1s1 aHa/IM3a TaK Ha3bIBaeMbIX YEThIPEXTIO/IbHBIX (UeThIPEXKIeTOUHbIX) TabmuLl, uau Tabmury 2 X 2,
BO3HHUKAIOIMX TIPH 00pabOTKe He3aBUCHUMBIX JIMOO CBSI3aHHBIX MPU3HAKOB. AHA/IU3MUPyeMbie
BBIOODKHU J0JDKHBI TIPUHA/JIEKaTh AUXOTOMHUECKOM I1IKajie U3MepeHus, T. €. COCTOSATh TOJIbKO 13
Hy/iell U eIMHUL], TIPUUYEeM Hy/Ib 03HauaeT OTCYTCTBHe MPU3HAKa, a e[JUHML[a 03HauaeT Hajluuyue
npu3Haka. [lepes mprMeHeHreM MeTozla He0OX0MMO 03HAKOMHUTbBCSI C Pa3zie/ioM, MOCBAIIeHHBIM
orrcaHuo Tabmury 2 x 2. [IpegocTapisieTcsi BO3MOKHOCTh KaK BBOJ]A UCXOJHBIX MAaCCHBOB, TaK U
roToBbIX TabnuL. B mocneqHem ciyyae ob6s3aTeslbHO HEOOXOAMMO yKa3aTh, IPOAYKTOM KaKUX
TIPU3HAKOB sIB/IsIeTCsl Tabmuiia, 160 Gopmyrbl X 06paboTKH CylieCTBEHHO pa3/IMyaroTCs.
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4.2.4.3.1. Pa3HOCTb Aonei B Tabnuue He3aBUCUMbIX MPU3HAKOB

BbruricsieHre pa3HOCTH [10/1eli POM3BOAWTCS 110 (hopmysie

d=|p:—pl,

rae p1 = N / (N + nip) — yactota 3¢dekTa B epBoit BIOOPKE,

D2 = o1 / (N1 + nyp) — yacToTa 3ddeKTa Bo BTOPOM BLIOOPKE,

N1, N2, N1, Ny — TUEHKA TaOTULTBL.

3HaUMMOCTh Pa3HOCTH JI0JIei TeCTUPYETCS C TIOMOIIbI0 Z—KPUTepHsi, BLIUMC/IEHHEe CTaTUCTUKU
KOTOPOTO B JaHHOM CJ/ly4ae MPOM3BOAUTCS 10 popmysie

|p2 B p1|' Y
\/1_7(1' p)

1 1
e P =(my +ny)/(my +nyy +ny, + ”22)’

+
n,tn, ny,tny,
Y = 0 — norpaBKa Ha HellpepbIBHOCT (TTonpaBKa Meiitca), B ciydae ee HeyueTa,
1 1

+
nytn, ny,tn,

z =

Y =05

— B C/Tyuyae yueTa IOIPaBKU (PeXXUM 110 YMOJTYaHUIO).

KBazipaT CTaTUCTHKYU KPUTEPHS YI0BJIETBOPUTE/ILHO allPOKCUMUPYETCs pacrpesie/ieHueM X2 ¢
YKCJIOM CTeTieHel cBOOO/IbI, paBHBIM 1.

BbIuncsisieTcs [ByCTOPOHHUM JIOBEPUTETbHBIN UHTEPBAJI OLIEHUBAEMOU Pa3HOCTH [10JIeH T10
dbopmyne Banbza:

1, =d-w@+p)/2)s, ., - v;d+w(1+p)/2)S, , +Y)

rie W(.) — obpaTHasi PyHKLMS CTaHJapPTHOTO HOPMaJIbHOTO pacIipe/iesieHus],
B — moBepUTe/bHBINA YPOBEHb, BbIPa)KEHHBIN B [0/ISX.

P2 P

P2’ P — cTaHZAApTHas olMOKa pa3HOCTH JI0JieH, BeIYMCIIsIeMast TIo hopMyrie

:\/pl(l- p) +p2(1' pz).

n, +n, ny +ny,

P2- P

4.2.4.3.2. Pa3HOCTb Aonei B Tabnuue cBA3aHHbIX MPU3HAKOB

BbruricsieHre pa3HOCTH 1071l IPOM3BOAUTCS 10 (hopmyiie

d =|p.—pl,

rae p1 = (ni1 + nyp) / n —vactota 3¢dekra B mepBoi BEIOOPKE,

p2 = (n11 + nx1) / n —yacrora 3¢dekra Bo BTOPOii BLIOOPKE,

n — cyMMa TabJUIIbI, BEIUKC/IsIeMasi 0 popmMyiie

N =ng+ N+ Ny + Ny,

N1, N12, N1, Ny — TUEHKA TaOJTULIBL.

3HaUMMOCTh Pa3HOCTH Z0JIei TeCTUPYETCs C TIOMOIIbI0 KPUTepHsi XU-KBa/[parT, BEIUKCIeHNe
CTaTUCTUKW KOTOPOTO B JaHHOM CJ/ly4ae MPOW3BOAUTCS 110 popmyrie
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P :(|”21' n12|'Y)2’
n
rae Y = 0 — nonpaBKa Ha HelpepbIBHOCTS (TonpaBKa Meiitca), B ciyuae ee HeyueTa,
Y =1/n—B cjiydyae yueTa norpaBKu (Pe)KUM T10 YMOTUAHHUIO).
KBazipaT CTaTUCTHKYU KPUTEPUS YIOBJIETBOPUTE/ILHO allPOKCUMUPYETCsT pacrpezie/ieHueM X2 C
YKCJIOM CTerieHel cBOOO/Ibl, paBHBIM 1.
BbIuncsisieTcs [ByCTOPOHHUM ZIOBEPUTETbHBIN UHTEPBAJI OLIEHUBAEMOU Pa3HOCTH J10JIeH T10
dhopmysne Banbaa (Wald interval for difference of proportions):

I . =ld-w@a+p)y2)s . -vd+w(@+p)/2)S, . +Y)

P2- D P2 D P2 D
rae CTaH,Z[apTHaH OH_II/I6KEI pa3HOCTI/I ,Z[OJ'IeI‘/JI BbIUMC/IAETCH I10 (bOpMyJIe

I (b- )
Span —;\/b”c' B

BoruucisieTcst AByCTOPOHHUI 10BepUTe/bHBINM MHTEpPBa/ OLeHMBaeMOW Pa3HOCTHU Jj0/1eil 1o
yTouHeHHO (opmyrne Banbza (adjusted Wald interval for difference of proportions):

1., =\p,- pl-w+pi2s, - vilp, - pl+w(+ B2, +7)
r7e Pr- Py :|n21 B n12|/(n+2),
_ 2
S = ! \/b+c+l-u.
Pr- Py I’l+2 l’l+2

CwMm. @neiic (Fleiss) c coaBr., cratbu Bypmana (Buhrman), Bpayna (Brown) c coaBr., Xayka (Hauck)
c coaBrT., burrepcradda (Biggerstaff), Uyberko ¢ coaBT. O630p MeTO/[OB BBIUMC/IEHHS
JIOBEPUTE/TbHbIX UHTEPBAJIOB OIIeHWBAaeMOl pa3HOCTH /loJiel B Tab/uIle He3aBUCUMBIX TTPU3HAKOB
cMm. B ctatbe CaHTHepa (Santner) ¢ coaBT. MeTo/jbl BEIUMC/IEHUS [JOBEPUTE/IbHBIX UHTEPBAJIOB CM. B
MoHorpadusx Arpectu (Agresti), drneiic ¢ coaBT., CTaTbsiX ATpecTH € coasT., beprep (Berger) c
coagT., Xcue (Hsieh), Croucca (Suissa) ¢ coaBrt., Hbtockom6 (Newcombe), I'apgHep (Gardner) ¢
coaeT., Tanr (Tang) c coaBT.

4.2.4.4. [IPOrHOCTUYHOCTb

PaccmarprBaemast OMLyst JaeT BO3MO)KHOCTh BBIUMC/IUTD OOIIeNPUHAThIe CTAaHJAPTHbIE IT0Ka3aTesu
TPOTHOCTUYHOCTHU (TIPOrHOCTHUYECKOM 1]eHHOCTH) AuarHocthyeckoro Tecta (predictive values). 3T1o
CJlefiyroILye ToKasaTesTu:

*  YyBCTBUTEJILHOCTH (Se, sensitivity),

* cneuuduuHOCTh (Sp, specificity),

*  pacrpoCcTpaHeHHOCTh (p, peBasieHc, Aos, prevalence),

*  TPOrHOCTUUYHOCTH TOJIOKUTE/IbHOTO pe3yabrata (PPV, positive predictive value),

* TPOrHOCTUUYHOCTb OTpHULIaTebHOro pesynbsTrara (NPV, negative predictive value).

Copyright © 2017 Igor Gaidyshev



@ The ME.com

PacripocTpaHeHHOCTh — 3TO arpyUOopHas (TTPeTecToBast) BEPOSITHOCTL Hauuust 00J1e3HH [0 TOTO, KaK
CTaJT! U3BECTHBI Pe3y/IbTaThl IMarHOCTHYECKOTO TeCTa.
[TporHoCTUYHOCTD (COOCTBEHHO TIPOrHOCTUYECKAs [IEHHOCTh) — 3TO arloCTePUOpHast
(ocTTecTOBasT) BePOSATHOCTD Ha/TMUMs O0JIe3HU TIPY U3BECTHOM pe3y/ibTaTe UCC/Ie/JOBaHus.
Pa3/nMyaroT MpOrHOCTUYHOCTh MOJIOXKUTETHBHOTO pe3y/ibTaTa v MPOrHOCTUYHOCTL OTPHULIATETBHOTO
pe3ysbrata. Huoke mpezicTaBieHbI TIOAPOOHBIE OMMCAHUS JAHHBIX TIOKa3aTesiel, BK/Itouasi (hopMyJibl
BBIUMC/IEHUS UX TOUEUHBIX U MHTEPBAJIbHBIX OIIEHOK.
PaccmarprBaemble MeTO/IbI TIpe/IHa3HaueHbl /711 00pabOTKK TaK Ha3bIBa€MbIX UETHIPEXIIOIbHBIX
(ueThIpeXK/IeTOUHBIX) TaOJTHL], WK Tabmumiy 2 X 2:

Hanmuue 3aboneBanust

[IpucytcrByet OrtcyTcTBYeT
Pesynbrar [TonoxxutenbHbIN nn ni
[IMarHoCTUYeCKOro OTpuLaTe/NbHbIN no1 N2
TecTa

ny No

Amnanusupyemblie BEIOOPKH [I0/DKHBI TTPUHA/IEXATh JMXOTOMHUUECKOH I1IKaJie U3MepeHus 1
COCTOSITb TOJILKO M3 HYJIEH U e[JMHHUIL], TIPHYeM Hy/b 03HauaeT OTCYTCTBHE MPHU3HaKa, a euHUIIA
O3HauaeT Ha/IMuKe TpU3HaKa. [10/I0KUTe/TbHBIM Pe3y/IbTaTOM TeCTa CUUTAeTCs TaKOM pe3y/ibTar,
KOTOPBII TIOKa3biBaeT Harure 3aboseBanust. OTpuUIiaTe/IbHBIM Pe3y/IbTaTOM TeCTa CUNTAeTCsl TaKOM
pe3y/ibTart, KOTOPbIH MMOKa3bIBaeT OTCYTCTBHE 3abo/eBanuss. O003HaUeHO:

Ny — YAC/IEHHOCTb UHUBHYYMOB C Ha/iMurieM 3a60/1eBaHuMsl, [UarHOCTUPOBAHHBIX TECTOM Kak
00/IbHBIE,

N1 — UWC/IEHHOCTb WHUBHM/YYMOB C Ha/iMurieM 3a00/1eBaHMsl, [UarHOCTUPOBAHHbLIX TECTOM Kak
37I0pOBbIe,

Ni» — YACIEHHOCTh UHUBUYYMOB 6e3 Hanuuust 3a60/1eBaHus, AUarHOCTHPOBAHHBIX TECTOM Kak
00/IbHbIE,

N> — YMC/IEHHOCTh WHUBUYYMOB 6e3 HanmuureM 3a00/1eBaHusI, [HAarHOCTHPOBAHHBIX TeCTOM KaK
37I0pOBbIe,

N1 = Ny + N2 — YUCJIEHHOCTH GOJILHBIX,

No = Nip + Ny — YUCTIEHHOCTD 3/I0POBBIX.

JTomno/HUTe IbHBIE TIOSICHEHHUsT CM. B paszesie, ocsiieHHoM ROC—aHanmsy.

4.2.4.4.1. YyBCTBUTENBHOCTb

UyBCTBUTEMBHOCTBIO HA3bIBAIOT /I0JTIO TTOJIOKUTETbHBIX Pe3y/IbTaTOB JUAarHOCTUUECKOTO TeCcTa B
nonysnsuyy. Yem uyBCTBUTe/IbHEE TECT, TeM BblIllie IPOrHOCTHUYeCKasi LIeHHOCTh ero
OTpHULIaTe/IbHOTO pe3y/ibTara.

BbruricsieHre OLjeHKY 4yBCTBUTEIBHOCTH MPOU3BOAUTCS 10 (hopMyJie
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[IByCTOpOHHUM I0BepUTE/IbHBIA UHTEPBAJI OL[eHMBaeMOW UyBCTBUTETLHOCTH BBIUMCIISIETCS TI0
dhopmyrne

I, =(Se- W((1+)/2)Sy,; Se +W((1+ )/ 2)Sy,),

rae W(.) — obparHasi GyHKIMS CTaHJAapPTHOTO HOPMaIbHOTO pacIipe/ie/ieHus,

B — moBepuUTE/bHBINA YPOBEHD, BBIPAYKEHHBIN B IOSAX,

Sse — CTaHAApTHAas OIMOKa UyBCTBUTETBHOCTH.

CraHpapTHas ouMbKa UyBCTBUTEIbHOCTH BBIUMC/ISIETCS 110 (hopmyrie

4.2.4.4.2. CneynpunyHoOCTb

CrieripUHOCTHIO HA3BIBAIOT [IOJTFO OTPHUIATe/IbHBIX Pe3y/IbTaTOB AUMarHOCTHUECKOTO TeCTa B
nonysityy. Yem crietiidryHee TeCT, TeM BblIllie POTHOCTHYUeCKasi [IeHHOCTb ero M0JI0KUTeTbHOTO
pe3ysbTara.
BbIunicsieHre OLleHKU Crielii)UIHOCTH TTPOU3BOJUTCS 110 hopmyrie
Sp SN
n,
[IByCTOPOHHMI [10BepUTebHBIN UHTEPBa/I OlLleHUBaeMOM Crielfu(UUHOCTH BBIUMUC/ISETCS 110
dhopmyrne
I, =\Sp- W((1+ )/ 2)S,,:Sp + W((L + )/ D)y, )
rae Ss, — CTaHJApTHAsE OIMOKA Crielu(UIHOCTH.
CranzapTHas omMbka crielfuuIHOCTH BBIUKCISIETCS 110 hopmyrie

4.2.4.4.3. PacnpoCcTpaHeHHOCTb

B nuTepaType BCTpeuaroTCs [iBa pa3/TMUHbIX MHEHUS 110 TIOBOAY BBIUKCIEHUS
pacIipoCcTpaHeHHOCTH. PacripocTpaHeHHOCTh MOXKeT ObITh:

*  OTHOILIEHWEM UKCJ/Ia BhISB/IEHHBIX C/TydaeB [3aboseBaHuii] KO BceM 00C/Ie0BaHHBIM 3a

orpe/ie/ieHHbIN IPOMEXKYTOK BpeMeHU (Haripumep, 3a rof),

*  OTHOILIEHWEM UKCJIa BbISIBIEHHBIX C/TyYaeB K YUCA€HHOCTH TIOMYJ/ISLUH.
Korza pacripocTpaHeHHOCTb CTPEMUTCS K HYJIFO, IPOTHOCTHYeCKast LIEHHOCTh MOJIOXKUTETbHOTO
pe3y/bTaTa TecTa CTPeMHUTCS K Hy/to. Korjja pacripocTpaHeHHOCTb CTPEMUTCS K 1,
TIPOTHOCTUYeCKasi LIEHHOCTh OTPULIATe/TbHOTO pe3yJibTaTa TeCTa CTPEMUTCS K HYJTHO.
BBop 13BecTHOM 13 TIpe/[BapUTeIbHBIX UCC/Ie0BaHUI paclipOCTPaHEeHHOCTH OTHOCUTCS K
batiecoBCKo# H/Ie0/IOTHH, KOT/A Te WK UHbIe BBIBOBI 110 pe3yJ/ibTaTaM aHaju3a MpeCcTaBIeHHbIX
JAaHHBIX [Ie/Ial0TCs C yUeTOM HeKOTOPOU arpyuopHOM (M3BeCTHOM 10 OMbiTa) MH(POPMALIUU.
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O6paruTe BHUMaHUe, UTO 1ieJiasi UaCTh y’Ke IoKa3aHa Ha ¢opme. Haripumep, 7711 BBOJja 3HaUeHUsT
pacnpoctpanerHoctu 0,124 cnenyet BBectu unciio 124. [ipyroi npumep. [Tycts TpeGyeTcst BBeCTH
pacrpocTpaHeHHOCTh 23 ciyuasi Ha 1000 o6c/ieioBaHHBIX TIAIJMEHTOB. B 1071 BBOAUTCS 3HaUeHHe
023.

B cnenyrorriem criocobe (cM. @neTuep € COABT.) BBIUKC/IEHHE TOUEUHOM OLIEHKH
PacmpoCTPaHEeHHOCTH Ha OCHOBE TeX JKe CAMBIX IPeZCTaB/IeHHbIX /ISl aHa/Ii3a BEIOOPOUHBIX
J@HHBIX POU3BOJUTCS MO hopMyrie

p=ni/n,

T7e n = Ny + Nyp + Ny + Ny — 0011[ast YUCIEHHOCTb.

[loBepuTenbHBIM UHTEPBaI OLleHMBaeMOM paclipoCTPaHEeHHOCTH PACCYUTHIBAOTCS CTaHAAapPTHO MO
dbopmyne Banbaa

1, =lp-w(+p)/2)S,: p+W((1+p)/2)S,)

r7ie S, — CTaHAapTHasl OlIMOKa pacripoCTPaHeHHOCTH.
CraHjjapTHas omM0OKa pacrpoCTPAaHeHHOCTH MOXKET OBbITh BhIUKMC/IEHA 110 (hopmyrie

¢ = [p(1-p)
p n :

4.2.4.4.4. TIpPOrHOCTUYHOCTb MOJIOXXUTENIbHOIO pe3ynbrara

BbruricsieHre MPOrHOCTUUHOCTH T0JIOKUTEIBHOTO pe3y/ibTara IMPOM3BOAUTCS 10 Gopmysie
Se -p
Se -p+(1- Sp) -(1- p)
[IByCTOpOHHUIA 0OBepUTEIbHBIN UHTEPBaJl BLIUUC/ISETCS 0 hopMyrie
Ippy = (PPV —=W((1 + B) / 2)Sppv; PPV +W((1 + B) / 2)Spev),
r7ie Sppy — CTAHZAPTHAS OIIMOKA MPOrHOCTUYHOCTH MOJIOKUTETBHOTO Pe3y/bTara.
CTaH,Z[apTHaH oIIMOKa TIPOrHOCTUYHOCTH ITOJIOKHUTE/IBHOT'O Pe3YyJ/IbTdTd BBIUYUC/IAETCH T10 q)opMyJIe

PPV =

» Se-(1- 8 » Sp -(1- 8§

[p (- Sp) 1- p)] M'*[P Se (1= p)] p(0=5p)

SPPV = l 4 :
[Sep+(1- Sp) -(1- p)]

4.2.4.4.5. TIPOrHOCTUYHOCTb OTPULATENILHOIO pe3ynbrara

BbluKc/ieHre TIPOrHOCTUYHOCTH OTPHULIATE/ILHOTO pe3y/ibTaTa POM3BOAUTCS 110 (hopmyJie
_ Sp (1- p)
(I- Se)-p+Sp 1- p)
JIByCTOPOHHMIA OBEPUTE/ILHBIA MHTEPBA/I BHIYUCIAETCS TI0 (opMyIie
Inpy = (NPV —=W((1 + B) / 2)Snpv; NPV + W((1 + B) / 2)Snpv),
r7e Sypy — CTaHJapTHas OIIMGKA MPOrHOCTUYHOCTH OTPULIATEILHOTO pe3yJbTara.
CrangapTHas ommMbKa IPOrHOCTUYHOCTH OTPULIATE/ILHOIO pe3y/ibTaTa BEIYUC/ISAETCS 110 (opMyIie
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[p-sp - p 205 41, 1 se) 1 py 2215

— n, n,

SNPV - 4
(1~ Se) -p+5Sp (1- p)]

CwMm. Bnacora, ®netuep c coarr., @rnetic, Gnetic (Fleiss), ®neiic ¢ coarr., XaiiHec (Haynes) c coasr.,
Xamm (Hulley) ¢ coarr., cratsio Mepkasngo (Mercaldo) c coaBr., crateu BopobseBa, Moccman
(Mossman) c coapr., JIunn (Linn), AnsTmad (Altman) c coaBT., Caypo (Sauro) c coaBT., ATpecTu
(Agresti) c coaBrT.

4.2.5. Npaduk meguaH ¢ goBepuTesibHbIMU UHTEpPBaslaMun

[loBepuTenbHbIM UHTEPBAaJ OLileHUBaeMOM Me/lMaHbl 3a/jaeTcsi GopMy/on

In=(Ye; Yn+1-0),

r/le C — MapameTp, BbIUMC/IsieMbll 10 (hopMyJie

c=[n/2-¥(1+p)/2)n"*/2],

rae [.] — Lies1as yacTh UMCa,

Y(.) — obparHas (GyHKLMS CTaHAAPTHOTO HOPMasIbHOTO paciipe/iesieHus],

B — moBepuTe/bHBINA YPOBEHb, BbIPa)KEHHBIN B J0ISX.

[ornomHUTeIbHO B Tab/Hile BEIBOAUTCS Pa3HOCTh Me[UaH aHa/TM3UPyeMbIX BbIOOpOK. [TycThb
BBIUMC/IEHO M = N1N, Pa3HOCTeN 3HaYeHU w; < W, < ... < Wy, BCeX BeJIMUUH (X; — y)), I = 1,2,...,n1; j =
1,2,...n, toe x;, i = 1,2,...,ni n y;,j = 1,2,...,n, — 3HaU€HWUs BapUAHT UCXOHBIX KOJIMYeCTBEHHBIX
BbIOOpOK. Torja Me/iiaHa |l IoTyueHHOR BBIOOPKH Wy, i = 1,2,...,m, OyeT pa3HOCTbIO MearaH. st
HEUYEeTHOTO M MeJJMaHOM SIB/ISIeTCSI BapHUaHTa M0JIy4YeHHOrO0 MHTepPBaIbHOT0 BAPUALIMOHHOTIO Psifia,
vMetol1asi MopsiKOBbI HoMep (m + 1)/ 2. [11s ueTHOro m MeilaHa paBHa CpeJjHeMY 3HaueHUI0
[IByX CpeJIHUX BapUaHT.

[loBepuTenbHBIM UHTEPBa OLleHMBaeMOM pa3HOCTH Me/ivaH (MHTepBan Mo3eca) 3asaeTcs

dhopmynoi

Ip = (Zc; Zm+ l—c),

rae z, i = 1,2,...,m — MHTepBa/IbHbIN BapUALMOHHBIN Psifi, TIPe/ICTABISIOLNIA COO0M yIOopsAA0UeHHBIN
10 BO3pAaCcTaHUIO psifi pasHOCTen w;, i = 1,2,...,m,

¢ — mapameTp, BbIUMC/IsIeMbIN TI0 (hopmysie

nn,(m+1) 1z

12

CcC =

%- W((l+)/2)

rae [.] — Lies1as yacTh UMCa,

Y(.) — obparHas (GyHKLMS CTaHAAPTHOTO HOPMasIbHOTO paciipe/iesieHus],

B — moBepuTeNbHBIN YPOBEHb, BEIpaKEHHbBIN B OJSIX.

Pe3ynbTathl MpeJcTaB/IeHHOTo rpaduueCcKoro aHa|u3a UHTePIIPeTUPYIOTCS CeAyoMM 0bpa3om.
Eciu 1003% fgoBepuTenbHbIe MHTEPBAJIbl OLIEHHBAeMbIX Me/IiaH CPaBHUBAaeMbIX BEIOOPOK
TepeceKaroTCsi, KOHKYPUPYIoIiasi TUIoTe3a (Me[haHbl He PaBHBI) MOXKeT ObITh TTPUHSATA Ha YPOBHE
3HaunMocTH p < 3. Ecriu 1003% poBeputenbHbIe MHTEPBaA/Ibl OLleHUBaeMbIX CPeJHUX 3HaUeHUM
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CpaBHHBaeMbIX BEIOOPOK He TiepeceKaroTcs, HysieBasi TUTioTe3a (MeAraHbl PaBHbI) He OTBepraeTcst
Ha ypOBHE 3HAYMMOCTH p > [3. T. K. /IOBepUTe/IbHbIe NHTEPBAJIbI TeM ILIHpe, 4yeM 0oJblile 3HaueHue f3,
BbIOMpasi pa3/iMuHbIe CTaHJapTHBIE 3HaUeHHs [3, MOXKHO TO/TyUHTh 3HaYeHHe YPOBHS 3HAUYMMOCTH,
OoJsiee TOUHO COOTBETCTBYIOLL[Ee TIPe/ICTaB/IEHHBIM /JaHHBIM.

O rpadmueckoM M300pa’keHrH T0Ka3aresieid ¥ MHTepIpeTaly pe3ynbTaTtoB cM. paboty lonzacTelin
(Goldstein) ¢ coaBr.

4.2.6. N'pachuk goneit c goBepuUTENbHBLIMU UHTEPBAJIAMU

I'paHMLIBbI JOBEPUTE/ILHOTO MHTEPBAasa I0JIM PaCCUUTHIBAIOTCS M0 «TOYHBIM» (hopmynam Knomnmnepa—
[Mupcona (Clopper—Pearson interval). ITpy 5ToM HWKHSIS1 TpaHuLia JOBepUTe/IbHOIO UHTepBaa

OL[EHHBaeMOﬁ A0J/IM CUUTAETCA KdK
-1
n-m+l
L, =|1+ - ,
m .F;m,Z(zl— m+l)(1 - (1 - /7))/2)
rge m — 4ucjio C1ydaes,
n — 4YrnucjIeHHOCThb BbIGOpKI/I,

F'(0)

— obparHas dyHKIMs F—pacnpe/eneHusl.
B — moBepUTe/bHBINA YPOBEHb, BbIDa)KEHHBIN B [0MSX.

BerHHH rpaHuvlia J0OBEPUTE/IBHOI'O MHTEPBAJ/Id OHEHHBaeMOﬁ A0J/IM CUUTAETCA KdK
-1

+ n-m

(m+1) .F;-(in+l),2(n—m)((l - $)/2)
Pe3y/bTaThl MPe/ICTaBIeHHOTO rpa(uyeCcKOro aHaIu3a UHTePIPETUPYIOTCS CAeAYIOLIMM 00pa3oM.
Ecu 100B%, noBeputebHbIE HHTEPBAJIbI OLIEHUBAEMBIX ZI0/1eli CpaBHUBAEMbIX BBIOOPOK
repeCceKaroTCsl, KOHKYPHUPYIOIlasi TUTIoTe3a ({071 He PaBHbI) MOXKET OBbITh MPHUHSTA HA YPOBHE
3HauuMocTH p < . Ecrim 1003% moBepuTe/ibHbIE HHTEPBAJIbI OLIEHUBAEMBIX CPEIHUX 3HAUE€HUM
CpaBHMBaeMbIX BbIOOPOK He MepeCceKaroTCs1, Hy/ieBasi TUIOTe3a ([J0/ paBHbI) He OTBEPraeTcs Ha
YPOBHE 3HAUUMOCTH p > 3. T. K. [JOBepUTE/IbHbIE MHTEPBAJIbI TEM IIIHPe, ueM Oosibllle 3HaueHue 3,
BbIOMpast pa3/iMuHbIe CTaHJapTHbIE 3HAUEHUS 3, MOXKHO MOJTYUUTh 3HAUE€HHE YPOBHS 3HAUUMOCTH,
0oJ/1ee TOUHO COOTBETCTBYIOLI[EE TIPE/CTABIEHHBIM JaHHbIM.

H, =1

O rpadurueckom n300pa)keHUY TIOKa3aTesieil U MHTeprpeTaluy pe3yasTaToB cM. paboty Tonzacraiin
(Goldstein) c coabr.

4.2.7. ROC aHanus3

ROC (Receiver Operating Characteristic) aHai13 MO)KeT UMeTb Pa3/TMUHble TIPUMeHeHust JJ1s1
aHa/iM3a laHHbIX. [lambHeliie 0603HaueHYs TIPOILe BCEro TIOSICHUTD C MIOMOIIIBIO TaO/HIIbI 2 X 2.

Wccnenyemblii meTog, CraH[apTHBIA METO[
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[Tono)KuTenbHBIN UCXO/ OTpuliaTe/bHbINA UCXO/
[TonoxuTenbHbIN UCXO[, Tp Fp
OTpuliaTe/ibHbIN UCXO[] Fy Ty

CyTb 0003HaueHHi siCHa U3 MepBbIX OYKB aHIVTUMCKUX TEPMUHOB:

¢ True — UCTHUHHO,

¢ False — noxHo,

e Positive — 1ooxuTeTLHBIN,

* Negative — oTpULIaTe/IbHBIM.
TepMUHbBI «IT0JIOXKUTETbHBIN» U «OTPULIATe/TbHBIN» 371eChb OTHOCITCS He K 00BeKTY MCC/ie[JOBaHus,
a, CKakeM, K CITOCOOHOCTH IMarHOCTUYECKOTO TeCTa YCTaHOBUTh AuarHo3. Tak, Tipy ucc/ie0BaHuu
3a00/1eBaHUs MTOJIOKUTETBHBIM UCXO/IOM Oy/IeT SIBJSThCS Ha/lMuKe 3a00eBaHus, OTPHUIIATETbHBIM
WCXOZIOM — OTCYTCTBHeE 3ab0sieBaHMUs.
Tepmun ROC curve (ROC kpuBasi) B aieKBaTHOM IepeBo/ie, 3aMMCTBOBAaHHOM U3 Pa/IMOTEXHUKH,
03HauaeT KPUBYIO COOTHOILIEHUM MTPaBUIBHOTO U JIO)KHOTO 00Hapy»keHusi curHanoB. ROC kpuBasi
nipeZicTaB/sieT coOoi rpaduk napameTpuyeckoro tuma. I1pu 3Tom abciycca v opuHaTa KpUBoOi
SBJISIFOTCSL QYHKLMSIMM HEKOTOPOTO IlapaMeTpa, ITPOM3BOIbHO MU3MEHS1IeMOT0 UM KOHKPETHO
M3MepsieMOro B 3KCIieprMeHTe. B rcciieioBareibCKOM NpakTUKe MOTYT UMETh MECTO pa3/iduHble
coueTaHUs JAaHHbIX QYHKLUH, YTO MPUBOAUT K pa3mmuHbiM ROC kpuBbiM. Hanbonee
ynotpeburtenbhblii TUIT ROC KpHBOM MapaMeTpruyecky 0TOOpaXkaeT BeJTMUMHY UyBCTBUTEIbHOCTU
Se v BenmMuuHYy HecrelipuuHocTu 1 — Sp, rae Sp — cneljuduuHOCTh. [Topor uyBCTBUTE/TLHOCTH Ha
rpaduke He 0TOOpa)kaeTcsl, OJHAKO KaXKAOMY [B JaHHOM Ciydae] 3a/[aHHOMY 3Hau€HHIO 1opora
COOTBETCTBYET Iapa «4yBCTBUTEIbHOCTb—HeCHelMPUUHOCTb». Ha rpaduke faHHbIe BeJTMUUHBI
TIPUHSTO U300pakaThb B MpolieHTax. [Toka3aTeu onpeensitoTCs CAeAyOMMMUA GOopMYyIaMH.
UyBCTBUTENBHOCTD MOKa3bIBaeT I0/IF0 UCTUHHO MOJIOKUTEbHBIX C/Tyuyaes, T. €.

T
Se=——-L—,
T, +F,
CrieLu(pMUHOCTH MOKA3bIBAET J0/II0 UCTHHHO OTPULIATE/ILHBIX C/IyUaes, T. e.
T
Sp=—2—.
T, +F,

HexkoTophble aBTOPBI BeJIMUMHY Sp Ha3bIBAaKOT YaCTOTOW MCTUHHO OTPULIATE/IbHBIX pe3y/IbTaToB (true
negative rate), a BenuurHy 1 — Sp Ha3bIBalOT IIeHOM MeTo/ia MO0 YaCTOTOM JIOXKHO TIOJIOXKUTETbHBIX
pe3ynbraroB (false positive rate, FPR). I[To aHanorvy BennunHy Se MHOT/Ia Ha3bIBalOT YaCTOTOU
VICTUHHO TI0/I0XKUTEJIbHBIX pPe3y/bTaToB (true positive rate, TPR). HekoTopble aBTOpbI Mo/arator,
yto B Takux TepmMuHax ROC kpuBasi Ooree MoHATHA AJis1 uTeHusi. Takke YCITOBUIUCD A17Ist
noctpoeHusi ROC KprBOM UCIO/Ib30BaTh MOKA3aTe/u B MPOLIeHTax.

CoueTaHyie 3HaU€HUI UyBCTBUTEBHOCTH U CTIELIM(UUHOCTH B la/lbHEHIIIeM aHaIi3e MOXKeT ObITh
BbIOpPAHO pa3/UYHbBIM B 3aBUCHUMOCTH OT TpeboBaHUI ucciiejoBaTesis. [Ipy 3TOM COOTBETCTBYOILIee
3Ha4yeHHe AMarHOCTUYeCKOro NapaMeTpa Ha3blBarOT [IOPOroM OTceueHus. VICIonb3yeTcst KpUTepu
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FOzena (MogeH, Youden), MaKCUMU3UPYIOIIMIA CyMMY UYBCTBUTe/ILHOCTH 1 crielduuHocT. O
TIOporax OTCeueHUs JOTIOJTHUTETbHO CM. I1aBy «Pacro3HaBaHue 06pa30B ¢ 00yueHuem».
Paccmotpum anroputm rioctpoenusi ROC kpuBoi. ITycTs faHbl MccieyemMasi BbIOOpKa
YKMC/IEHHOCTBIO N M CTaH/IapTHasi BLIOOPKA UMC/IEHHOCTBIO M.

Anroputm ROC aHasnu3a nipefjiaraeTcsi ChopMy/IMpOBaTh CIeAYIOMKM 00pa3oMm:

1. 3amarbCcs UHTEPBA/IOM U3MEHEeHHMs MapaMeTpa. Y1o0Hee BCero JlaHHbIA MHTEPBaJI IOy UUTh,
00beIHUB TIpe/iCTaBIeHHbIe BEIOOPKM B MaCCUB JUAarHOCTUYECKUX TTapaMeTpOB
YKMC/IEHHOCTBIO N + m, a 3aTeM OTCOPTUPOBAB /IaHHBIN MaCCUB 10 YOBIBAHUIO.

2. Vcrionb3ysi BapUaHThI [10JyUeHHOTO B MpeblyIleM MyHKTe ajJropuTMa MacCcuBa
[IMarHoCTUYeCKHX MapaMeTPOB B KaueCTBe MOPOrOB OTCEeYeHUs], COCTaBUTb Ha OCHOBE
WCXO/IHBIX BBIOODOK /IJ1s1 KaXKJJ0M BapHUaHThI JaHHOTO MaccuBa Tabmumily 2 x 2. I1pu atom
pellatoliee NpaBUiIo0 UMeeT BU/J, «I1apaMeTp > Mopora».

3. TloacuuTtarhk [71s1 K&XK/I0M COCTaB/IEHHOM B MPeJbIAYIieM MYHKTe aJrTOpUTMa TabIULIbI
YYBCTBUTELHOCTh U HeCTeluuYHOCTb. MacCUB UyBCTBUTE/ILHOCTEM UMC/IEHHOCTBIO N +
m 6yznet maccuBoM abcicc ROC kpuBoii. MaccuB HecrieliiUIHOCTeH YMC/IEHHOCTBIO N +
m Gyget MmaccuBoM oparHaT ROC KpUBOMA.

4. Tloctpouts rpaduk ROC KprBO#i 10 TTapaM TOUekK «abCIrcca—0OpArHATa», TT0/TyUeHHBIM B
npe/bIAyLleM MyHKTe ajJropuTma.

5. Tlopcuurark roiags, orcekaemyro ROC KpuBoOM.

[To3unuu 2, 3, 4 v 5 ipeiCTaB/I€HHOIO a/IFCOPUTMA BbITOZJHEe BBITIO/HATH B LIMKJ/Ie [10 BCeM N + m
BapMaHTaM MacCCHBa JMarHOCTUYECKHX I1apaMeTpOB.

OOBEKTUBHYIO OIIeHKY KaueCTBa AMarHOCTHUeCKOTO MeTo/la MOXKET TIoKa3arh muiolaab mog ROC
KpHBOH, B nuTeparype Kpatko Ha3biBaemasi AUC (Area Under Curve). O1ieHKa JaHHOM T/I0IIaAd
TIO/ICUMTHIBAETCS 110 OopMYyJie TparewLuii:

1 n+m-1

A= 3 (Se + e XS = Spi).
=l

[Ipu pacueTe OLIeHKY IIOLA/M YCIOBUIMCh UCTI0/Ib30BaTh IT0Ka3areu B fo/six. Yem Boiie AUC,
TeM OOJIBIIIYI0 TPOTHOCTHUECKYIO [JeHHOCTh UMEIOT TIpe/ICTaB/IeHHbIe /JaHHbIe (TIpeCTaB/IeHHbIN
MeTo[1). MakcumanbHoe 3HaueHrne AUC paBHo 1. [1pu 3Hauenuu AUC, paBHom 0,5,
MIPOTHOCTHUYeCKasl LIeHHOCTb OTCYTCTBYeT. Bo3MO)KHa Takast KOH(UIypaLysi UCXOAHbIX JAaHHBIX, UTO
kpuBasi ROC okaxkeTcs Huke auaroHand, a AUC okaxeTcsi, COOTBeTCTBEHHO, B UHTepBase ot 0 70
0,5. B saTOM cityuae ciiefiyeT U3MeHUTh pelliarolijee MpaBU/Io (TMO3ULUS 2 aJiropuT™Ma) Ha
TIPOTHBOIIOJIOXKHOE: «IlapaMeTp < M0pora» — U BbIIIOJIHUTh a/IFOPUTM 3aHOBO.

CrangaptHas ommbOka orieHKr AUC moficunThIBaeTCs o hopmysie, TIpeACcTaBIeHHOW X3H/TH
(Hanley) c coagr. (1982),

~ _ ~ _ _ "2 _ _ 2
SECA) =, A0 D+ (1= 1D(Q - A7) +(m-1)Q, - 4)
n-m
T7ie /11 KPaTKOCTH 3aliCy 0003HaueHo:
0 =4/2- A),
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o n
0, =247 /(1+ A).

X3H/IY C COaBT. MpeIoKUIU MeTog, cpaBHeHus AByX ROC kpuBbix no orcekaeMbiM umu AUC. [Ins
3TOT0 B POCTEMILIEM C/Ty4ae UCI0JIb3yeTCs CTaTUCTUKA

‘211' ‘212

zZ

- ~ ~ s

JSE(A) +SE(4,)?
pacripeie/ieHHasi aCUMITOTHYeCKU HOPMaJIbHO.
Yn06HO UCII0/Ib30BaTh CTAaTUCTUKY Z Tipy cpaBHeHuH orjeHKU AUC zyist janHor ROC KpuBo#i C
BesimurHOM AUC, paBHoii 0,5 (cityuaii «Oecriosne3Hoi» knaccudukauyu). CtaTucTrka Z mo3BoJisieT
00BEKTUBHO CY[IUTh O CTaTUCTHUYeCKOW 3HAUMMOCTH MOJTyueHHOHN Knaccudukauyu. [1pu 3Tom
SE(0,5) BeIUMC/ISIeTCS TI0 TIOKa3aHHOM BhIIlIe opmyiie.
151 BbIUMC/IEHUST IByCTOPOHHETO [JOBepUTeIbHOr0 UHTepBasa oLeHnuBaemori AUC npumeHsieTcst
dhopmyrna:
1o =Ui- W@+ 5)/2) -SECA): A+ w1+ )/ 2) -SE(A))
rie W(.) — obpaTHasi pyHKUMS CTaHJaPTHOTO HOPMa/IbHOTO pacIipe/iesieHus],
B — moBepuTe/IbHBINA YPOBEHb, BbIDa)KEHHBIN B [OJISX.
s ROC aHanmm3a y100HO peaym30BaTh BO3MOKHOCTH:

* BBOj AaHHBIX THTIA «BLIOOPKA — BEIOOpKa». [Ipy 3TOM B KauecCTBe MepBOM BIOOPKU
yKa3bIBaeTcsi BLIOOPKA C OHUM M3 3HaUeHMi Kinaccrdurkaropa (Harpyumep, o0IIenpuHsToe
3HaueHWe 1, WM HasMure cuMIiTtoMa 6osie3Hu). B KauecTBe BTOPOit BHIOODKM yKa3bIBaeTCst
BBIOODKA C APYrYM 3HaueHHeM Kraccrdurkaropa (Harpumep, obmmenpuHsToe 3HayeHue 0,
WA OTCYTCTBHe cUMITOMa 6osie3Hn). [Ipu 3ToM camu 3HaueHus1 Kinaccudukaropa He
BBO/ISITCSL.

* Bgop gaHHBIX THTIA «BbIOOpPKA — KaccuukaTop». [Ipy 3TOM B KaueCTBe 1epBOii BLIOODKH
BBO/IUTCSI BeCb MAaCCUB UCXOHBIX JJaHHBIX ([I71s1 BCeX 3HaueHul Knaccudukaropa). B
KauecTBe BTOPOU BBIOOPKY BBOJUTCS [ COOTBETCTBYIOIIUIA MaCCUBY UCXOAHBIX JaHHBIX
MaccuB KjaccrurKaTopa, COCTOSILMI U3 eUHUL| U Hy/eld. KogupoBka Knaccudukaropa
aHajIorMuHa NpeblIAyLemMy Cciayydaro.

PaccmarpuBasi Bo3amoxkHOoCTh ROC aHasu3a [Jijisi UCXOIHBIX IaHHBIX, TIPe/ICTaB/IeHHBIX B BU/IE
TabMLIbI 2 X 2, He0OXOMMO C/le/1aTh BBHIBOZ, UTO TAKOW aHaM3 C/le/iaTh Hemb3s. [1esio B TOM, uTo
ROC kpwuBasi, KaK y»Ke YIIOMHHAJI0Ch BbIIle — 3TO He MPOCTO N300pa’keHHast Ha rpaduke
3aBUCUMOCTB Se oT 1 — Sp. ROC kpuBas nipe/icTaBsieT co60i 0CoObIit MaTeMaThue CKU 00BEKT,
Ha3bIBaeMblii TapaMeTpUueckoi KpuBoii. [lapameTpuueckasi KprBasi BO3HUKAET, KOT/a J1Be
Be/IMUMHBI, yUaCTBYIOLLMe B TOCTPOEHUU rpaduKa, Ha CaMOM JieJie 3aBUCAT He OfiHa OT JpYyrou, a oT
TpeThero rnapamerpa (Ha rpaduke He U300pa)kaeMoOro) — B IaHHOM CJTyuae OT TI0pOra OTCeueHMsl.
AprymMeHTOM sIBJISIeTCSI UMEHHO TOPOT OTCeueHUs, a U300pakatoTcsi Ha rpadvke Mpor3Be/ieHHbIe OT
HEero UyBCTBUTE/ILHOCTh U HecCTelM(UIHOCTb. BOT mopora—To oTceueHus Kak pa3 U HeT B
nipeZicTaB/eHHOU Tabmiie. @opmasibHO, KOHEUHO, MOXKHO [I71s1 TaO/TULIBI TOCUUTATh
YYBCTBUTE/ILHOCTh U HecTielupuuHOCTh (B %), 106aBuTh etre ae Touku — (0;0) u (100;100) u
HapHCOBaTh HeKWH rpaduK, fa)ke MOCUNTATh TUIOL[A/Ib TIOZ, TaKUM 00beKToM, HO 3To OyzreT He ROC
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aHanm3. [1py HeoOGXoAMMOCTH JlaHHble (hopMarbHbIe TIOCTPOEHUS M10/1b30BaTe/lb BHITOTHUT
CaMOCTOSITEJIbHO.

B HekoTopbIx yO/MKausax ObITyeT ommmbouHoe nu3obpakenre ROC B Bujje KPUBOM T7IaJKOU. JTO
JIeMOHCTPUPYeT HeMOHNMaHKe aBTopaMu myosmkanmii camoii cyt ROC aHanr3a Kak
rpaduueckoro orobpaykeHus pe3y/IbTaToB OuHapHOU Kiaccudukaiuu. ROC kprBasi — He Tpaduk
3aBUCHMOCTH OZJHOM HeNpepbIBHOM BeJIMUMHBI OT APYyroi HenpepbiBHOW BennurHbl. ROC kpuBas
MOXKeT 1300pa)kaTbCsl TOJIBKO B BH/Ie JIeCeHKH (B 3TOM CMbIC/Ie Ha3BaHHe «KpUBasi» — curve He
SIB/IsIeTCS KOppeKTHhIM). OHa AMCKPeTHA TI0 CBOel NpUpo/ie, MeHsisl 3HaUeHHst abCLMCChI U
OpJMHATbI CKauKaMH Jlayke TIPU HelpepbIBHOM M3MeHEeHUH TIopora OTceyeHusi, He MOXXeT ObITh
I71a/IKOU, TTI03TOMY ee HeJlb3s allpOKCMMUPOBaTh IVIaZJKOM KPUBOU.

[TonynsipHoe BBegeHne B ROC cm. B ctathe Cro3TC (Swets) ¢ coaBT. B fonosiHeHre K yIIOMSIHY ThIM
rcrouyHrkaMm 1o ROC aHanmu3y cm. moHorpaguu ®netuep c coarr., Koy (Zhou) c coaBr., XaliHec
(Haynes) c coasr., ctatbu MeTi (Metz), O6yuoBcku (Obuchowski), I3Buc (Davis) ¢ coarr.,
Papamxku (Faraggi) c coarr., [Tapk (Park) c coasr., [IIuctepman (Schisterman) ¢ coarr., LBaiir
(Zweig) c coaBrt., Anbt™maH (Altman) ¢ coasr., Jlaurnotiy (Langlotz), Knorie (Klotsche) ¢ coasr.,,
cratbk U oTueT Docert (Fawcett). Tema yromsiHyTa B KHUrax IleTpu c coaBT., BaH besb (van Belle)
c coaBt. O noporax oTrceueHus cM. Takxe ctatbto @ycc (Fluss) ¢ coaBt. O cTatucTUyeCcKoM
cpaBHeHnr ROC kpuBbIx cM. cTatbu Beprapa (Vergara) ¢ coaBT., X3H/u ¢ coaBT. (1983), MeTij ¢
coasT., [JeJlonr (DeLong) c coast. Ha cBa3p AUC u CcTaTUCTUKY HerlapaMeTpUueCKOro KpUTepus
BusikokcoHa yka3zaHo B pabore @ocert (Fawcett), MoHorpadguu Biacoga.

4.2.8. Kanna Ko3Ha

115 oLjeHKM cornacus JByX KaacCU(QUKaLMU pUMeHsieTcs nokasarenb — Kanna Kosna (Cohen’s
Kappa). HTepripeTaiiys Kamnmbl MOSCHSETCS B CeAyOIei Tabuiie.

3HaueHUe Karbl YpoBeHs coriacus

< 0,00 [Tnoxoe cornacue (poor)

0,00 - 0,20 Heb6osbimoe cornacue (slight)

0,21 -0,40 YnoBnetBopuTesibHOe cornacue (fair)

0,41 - 0,60 Cpennee cornacue (moderate)

0,61 -0,80 CymiectBeHHOe coriacue (substantial)

0,81 -1,00 [TouTtun npekpacHoe cornacue (almost perfect)

Beruriciienye BEIOOPOUHO OLIEHKH KarlIibl IIPOM3BOAUTCS 110 (hopmyrie
K=

I7ie po — JOJISL CJydaeB, OTHOCUTE/ILHO KOTOPBIX CyIIleCTBYeT COIVIacue,
De — [0S CTy4aeB, OTHOCUTE/IbHO KOTOPBIX 0)KU/IaeTCsl CorviacHe.
YHoMsiHyThIe 10/ BBIYUC/SIIOTCA 10 (hOpMysiaM, COOTBETCTBEHHO,

Copyright © 2017 Igor Gaidyshev



@ The ME.com

_Ny Ny

non oy
LRI Y

nn o non
T7ie 1 = Ny + N1 — YUCJIEHHOCTh MePBOM CTPOKU TaOJTHLIBI,
C1 = Ny + Ny — UUCJIEHHOCTH TMIEPBOTO CTO/1011a Tab/IUITBI,
I'> = Ny1 + Ny — YUCJIEHHOCTb BTOPOU CTPOKH Tab/ULIB,
C2 = N1z + Ny — YACTIEHHOCTb BTOPOTO CTO/I0I[A Tab/HIIbI,
n =Ny + Ny + Ny + Ny — YUCJIEHHOCTH TaOJTHUILIBI,
Ni1, Na1, Ny2, Ny — TYEHKK TAOTULIBL.
CraHzapTHast OlIMOKa Karmbl BLIUKC/ISETCS 10 hopmyiie

po(l- py)
n(t- p)*

[IByCTOPOHHMI [I0BepUTEbHBIM UHTEPBA/I OLIeHUBAaeMOM Kariibl BLIYMC/ISIETCS TI0 popMyJie
I, =G - w((1+p)/2) SE();& +W((1+ )/2) -SE(K)),

rae W(.) — obparHast GyHKIMs CTaHJaPTHOTO HOPMa/IbHOTO PacIipe/iesieH s,

B — moBepuTeNbHBIN YPOBEHb, BLIDaKeHHbIN B JOJSX.

SE(K) =

Cwm. moHorpacduto @neiic (Fleiss) c coarr., ctatbu Kosn (Cohen), Kprocon (Crewson), ®neiic,
bpaiinrron (Bryington) c coBT., KoctuHa, 3acnaBckoro c coasT., Buepa (Viera) c coasr., Jlu (Lee) ¢
coaBrt., Kynzen (Kundel) c coaBT. B3BellleHHyt0 Kariy Takke paccmotpesnu KosH, ®relic ¢ coaBT.
Pacuet fioBepuTe/IbHBIX MHTEPBAJIOB OL[eHMBaeMOM Karllbl CM. TaKXe B CTaThbsix biskmMaH
(Blackman) c coaBr., I'apuep (Garner), I'apHep ¢ coaBT.

FnaBa 5. TOUuHble KpuUTEepun

5.1. BBegeHue

TouHble (exact) METO/IbI TPOBEPKH CTaTUCTUUECKUX FMIIOTe3 MHAUe U3BECTHBI KAK KOMOMHATOPHBIE
(nepectaHoBouHbIe, permutational). OTMeTHM, UTO TOUHOCTD 3/leCh TOHUMAETCsI B CMBbIC/Ie
pelilieHus 3a/lauk C yCTaHOB/IeHHBIMU OTPAaHUYEHUSIMU U TIPUHSTHIMU JI0MYI[eHUSIMU UCTIO0/Ib3yeMOM
cTatucThyecko Mmoienid. K JaHHOM rpyrine KpUutepreB Tak)ke TIPUHATO OTHOCHUTH METOABI, JIJist
KOTOPBIX M3BECTHBI TOUHBIE pacripezie/ieHusl CTaTUCTUK KPUTepHeB.

VimeeTcst HECKOJIBKO COOOpa’keHU OTHOCUTETBHO T0J/Ie3HOCTH TOUHBIX HerapaMeTpruyeCcKuX
METO/I0B:

* [apaMeTpuyecKue MeTO/bl MOTYT ITPUMEHSIThCS, TOILKO eC/IU JI0Ka3aHa HOPMabHOCTh
pacripeiesieHus (cM. r1aBy «IIpoBepka HOpMa/JbHOCTU PacIipe/ie/ieHNsi») aHaIu3UpyeMbIX
BbIOOPOK, HO SMIUPHUUECKHe BBIOOPKH, MOTyUeHHbIe B PeabHbIX SKCTIepUMeHTaX, 04eHb
YyacTo He sIBJISIIOTCS HOpMasbHO pacripefie/ieHHbIMHU.
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*  MapaMeTpUuYecKHe MeTO/bl MOTYT MPUMEHSTHCS [Jis1 OOJBIINX BLIOOPOK. PeasnbHbie
BBIOOPKM YacCTO COJiep>KaT HeOOJIbIIIoe YMC/I0 BAPUAHT.
Tlepep npuMeHeHEM JIFOOOT0 CTaTUCTUUYECKOTO MeTo/ja HE0OX0IUMO YOeJUThCs, UTO MPOBEPSIeTCs
CTaTUCTUUECKAsl 3HAUMMOCTD Pa3/IMuKii IMEHHO TeX TTapaMeTPOB BbIOOPOK, KOTOPbIE HHTEPECYIOT
UCCIIe[IOBATeIs], @ TAKXKE B TOM, UTO METO/, COOTBETCTBYET LIIKasie W3MePeHHs UCXOJHbIX JaHHBIX
(mpu3sHakoB). I1pu BeIOOpe MeTofia, HeaJeKBaTHOTO IIIKajie U3MepeHUs TIPe/[CTaB/IeHHbIX JIaHHBIX,
TI0JTyYeHHbII YUCIOBOM pe3y/ibTaT pacueTa MOXKET 0Ka3aThCsl JIMIIEH KAKOro—1ubo CMbICIa.

5.2. TeopeTnyeckoe o60cHoOBaHue

Bce TouHbIe KpuTepuM 6a3UPYIOTCS HA BO3MOYKHOCTH TOUHOTO BBIUKC/IEHUs] P—3HaueHwsl.
OCHOBHO TPYNITON TOUHBIX KPUTEPHUEB SIB/SIOTCSI METO/[bl, OCHOBaHHbIe Ha TlepecTaHOBKaXx.
ANTOpUTMBI METOJJOB TIO3BOJISIFOT BBIYUC/IUTE TOYHOE P—3HaueHue, 3Hasi YMC/I0 0/1arorpusTHBIX
MCXOJI0B U 00I11lee UMC/I0 UCXO/0B OIbITa, NPe/ICTaB/Isolee OO0 Bce MbIC/MMble BAPUAHTbI
ucxona. CremoBaresibHO, TTPY BBIYMCIEHUN KPUTEPHEB He 130eKaTh MpUMeHeH!s] KOMOWHATOPHBIX
aJITOPUTMOB 1 BBIUMC/IEHUS AUCKPETHBIX (YHKLUM pacripe/iesieHusi, KOTopble MOT'YT ObITh OUeHb
TPYAOEMKUMH B peann3aliu, 0COOeHHO /yisi 0O/BILINX BEIOOPOK.
K TouHbIM KpUTepusM (exact tests) OTHOCSATCS:

*  KpWUTepHi PaHZOMU3ALUH /ISl He3aBUCUMBIX BBIOOPOK,

*  KpUTepuil paHJOMU3AL{UH [JIsl CBSI3aHHbBIX BbIOOPOK,

* KpuTepuii BUIKOKCOHa /1711 He3aBUCHMBIX BBIOODOK,

* KpuTepuii BUnkokcoHa /s CBsI3aHHBIX BbIOOPOK,

*  TOYHBIK MeTOA Pulliepa,

* kpurepuii bapHapga,

* kpurepunt Mak—Hewmapa,

*  KpUTepHil 3HAKOB,

* KpuTepuii cepuii Banbia—Bonbdosuria.
I[Tpu popmynupoBaHUM Hy/eBOM FMIOTe3bl 00s13aTe/IbHO C/le/lyeT yKa3blBaTh, KaK/e KOHKPEeTHbIe
TlapaMeTphl SMITUPHUYeCKHUX BEIOOPOK CPABHMBAIOTCS C TIOMOIIIBIO MCIIO/B3YeMOTO KPUTEPHSL.
[ManHast uH(opMaLys MPUBOJUTCS B OMMCAHUN KaKAoro Kputepusi. Hy)KHO yKasbIBaTh 3TO B
Hay4YHOU MyO/MKaLuy, YToObI UMTaTe/ b UMes BO3MO)KHOCTh IIPOBEPUTD TIPAaBHU/IBHOCTD
paccyxzeHuit aBropa. B Tabnuiie ykasaHbl TeCTUpyeMble ITapamMeTpbl BEIOOPOK /17151 pa3/IMuHbIX
KpPUTEpHEB.

Tectrpyemsle rapameTpbl TOuHBIN CTaTUCTUUECKUW KPUTEPUI

[Tonoxxenue: cpepHee w/unu Meauana (location  Pangomu3sanuyu, TouHbli MeTog duitiepa,

tests) kputepui bapHapga, cepuit Banbna—
Bonsdosuiia, kpurepuit Mak—Hemapa,
BunkokcoHa

DyHKLMA pacrnpefesieHust 3HaKoB
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5151 monb30oBaTesiell peKOMeHYIOTCSI POCThIe U MPpaKTUUeCKre UCTOYHUKU, HallpuMep,
repeBe/leHHbIe Ha PyCCKUi si3bIK MoHOTpadusi KeHziasia ¢ coaBT. U KHUra PyHuoHa.
CpaBHUTeJIbHBINA 0030p KpUTEpHeB A1Jisi IPOBEPKU OIHOPOJAHOCTH TabJTUL] COMPSDKeHHOCTH
npuBoauTCS B ctatbe Mexpotpa (Mehrotra) ¢ coart. O630p nogxozmoB @uriepa u bapHapaa K
aHam3y Tab/MI] COMPSPKEHHOCTU CM. B pabote MaptuHa AHjipeca (Martin Andres) ¢ coaprT.

5.2.1. Kputepuin paHgoMmmsauum gnst HesaBUCUMbIX BbIOOPOK

KpuTepuii pangjoMu3aiiiv KoMroHeHT Puiiiepa (kpurepuii panaomu3aiiuu duitiepa—TTuTmana) asis
HEe3aBHUCUMBIX BEIOOPOK MPUMEHSIeTCS [I/Is TIPOBEPKU HY/IEBOM TUIIOTe3bl O TOM, OTOOpaHbI JIU /1Be
HEe3aBHUCUMbIe BBIOOPKH M3 COBOKYITHOCTEH C O[MHAKOBLIMY CPeIHUMH 3HAaUeHUsIMU. BbIOOpKU
JIO/DKHBI TIPUHA/IJIEXKaTh KOJTMUeCTBeHHOM IITKae.

Kputepwuii paHZjOMHU3alMK Ha3bIBAETCS TAKXKE KPUTEPHEM IT€PECTAaHOBOK, BLIODOPOUHOE
pacripe/iesieHrie KOTOPOT'O MPY Ka)KI0M BBIUMC/IEHWH [IOJDKHO OBITh IMTOJTyueHO 3aHOBO repebopomM
BCEX BO3MOKHBIX UCXOJIOB.

Metopuka Tecta 6a3upyetcsi Ha ujjee iepebopa Bcex KOMOMHaIMiA Hab/rogaeMbIx 0TMeToK. [TycThb
JIaHbI [1B€ BBIOOPKU: X;, i = 1,2,...,n,, U y;, i = 1,2,...,n,, 711 Ny, N, — YUCJIEHHOCTH BBIOOPOK. CymMma,
MeHbIlIasi U3 IBYX HaO/rojaeMbIX, OyzeT

n, n,
S =min Zx,.,Zyl. .
i= i=

Yucno 6JIaFOHpI/I${THLIX HNCXOO0B BBIUMUC/IACTCA I10 q)opMyne

o 0,s, <S8,
N :Zzniani =

P Ls, =S,
rZie n; — OLleHKa i—T0 UCX0/a,

cr o
no— 06Lqee YKMCJ/I0 UCXO0A40B — UKMCJ/IO COUYeTaHUHU M3 n 110 m,
n = ny + ny — YUCJI€HHOCTh 06’beAI/IHEHHOI\/JI BbI60pKI/I,

m — YKC/IEHHOCTb BLIOOPKH, COOTBETCTBYIOIIe MUHHUMAIbHON cymme
m
p— 2 — m
s, —sz,l =L...,C)",
Jj=

rae zj, j = 1,2,...,m — MacCUB cOueTaHUl U3 00beIMHEHHOMN BBIOOPKH.
[IBycTopoHHee P—3HaueHWe BBIYUC/ISIETCS TI0 (hopmysie
b= N
o4
Yl CPaBHUBaeTCs C 33/laHHbIM YPOBHEM 3HAUMMOCTH.
[Tpu GOMBIIMX YHUCTIEHHOCTSIX BEIDOPOK BMECTO OMMCAHHOTO 3/1€Ch KPUTEPUs PEKOMEHYETC s
nipuMeHsITb W—KpuTepuii BunkokcoHa (cm. maBy «HemnapameTpuueckasi CTaTUCTUKa» ),
SIBJISAFOLLUMCS. KDUTEPUEM PAHTOBOWM paHJOMU3al[1H.
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CM. Takxe ornvcaHue u ripumep kputepus [IutmaHa—Y314a B MoHorpaduu daiiHiTaiH
(Feinstein). Cm. cripaBouHUK PyHUOHa, ctathu [Tutmana (Pitman), Kaitzepa (Kaiser), MmoHorpaguu
durepa (Fisher), 3urens (Siegel) c coaBT.

5.2.2. Kputepuin paHgoMmusauum ans cBs3aHHbIX BbIOOPOK

Kputepuii pangomu3ary kKoMroHeHT ®duiepa (kputepuit pangomusanuu ®uinepa—Ilutmana) asis
CBSI3aHHBIX BEIOOPOK NIPUMEHSIETCS /1/1s TPOBEPKH HY/IeBOW TUTIOTe3bl O PaBeHCTBE CPeIHIX
3HaueHWH JIByX CBsI3aHHBIX COBOKYTHOCTell. BbIOOpKY /10/KHBI ITPUHA//IeXAaTh KOJTMUeCTBeHHON
LIKase.

Kpurepwuii paHzoMU3a1 Ha3bIBAETCS TaKXKe KpUTepHeM TIepeCcTaHOBOK, BEIOOPOUHOe
pacrnpe/iesieHre KOTOPOTO MPY KaXKZ0M BBIUMC/IEHUH JJO/DKHO OBITh MOTy4eHO 3aHOBO Tiepebopom
BCEX BO3MO)KHBIX UCXO/IOB.

OCHOBHBIM MOMEHTOM B peany3aljii KpUTepusi sIB/sieTCsi epebop BO3MOXKHBIX HCXO/I0B,
TIOCTPOEHHBIX U3 Pa3HOCTHBIX OTMeTOK. [1yCThb 1aHbl 1Be BBIOOPKY: X;, Vi, i = 1,2,...,n , TA€ N —
YKCJIO Tap 3KCIIepUMeHTa/IbHBIX 3HaueHui. Torza cymMMa MaccrBa pa3HOCTHBIX OTMETOK OyzieT

S ZZn'si.
i

OmnpeaenyM 3HaUeHHsI Pa3HOCTHBIX OTMETOK:
n
—_— L n
s, —Zai].(xj - yj.),l =1,...,2",
Jj=

rae a;, 1= 1,2,...,2n; j = 1,2,...,n — 371leMeHTbI MaTPULIbI BO3MOKHBIX UCXO/I0B.
OTMeTHM, YTO B HEKOTOPBIX UCTOYHUKAX Pa3HOCTh BapHUaHT B MOKa3aHHOM BbIIIe opmysie OepeTcs
o mozaymo. OHako aHam3 GopMyIibl TIOKa3bIBaeT, UTo B Iporjecce nepebopa oreparys B3STHS
MOZY/1sl B JaHHOM C/Ty4ae 3HayeHUs He UMeeT.
Cucremaru3auuio nmepebopa Bcex BO3MOKHBIX MCXOJ0B YZ[00HO IPOBECTH B COOTBETCTBUH C
OPTOrOHa/bHBIM TJIAHOM 3KCIIepPUMeHTa NepBoro nopsika. Pasmep mosHOro opToroHaabHOIO MJlaHa
cocTaB/sieT 2n CTPOK Ha N CTOJIOIIOB, MpUUeM j—i CTos0el] pa3MepoM 2n TIpeZicTaB/sieT coOoi
yepelyIoIMecs C marom 2j ' Bemmunnel +1 1 —1, j = 1,2,...,n.
Yucsio 6/1aronpUsITHRIX MCXOZ0B BBIUKMC/ISIETCS 110 (hopMyIie:

2 0,s. <8,
N ZZ n,n, = '

P Ls, =S.

[IBycTopoHHee P—3HaueHue, BLIYUC/IsiEMOe 110 opmyrie

_N

=2

CpaBHMBAETCS C 3a/laHHBbIM YPOBHEM 3HAUMMOCTH.

[Tpu GOMBIINX YHC/IEHHOCTSIX BEIDOPOK PEKOMEHYeTCsl IPUMeHsITh T—-KpuTepuii BUskokcoHa (CcM.
rnaBy «HernapameTpuyeckasi CTaTUCTHKA» ), SIB/SIFOLMNACS KpUTepHeM PaHTOBOM paHJOMU3aLliu.

p
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CwM. cripaBouHUK PyHuoHa, crathu [TuTMana (Pitman), Katizepa (Kaiser), MoHorpaduu ®uiiepa
(Fisher), 3urens (Siegel) c coaBt. O6 opTOrOHaNBHBIX TUIaHaX cM. MoHOTpaduu [leddiepa
(Scheffler), Koprikora, MoHTrOMepH.

5.2.3. Kputepuit BUnkokcoHa ansi HesaBUCUMbIX BbIOOPOK

Kpurepuit BunkokcoHa /i7isi He3aBUCUMBIX BBIOODOK SIBJISIETCSI @HAJIOTOM KPUTEPUs paH/[OMHU3aLin
/151 He3aBUCHMBIX BHIDOPOK C TOW pa3HUIIeH, UTo BCe OrepaLyi MPOM3BOASATCS He Hafl BApUaHTaMU
BBIOODOK, a HaJl UX PaHTaMH.

MeTo/, MeeT Te >Ke OrpaHUuUeHUs], UYTO ¥ KPUTePUM paHZOMM3aLUY, YCTyIaeT eMy B MOLHOCTH, HO
He YCTyIaeT B TPYZ0EeMKOCTH BbIUMC/IEHMI M IO3TOMY HaXxOWUT OrpaHUUYeHHOe NTPUMEHEeHHe.

15t 6ombIMX BEIOOPOK CJle/lyeT UCTOIb30BaTh aCUMITTOTUYeCKUd W—KpuTtepuii Bunkokcona (cm.
rnaBy «HenapameTrpuyeckasi CTaTUCTHKA» ).

O TOUHOM BBIYMC/IEHUU KpUTePUsi BUIKOKCOHaA /ijisT He3aBUCUMBIX BbIOOPOK cM. bpayHiu, Yukca.

5.2.4. Kputeput BUnkokcoHa Ans cBsA3aHHbIX BbIGOPOK

Kpurepuii BUnKoKcoOHa [i71sl CBSI3aHHBIX BBIOOPOK SIB/ISIETCS AHA/IOT'OM KPUTEPHSI PaH[OMHU3al[|UH ISt
CBsI3aHHBIX BLIDOPOK C TOM pa3HHLieH, UTO BCe orepaliiy MPOM3BO/ASATCS He HaJl BapUaHTaMu
BbIOOPOK, a HaJj UX PAaHTaMH.

MeToz nMeeT Te ke OrpaHUYeHHs], UYTO U KpUTEPUN PaHIOMU3aLUH, yCTyNaeT eMy B MOLJHOCTH, HO
He yCTyIaeT B TPYAOEMKOCTU BbIUMC/IEHUM U I03TOMY HaXOAUT OrPaHUUEHHOe TIPUMeHeHue.

7151 6oMbIIMX BEIOOPOK C/IeAyeT UCTI0Mb30BaTh aCUMITOTHYeCKU T—Kputepuii BUIKOKCOHa,
peann30BaHHbIN B 1aBe «HemapaMmeTpruueckasi CTaTUCTHKA».

O TOYHOM BBIYMCIEHUU KpUTEpHsi BUIKOKCOHA /Ijisi CBSI3aHHBIX BLIOOPOK cM. BpayHu.

5.2.5. TouHbIn meTOA PuULLepa

Tounblii Metog, @uiiepa (Kkputepuii duiiepa, TouHbl MeTo @uiliepa—IpBUHa, KpUTEpUi
duiepa-VpsuHa, Fisher’s exact test, Fisher—Irwin test, Fisher—Yates—Irwin exact test)
TIPYMeHSIeTCS /IS IPOBEPKH HY/IeBOM T'MITOTe3bl O TOM, OTOOPAHBI /1 /iBe UCCielyeMble OMHapHbIe
BBIOODKM U3 TeHepasIbHbIX COBOKYITHOCTEH C O[MHAKOBOM YaCTOTOW BCTPEYAEMOCTH M3yUaeMOoro
3¢ dekra. PaccmarprBaembIii MeTO/, TIpefHa3HaueH /711 00paboTKM Tak Ha3bIBaeMbIX
YeThIPEXIIO/IbHBIX (YeThIPEXK/IETOYHBIX) TabuL, Wiv Tabnui Tvma 2 x 2. JI1si IpuMeHeHUst
KpUTepHs aHa/IM3MpyeMble BBIOOPKH [JO/DKHBI PUHA/I/IEXKATh JUXOTOMUYeCKOH 1TKasie U3MepeHMsl.
[TpuHSTO, UTO UCXOAHBIE BBIOOPKHU /I0/DKHBI COCTOSITH TOJIBKO U3 HYJIEH 1 e[JMHUL], TIPUYEM HY/b
O3HayaeT OTCYTCTBUe NpU3Haka (3¢ ¢dekra), a efMHNLIA O3HaUaeT HaMuKe rpusHaka (3¢pdekra).

Hanmuuue s¢dexra A

Ha Her
Bribopka (rpynma) 1 a b M,=a+b
Bribopka (rpymma) 2 c d M,=c+d
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Cymma Ni=a+c N,=b+d n=a+b+c+d

BbruriciieHre 0lHOCTOPOHHUX [JOCTUTHYTHIX YPOBHEW 3HAUMMOCTH KPUTePUsi POM3BOJWTCS ITyTeM
CYMMHPOBAHUsI BEPOSITHOCTEH BCceX BapraHTOB p(X) 3aroHeHust Tab/IULbl COTPSPKeHHOCTH:

P, = ) p(X),
T(X)>T(Xy)
ad<bc

P =} pX),
T(X)>T(Xy)

ad 2bc

rae T(X) — crarucTtrka Banbja /7151 TeKyl1[ero BapyaHTa 3aroyiHeHUst TabuLibl,
T(X,) — craticTrKa Bab/ja MCXOHOM TaOUITBI COMPSIKEHHOCTH.
[IByCTOPOHHMUIA JOCTUTHYTBIM YPOBEHb 3HAUMMOCTH KPUTEPHs paBeH

P = p vt P L.

Cratuctvka Banbja B JaHHOM c/y4yae BBIYUC/ISIETCS IO (hopMyie.

a b

n -
T(X) = a+c b+d ’

(a+Db)(c+d) !
b+d
r7ie a — Ynrc/io HabsmoaeHui ¢ 3G dexTomM A B IepBOM BEIOOPKE,

b — uncno HabmopeHuit 6e3 addekra A B mepeoii BBIOOPKeE,

¢ — uncy0 HabmozmeHui ¢ 3¢gdekToM A Bo BTOPOi BLIOODKe,

d — uncio HabmoaeHui 6e3 addekTa A BO BTOPOi BEIOOPKE,

n=a+b+c+d-—unucIeHHOCTh TaOMUILIBI COTTPSDKEHHOCTH.

CrarucTrika Basb/ia BBIBOJUTCS B KaueCTBe KPUTEPHUATbHOM CTaTUCTHKHU.

BapuaHThI 3amo/THeHUs TaO/TULbI COTIPSHKEHHOCTU TVTAHUPYIOTCS TIPY YC/IOBUM COXPAHEHUST BCeX
MaprvHaabHBIX CYyMM. DTO 03HAYaeT, uTo /Il BCEX BADHAHTOB TaOJUIIbl MaprUHa/IbHbIe CYyMMBI N,
N,, M, M, n0/DKHBI OBITh OJMHAKOBBIMU.

HekoTopbIMM aBTOpaMu MPUBOAUTCST SKBUBa/IEHTHast (M ropaszo O6osiee ObICTpast B BEIUUC/IEHUH)
(hopmysia BerurceHus Kputepust. OT/iMure 3aK/II04aeTcsl B 3aMeHe CTaTUCTUKK Basb/ia Tekyimero
BapHaHTa 3aro/HeHUsT Tab/MULIbI ¥ CTAaTUCTUKY Basbia HCX0HOM Tab/IUI[bl HA, COOTBETCTBEHHO,
BepOSITHOCTH p(X) ¥ BePOSTHOCTb UCXOAHOU TabmuIbl p(Xo).

BMecTo yKa3aHHOM TOUHOM yC/IOBHOH BEpOSTHOCTH OMHOMHUA/ILHOTO pacrpezeieHus Ouiiiep
TIPeIJIOKUIT ICTI0/Tb30BaTh BEPOSTHOCTD TUIIEPreOMeTPHUUeCKOTO pacripe/iesieH st

a c
2(X) :Ca+ch+d :(a +b)l(c+d)(a+c)(b+ d)!.
core nla'blc\d!
n
[To 3TO MpUUKHe OTMChIBaeMbiii KpUTEPH U BCe MeTO/bl, 0OCHOBaHHbIE Ha JAHHOM Hiee,
Ha3bIBAIOTCS YCIOBHBIMU KpuTepusiMu (conditional tests). ITogpo6HbIe cooOpaXkeHus 10 JTaHHOMY
BOTIPOCY M3/I0)KeHbI B T. 1 CTIpaBOUHKMKA 110/, pefi. JIyioiifa ¢ coaBT. B 3TOM ke MCTOUHHKE OMUCaHbI

METOAUKHU IOTyUeHUA Ta6JII/I]_[ COIMpPA>XE€HHOCTH.
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Cwm. moHorpacduu BaH benb (van Belle) ¢ coarr., UepHuk (Chernick) c coagr., Jle (Le),
muccepraiuto byuana (Buchan). CpaBHUTe/bHBIN 0630p IPUBOUTCS B CTaTbe MexpoTpa
(Mehrotra) c coaBt. OnucaHve Kputepusi CM. B KHUrax Jlemana, PyHuona, ®neiica, Kenzganna c
coaBT., beprepa (Berger) ¢ coaBt. Ha ocHoBe uzien ®urnepa 11 06pabotku Tabmuig
corpsbkeHHOCTH Tura r X ¢ ®puman (Freeman) v Xoston (Halton) pa3paboTanu paciiivipeHHbIH
TECT, TIPe/ICTaB/IeHHbIN B I71aBe «KpoccTabysiys».

5.2.6. Kputepuun bapHapga

Kputepuii bapHapga (Barnard’s test) mprMeHsieTcsi /il TPOBEPKY HY/I€BOM TMIOTe3bl O TOM,
0TOOpaHkI /1 /IBe MCCielyeMble OMHApHBIE BEIOOPKH M3 TeHepaTbHbIX COBOKYITHOCTEH C
OZIMHAKOBOM 4aCTOTOW BCTpe4yaeMOCTH U3y4yaeMoro s¢dekra. PaccMaTpyBaeMblii MeTOZ,
Tipe/iHa3HAYeH Jiyisi 00pab0TKM TaK Ha3bIBaEMBIX UETHIPEXTIO/LHBIX (UeThIPEXK/IeTOUHBIX) TaOJIHLI,
vy Tabsmi Tvna 2 x 2. 17151 npyuMeHeHus1 KpUTepysl aHa3upyeMble BbIOOPKH JI0JDKHBI
TIPUHA//IeXKaTh AUXOTOMHUECKOM I11Kajie u3MepeHusi. [IpUHSTO, UTO MCXOHbIe BEIOODKH JOJDKHBI
COCTOSITh TOJIBKO U3 HyJIei U eJUHUL], IpUYeM Hy/Ib O3HayaeT OTCYTCTBUe Npr3Haka (3¢ ¢ekra), a
eIMHULIA O3HauaeT Ha/Muue Npu3Haka (3ddekra).

Hamuue s¢dexra A

Ha Hert
Bribopka (rpynma) 1 a b a+b
Bribopka (rpymrma) 2 c d c+d
Cymma Ni=a+c N,=b+d n=a+b+c+d

TouHbIi I,E[ByCTOpOHHI/II‘/JI AOCTHFHYTbIﬁ YPOBE€Hb 3HAUMMOCTH KPpUTEPUS Py ornpenessaeTcsda Kak

Py =supy D p(X.m),

0<z<l| T(X)>T(X,)
rJe T — rapameTp pacripejie/ieHus,
p(X, 1)~ BepOATHOCTH BapyaHTa 3aro/THeHuUsT TabnLb,
T(X) — cratuctuka Basbzia BapriaHTa 3arosiHeHust Tab/ULbI COTPSDKeHHOCTH,
T(X,) — craticTrKa Banba UCX0HOM TaOMUITBI COMPSIKEHHOCTH.
MakcuMyM 1jesieBoM (QYHKLIMK MOXKeT OBbITh Hali/leH C TIOMOLIbI0 MEeTO/I0B OITTUMU3aLIUH.
BeposiTHOCTh TabJTUIIBI COMPSHKEHHOCTU BBIUKC/ISIETCS T10 (hopMyrie BepOSITHOCTH OMHOMUATBHOTO
pacripeziesieHusI
p(X"ﬂ:) :C5+cclf+dﬂa+b (1 - ﬂ)Hd y
JTo nepBoe oTMuve KpuTepus bapHapza ot kpurepus ®duiepa (cMm. Tounsii metoz @uiepa). [1o
3TOM MPUYMHE U B IPOTUBOIMOJIMKHOCTb YC/IOBHBIM KPUTEPUSIM OIMKChIBAeMbIN KPUTEPUI U BCe
METO/Ibl, OCHOBAHHbIE Ha JJaHHOH H/iee, Ha3biBatoTCs Oe3ycioBHbIMU (unconditional tests).
Craructyka Banbzia B paccMaTpyuBaeMoM CJlydae UMeeT BUJ
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, a b
T(X)= a+c b+d ’
1 1
+b)c+d) —+
(@*b)e+d)| o+

T7ie a — Yuc/Io HabmoaeHutd ¢ 3¢ dekToM A B TIepBOi BLIOOPKE,
b — uncno HabmogeHM Ge3 3ddekTa A B TiepBoii BIOOPKE,
¢ — uncio HabsmogeHui ¢ 3¢dekTom A Bo BTOpOi BLIOOPKE,
d — uncno Habsmomenuii 6e3 3ddexra A Bo BTOpoii BBIOOPKE,
n=a+b+c+ d-uncieHHOCTb TabMUI[bI COTIPSPKEHHOCTH.
BbIuncsisieTcst «oNTUMaIbHOE» 3HaUeHHe rmapaMeTpa . B kauecTBe KpUTepyUanbHOM CTaTUCTUKU
BBIBO/IUTCS CTaTUCTHKA Banbja u P—3HaueHue.
BapuaHThI 3amo/THeHUs TaO/TULbI COTIPSHKEeHHOCTH TUIAHUPYIOTCS TIPY YC/IOBUW COXPaHEHUsT
MapruHaabHbIX CyMM N; ¥ No. DTO 03HaJaeT, uTo /il BCeX BADUAHTOB TaOJUIIbI 3HAUEHUST
MapruHasabHbie CyMMbI N; ¥ N, JO/KHBI OBITh OJUHAKOBBIMHU. DTO BTOPOE OT/INUME KPUTEPUS
bapnapga ot kputepust durepa. [To cyTH, 3TH [[Ba OT/IMUMS OTPaXKAlOT BCE OCHOBHBIE MOXOZbBI K
006paboTKe TabJHI] COTIPSPKEHHOCTH (KakK 2 X 2, TaK ' X C) U OMPeZe/IsiOT UX [iBa OCHOBHBIX
HarpaB/IeHUs] pa3BUTHS:

* Tlogxom ®umiepa: rurepreoMeTpruueckoe pacripeesieHue U Bce (PUKCHPOBaHHbIE

MapryHa/bHbIe CyMMBI.
* Tlogxon BapHapza: 6uHOMUanBHOE pacrpesiesieHre (C BEIYUC/IeHHEeM OITTUMAaTbHOTO
rapameTpa) U GUKCUPOBaHHbIE CYMMBI CTOJIOLIOB.

Kpurepuii bapHapza 6osiee Tpyj0eMOK B BBIYMC/IEHHH, YeM TOUHbIN MeToz Puiliepa. OTO BbI3BaHO
HeoOXOAMMOCTBIO pelliaTh 3a/jauy MOMCKa ONTUMa/IbHOTO 3HaueHus TlapaMeTpa. 3aJada yrpouaeTcs
TEeM, UTO 3aBUCUMOCTb 1]e/IeBOM (DYHKLIUHM OT JaHHOTO IapaMeTpa, Kak TOKa3bIBa0T UCC/IeIOBAHNS,
CUMMeTPHUYHA OTHOCUTEMBbHO T = 0,5 1 uMeeT popMy /MO0 «IIISIbI», MO0 «coMOpepo», B
3aBUCHUMOCTH OT COOTHOIIIEHUS YaCTOT TabMLIbI COMPsKeHHOCTH. CTpaTerust pelieHust —
cranziapTHast. Ha HauanmbHOM (ro6asbHOM) 3Tarie MpOCTHIM METOZIOM Tepebopa MpOU3BOAUTCS
TIOWMCK WHTEPBaJia JIOKa/IM3al[iy rapaMeTpa pacripeziesieHrst, KOTOPbIH 3aTeM YTOUHSIeTCS 10
HY>KHOW TOUHOCTH C TTIOMOLIbI0 OBICTPO/IEHCTBYIOIIETO JIOKATbHOTO METO/a.
[Tpu paboTe Hy>KHO yUUTHIBaTh, UTO KPUTEPH TPYZOEMOK B BHIUKC/IEHUH, TIPUYEM CHSITh 3a/jauy C
BBITTOJTHEHHSI MOYKHO, He I0KUZasiCh ee HOPMa/IbHOTO OKOHYAHMSI, TOJIbKO CPe/ICTBaMH
orepalLiOHHOMN CUCTEMBI.

OmnucaHWe KpUTEPHsI CM. B OPUTHHAJIBHBIX CTaThsAX bapHapza (Barnard), paborax Mexta (Mehta) ¢
coagBr., ctatbe MapTtuH AHzpec (Martin Andres) ¢ coaBT. B cpaBHUTebHOM 0630pe MexpoTpa
(Mehrotra) c coaBT. JaHO COBpeMeHHOe COCTOsIHHEe BOITPOCa U MpeJCcTaB/eHbl JaabHenIe
pa3Butus uger bapHapza. MeTozbl T0KabHOM ONTUMH3aLMU CM. B TTocobun Bepykourikoro.
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5.2.7. Kputepun Mak-Hemapa

Kpurepuii Mak—Hemapa (McNemar’s test) IipuMeHsieTCsI [i/1s1 TPOBEPKU HY/IeBOM IMIIOTe3bI O TOM,
oToOpaHbI 1 JIBe UCC/IeAyeMble apHble OMHApHBIE BHIOOPKY U3 TeHepa/bHBIX COBOKYITHOCTEH C
OJJMHAKOBOM UaCTOTOMN BCTpeuaeMOCTU U3yuaeMoro 3¢gdekra. PaccmarpriBaeMbliii MeTO/,
TipeJJHa3HaveH /111 00pabOTKM TaK Ha3bIBA€MbBIX UETHIPEXITO/ILHBIX (UETHIPEXK/IETOUHBIX) Ta0/IHI],
Wy Tabsui Thmna 2 X 2:

Sddext B
Ha Her
Oddext A Ha a b
Hert c d

MeToj, veanbHO MOAXOAUT /ISl aHaMU3a JAaHHBIX TUTIA «Z0 U TT0C/Ie».
BbruricyieHre CTaTUCTUKKU KPUTEPUs IPOU3BOUTCS 10 (hopMyie:

, :(|b- d- )’
b+c

rje b — unc/io UHAUBUAYYMOB ¢ HanuureM 3ddekra A U oTcyTcTBUEeM 3(pdekTa B,
€ — UMCJI0 UHAUBUIYYMOB C OTCYTCTBUEM 3¢ dekTa A 1 HanuueM 3¢ dexTa B,
Y = 0 — ec/i He HCTIO/IBb3YeTCA MOTIPaBKa Ha HeMPephIBHOCTH (IToTpaBKa siirca),
Y = 1 — ec/iu Ucrosb3yeTcs MornpaBKa Ha HENPepbIBHOCTb.
[IpencraBieHbl 3 BapUaHTa KpUTEPUS:

1. AcumnroTvka Xu—KBajpar.

2. AcCUMNTOTHKA XH—KBaJIpaT C rorpaBKoii Msiirca.

3. TouHbIi1 BapuaHT KpUTepUsl.
[To moBoAy BblUMC/IeHUs] P—3HaueHWl B TIePBbIX [IByX BapUaHTax KPUTEPUsI CM. T7IaBy
«HenapameTpuueckas CTaTUCTHKa».
TouHbII JBYCTOPOHHUIN JOCTUTHYTBIM YPOBEHb 3HAUMMOCTH KpUTepusi Py onpejensercs
CYMMHPOBaHHEM BEePOSTHOCTeN BCeX BApPUAHTOB 3arl0/THeHUsI Tab/IUIIbI, TIPY YC/IOBUM COXPaHEeHHsT
CYMMBI siueeK b v ¢ ucxofiHOM TabUIIBI, KakK
P, = Z p(X),

P(X)2p(Xy)

rae p(X) — BepoATHOCTb BapyaHTa 3aro/THeHUs Tab/IUIIbl,
p(Xo) — BepOSITHOCTh UCXOHOM TaOJIHULIBI.
BeposiTHOCTE 3ario/iHeHusT Tab/ULIbI BHIYMCISETCS 10 GopMysie OMHOMHA/TILHOTO pacrpe/iesieHust
(afanTMpOBaHHOM K JAHHOMY C/Ty4aro)

0,5 (b+c)!
PO ="
OrnucaHue KpuTepus CM. B cTaThsix beHHeTTa (Bennett) c coaBr., [lyaiiepa (Dwyer), JIugenna
(Liddell).

Copyright © 2017 Igor Gaidyshev

X



' The ME.com

5.2.8. Kputepuin 3HakoB

Kpurepuii 3HakoB ®uiliepa npeiHa3HaueH [ijist TPOBEPKU TUITOTe3bl 00 O[HOPOAHOCTH
pacripefie/ieHUsi COBOKYTTHOCTH, UTO SKBUBAJ/IEHTHO TTPOBEPKe TUIOTe3bl O paBeHCTBe (PyHKIINM
pacnpezienieHusi. Kpurepuii uacTo uCHonb3yeTcsi IpyU cpaBHEHUU 3((EeKTUBHOCTH IBYX Pa3/IMUHBIX
Croco0OO0B BO3/IeMCTBUS HA N 00beKTOB. OH MOXXET MPUMEHSITHCS M 151 CBSI3aHHBIX BHIOOPOK.
Bb160pKy MOT'YT MPUHA/|/IeXKaTh TIOPSIKOBOM WM KOJTMUeCTBeHHOM I11Kasie. TpeGoBaHWEM SIBIISIETCS
paBHasi YMCIEHHOCTb CPaBHUBAeMbIX BLIOOPOK, B TOM UHC/I€ M HE3aBUCHUMBIX BLIOOPOK. CTaTHUCTHKA
KPUTEPUsI BLIUKCIISIETCS KaK UMCIIO TI0JIOXKUTETbHBIX Pa3HOCTel BapuaHT BHIOOPOK:

B ZZS(xi’yi)a
i=l

Lx; >y,

s(x,y y) =
rae
Xi, Vi, i = 1,2,...,n — BapuaHThI BBIOOPOK,
N — YUC/IeHHOCTb KaXK/101 BLIOOPKHU.
Ecmm cpeau 3HaueHM BapUaHT eCTh COBHAJAKOIINe, T. €. X; = Y, i = 1,2,...,n, TO JaHHbIE Napbl
3HaueHWM 0TOPachIBalOTCS U, COOTBETCTBEHHO, Ha UMCJIO OTOPOILIeHHBIX 3HaUeHUI COKpaIlaeTcst
YUC/IEHHOCTD M.
TouHOe KpUTHUeCKoe 3HauUeHue KpUTepusi 3HAKOB JI71s1 TF000# UMC/IeHHOCTH BBIYMCISIETCS Ha
ocHOBe (yHKIMM OMHOMMAIBHOTO pacripe/esieHus ¢ mapamerpami (B; n; 0,5) .
715t 6osbIIMX BHIOOPOK (Ha camMoM JieJie arrpoKCHUMaLYsl XOpPOLIo paboTaeT ysKe MpU YMC/IeHHOCTH,
paBHOM 25 BapuaHT B KaX/[01 BBIOOPKe) P—3HaueHre MOKeT TaKyKe BBIUHMC/ISTHCS IT0CPEeICTBOM
HOpMaJ/IbHOM anMpoKCUMaLMyd KpUTHUUeCKOro 3HaueHus Kkpurepus. [1pu aTom MouduipoBaHHas
CTaTUCTHKA
B- EB

DB’

rge EB = n/ 2 — mateMaTuyeckKoe OXXuzjaHue,
DB =n/ 4 — gucnepcus,
pacnpezesneHa 1o CTaHJapTHOMy HOPMa/IbHOMY 3aKOHY.
Cwm. kauru bpayniy, JlemaHa.

0,x, <y,

5.2.9. Kputepuu cepuin Banbpga-BonbcoBuua

Kputepuii cepuii Banbga—Bonbdopuiia (Wald—Wolfowitz runs test) ripegHa3HaueH fijist IPOBEPKU
HYJ/IEBOM TMITOTE3bl O PABEHCTBE L[eJI0T0 Psifia TapaMeTPOB ZIBYX CPaBHHUBaeMbIX BEIOOPOK, BK/THOUAst
MearaHbl ¥ K03 dUIMeHTs acuMMeTpur. Kputepuii IpUMeHSIeTCS B C/Tyuae, eCIi UCC/Ie/IoBaTe st
WHTepeCcyeT, UMeIOT JIK MeCTO JIFo0ble pa3/Tuuusi MeXKAy COBOKYITHOCTSIMH. BbiOopku MoryT
TIPUHA/IJIEXKaTh MTOPSZKOBOM MTH KOJIMUeCTBEHHOMH IIIKajie. eCTh pacyeTa 3aK/IHuaeTcs B
o0beHeHNH BEIOOPOK C YMC/IEHHOCTSIMU Ny U N> B OJJHY BbIOOPKY 00I11eif YMC/IeHHOCTBIO Ny + Ny,
ee COPTHUPOBKE TI0 BO3PACTaHHUIO WM yOBIBAHUIO U MOZACYETE UKC/Ia CePU 3/IeMEHTOB R,
OTHOCSIIIUXCS K TIEPBOM U BTOPOM BLIOOPKaM.
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TouHoe OAHOCTOPOHHEE P—3HaueHMe CTaTUCTUKHU KpUTepHUA BBIYHUC/IAETCA KdK
R

P(l" SR) :Cnll ZE’

n+n, =2

rae BeJIMUMHLI 110 3HAKOM CYMMbI BbIYHNC/IAKOTCA TdK!:

— k-1 k-1
ISl UeTHBIX UHJEKCOB ' mtTmsl rnek =j/2,
F :Ck-ch-l +Ck-1ck-2 .
JUIS HEUETHBIX UHJEKCOB | m17m-l & =1%o e k= (7 4+ 1) / 2.

OTmeTuM, 4TO B popMmyJie [ijisi BEPOSTHOCTU He MeeT 3HaueHUsi, CTOUT B 3HaMeHaTe/ie UUC/I0
coueTaHul U3 n; + n, 10 Ny WM TI0 Ny, T. K. TT0Ka3aHo (bpayHsu), uto
Cnl _an _(nl +n2)!
m+ny, T T ngtn, T 1,1
n,!n,!
B acumnToTnyeckoii Bepcur KpuTepus (cm. rnaBy «HemnapameTpruueckasi CTaTUCTHKA») JJ1s
BbIUMCJIeHUs] P—3HaueHrs UCTI0/Ib3yeTCsl HOpMaJsibHasl anrnpoKCUMaLUs.

Mertop omvicad B MoHorpaduu bpayHiu. 3ameuaHusi 0 IpUMeHeHHH CM. B KHUTe ['aeka C COaBT.,
craTtbe KaMeHb C coaBT.

FnaBa 6. Kpocctadynauus

6.1. BBegeHue

Hpe,/:[nara}oTC;{ MEeTOAbI aHa/IM3a OAHOPOAHOCTH U COIMNPSA’KEHHOCTHU (CBFBI/I THIIA KOPPEJ'IFIL[I/II/I) B
Ta6m/1uax COMNPSA>KeHHOCTH, TT0/Iy4Ye€HHbIX Ha OCHOBE BbI60pOK, HN3MEPEHHLIX B HOMMHA/IbHOM
IIKaJse.

6.2. TeopeTnyeckoe o60cHOBaHue

Kpoccrabynsiueit (cross—tabulation, analysis of cross—tabulated data) Ha3biBatoT aHamM3
JBYXBXO/IOBBIX ([IByMEpHBIX) TaOJIHL] COTIPSHKEHHOCTH (TabJnI] CMEXKHOCTH, contingence tables) .
Tabsu1iel CONPSPKEHHOCTH BO3HUKAIOT TTPU aHa/Ii3e TIPU3HAKOB, M3MePeHHbIX B HOMUHATBHOMH
1Kasie 1160 B 6osiee BLICOKUX IIKaJIaX, TpeoOpa30BaHHBIX K HOMHUHABHOM IIIKaJle.
IByxBXO/IOBBIE TAO/IUI[BI MOTYT OBITH TIPOAHATU3UPOBAHBI METOIAMHU:
aHa/ M3 OHOPOAHOCTH (Coracusi) B Tabnuiiax TUMa r X C:

* kpurepui Kpeccun—Pupa,

* KpuTepui XeyIuHrepa,

*  KpUTepuM XW—KBaJpar,

*  KpHUTepHil OTHOILIeHUs MpaBonof00us,

* KpuTepuM 3e/TepMaHa,

* Kkputepuii ®prMaHa—Xo/TOHA.
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aHa/ I3 OHOPOAHOCTH (COT/Iacysl) ¥ CUMMeTPHH B Tabmuijax tvma k X k:

* kpurepun Ctroapra—Makcsesna,

* Kpurepuii baykepa,

* kpuTepuu bxarnkapa.

[ns vuccnefoBaHUs CONMPSPKEHHOCTH NMPU3HAKOB (CBSI3U THIIA KOPPEJSILIUU, He MyTaTh C
KOppeJIsiLiiel, KoTopasi [jisi HOMUHA/IbHBIX TIPU3HAKOB, OTPaKeHHEM KOTOPBIX SBJISIOTCS TabIHLIbI
COTIPSDKEHHOCTH, He Orpe/iesieHa), TIpejHa3HaueHsbl CrielyuaabHble MeTo/bl, KaK—TO:
*  ko3pdurment Kenzanna,
*  ko3¢pdunuent Kpamepa,
*  ko3pdurment Comepca,
*  ko3¢duLreHT conpsbkeHHOCTH [TrpcoHa.
JlicriepCcHOHHBIN aHaMM3 BEIOOPOK, MPeZCTaB/IeHHbIX TabIMLaMU THTIA I' X C, MOYKET OBbITh
BBITIOJTHEH METOJ,aMHU:

* kpurepun Kpackena—Yonmumca.
C /Ipyroii CTOPOHBI, IaHHbIe MeTO/bl OTPAXKAIOT JIBa MOJX0AA K PellieHHt0 MpobieMbl:

* Kpurepun nepBoii rpymiisl BKJIHOYAIOT B ce0s1, HapsAy C KJIaCCHUeCKUM KPUTepUeM XH—
KBa/IpaT, 0CHOBaHHbIe HA XU—KBaJpaT MeTo/bl: Ko3d¢uimeHTsl Kpamepa 1 conpspkeHHOCTH
ITupcona.

* HenapameTpuueckue paHroBble METO/IbI BK/IOUaroT: kKo3dduueHTtsl Kenganna u Comepca,
kputepu Kpackena—Yomnmuca.

Kputepuu, ocHOBaHHbIe Ha XM—KBaJpaT, C OJHOW CTOPOHBI, U KO PULIMEHTHI, Ha XU—KBa/[paT He
OCHOBaHHbIe (HaripuMmep, ko3¢ durieHT KeHzanna), MOTyT Mpy BEIUMC/IEHUU [JaBaTh pa3/IMuHble
pe3y/nbTaThl. ITO BbI3BAHO T€M, UTO KDUTEPUH, OCHOBAHHbIE Ha XM—KBa/lpaT, HeUyBCTBUTE/IbHBI K
YTIOPSIZIOUEHHIO CTPOK M CTOJIOLIOB Tab/MLIbI COTIPSDKEHHOCTH.

[ns vccnenoBaHus CONPSKEHHOCTH TTPU3HAKOB TaKyKe MpeZiHa3HaueHbl He paCCMOTPEHHbIE 3/1eCh
Mepa 1. CTbtoapTa, k03¢ uULeHT paHroBoi Koppessiuu rs CnMpMaHa, ipyrue MeTosl. Bee 3T
MeTOZbl TIpe/icTaB/ieHbl B MOHOrpadguu Adudu ¢ coaBT., BK/IHOUasi HOpMasibHbIe anrpoKCUMaliH,
TI03BOJISIFOLLME UCII0/Ib30BAaTh JaHHbIe MeTO/bl [J1 TPOBePKH 3HAYMMOCTH CBSI3U.

YKa)keM Ha 0COOeHHOCTb TeCTOB, OCHOBaHHBIX Ha pacripe/ie/leHuu Xu—KBapart. Pacripezenenust
CTaTUCTHK JAHHBIX KPUTEPHEB JIMIIb TPUOTM3UTEIEHO COOTBETCTBYIOT XU—KBa/[paT:

* CornacHo Kokpeny (cM. CeprueHKo C COaBT., €. 79), e Jijist Tab/MUIbI 2 X 2 cymMa
Tabmuibl < 20 wim cymma tabmumiisl ot 20 10 40, HO TIPY 3TOM B OIHOM U3 sTUeeK OXKuziaeMast
yacroTta < 5, TO CJ/ieiyeT UCI0/1b30BaTh He KpUTEPU XU—KBa/lpat, a TOUHbIN MeTog, duiliepa
(cM. rnaBy «TouHbIe KpUTEPUN»).

* CormacHo AntoHy (r1aBa 3), mpub/keHre paboTaeTr I0CTaTOYHO XOPOIIIO, ITOKa
OKHZIaeMble YaCTOTHI B sTYeiiKaX TaOTULIbI COTIPSPKEHHOCTH He OMYCTSATCS TPUMEPHO 10
Tpex.

OOBbeKTUBHBIMU KPUTEPHUSIMH [[OTTyCTUMOCTH aIrllpOKCUMALIN XV—KBa/IpaT sSIBJISIFOTCS TaK
Ha3bIBaeMble AnarHocTuku: CuMoHoB—llal, XabepmaHa, Myznxonkapa—Xa/icOHa U JpyTHe.
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B mpakTrke UHOT/Ia BO3HHWKaeT HeoOX0AUMOCTb MTPOBEPKU OJJHOPOAHOCTHU JaHHBIX,
TIPe/ICTaB/IeHHBIX B BU/I€ CTPOK TaO/MIIbI COMPSDKEHHOCTH, METOAAMH IUCTIEPCUOHHOTO aHa/T|3a.
Kak m3BecTHO, mocTpoeHue TabIULbl COTPSDKeHHOCTH U3 KOJTMUeCTBeHHBIX JAHHBIX MTOHMKAeT
mKasy. [Tpyu 3TOM BOCCTaHOB/IEHHE UCXO/IHBIX IaHHBIX 110 UMEFOIIeCst Tab/uIe HEBO3MOXKHO.
OjHako B c/iyyae, eC/Id UCXO/HbIe laHHble ObTH MOPSJKOBBIMU, TIOHM)KEHUS LITIKaJIbl He
TIPOUCXOAUT (XOTS UCXOJHbIE JJaHHbIE TAKXXe BOCCTaHOBUTDH He/b35).

115 ipoBefieHus1 IMCIIePCUOHHOTO aHaIn3a UCXOHBIX TOPSAKOBLIX JAaHHbIX U [JAHHBIX,
BOCCTaHOBJIEHHBIX TI0 Tab/MIle CONMPSHKEHHOCTU, MOT'YT MPUMEHSTLCS O/IHU U T€ K€ METObI
HerapaMeTpUUeCcKoro JUCIepCHOHHOr0 aHanr3a. Pe3ynsratr HermapaMeTpUueckoro UCIepCMOHHOTO
aHa/IM3a BOCCTAHOBJIEHHBIX C TOYHOCTBIO /10 KO3((MHUI[UEHTOB JJaHHBIX Oy/IeT COBIa/aTh C
pe3yJ/ibTaTaMH aHa/Ii3a UCXOAHBIX TIOPSIKOBBIX IaHHBIX. [laHHAsi BO3MOKHOCThH 00ecrieurBaeTcst
TIpOLielypPOi paH)KMPOBaHUS, MPUMeHSIeMbIX B IaHHBIX METO/AX.

Ha cnenyroiijem rnprMepe roka3aHa BO3MOXKHOCTb BOCCTAHOBJIEHUS TTOPSIIKOBOM BEIOOPKHU U3
CTPOKH Tab/MIIbI CONPSDKEHHOCTHU. [1yCTh MMeeTcst Tab/niia pe3y/IbTaToOB JIEUeHUSs 7t TPYIIIbI
MalueHTOoB.

Pesynbrar neueHust

[1oxo YnosnerBopuresnbH Xoporio
)
I'pymnmna 1 2 5 10 17
['pyrna 2 5 4 4 13

He vMeeT 3HaueHus /17151 HeTlapaMeTPHUUeCKOro AMCIIePCUOHHOTO aHa/i3a, Kakue BeJIMUMHbI UMeJd
Te W/ UHbIe BAPUAHTHI /10 TIOCTPOEHHUS TaOJHULIBI COTIPSHKEHHOCTH, OHAKO UX COOTHOLIEHHEe
JO/KHO cobsroziaThest. [lo3TomMy AiJisi oTipe/ie/ieHHOCTH MOYKHO BbIOpATh KOJUPOBKY: TIOX0 — 1,
YAOBIeTBOPUTENILHO — 2, X0polo — 3. B noka3aHHOM niprMepe MOXXHO BOCCTaHOBUTh UCXO/HbIE
TIOPSIIKOBbLIE BBIOOPKU:

1. TI'pynna 1 (umcnenHocts 17):11222223333333333,

2. T'pynma 2 (umcneHHocTs 13):1111122223333.
[lanHbIe BLIDOPKU MOTYT OBITh ITPOaHaIM3UPOBaHbI TFOOBIMU HeTlapaMeTpruueCKUMH MeTOJaMH1
JMCIIePCUOHHOTO aHasr3a. [1py BoCCTaHOBIEHUU UCXOJHBIX TTOPSAKOBBIX JAHHBIX U3 TaOJIHI]
COMPSDKEHHOCTH Hern30e)KHO TOsIB/IeHHe CBSI30K, TI03TOMY TTPUMeHsieMble MeTO/[bl, KaK BapHUaHT
MeTozia Kpackena—Yosuirca, UCTIONb3YIOTCS TOJTBKO C YUeTOM CBSI30K.
[TpencraBneHHbIe TapaMeTphl COTIPSPKEHHOCTH (CBSI3W TUIIA KOPPEJISL{UMM [i/Isi HOMHUHA/IbHBIX
TIPM3HAKOB) MOT'YT MPUMEHSTHCS B KaueCTBe TI0Ka3aTe/iell CTaTUCTHUeCKOW 3HAUMMOCTH CBSI3U
MeXXJy TIpr3HaKaMu. [laHHy1O CBsA3b [JOMyCTHMO MHTEePIPeTUPOBATh KakK KOPPEeJSIMOHHYI0, HO
HeJib3sl Ha3bIBaTh KOPPeJISiLiUel, T. K. /I/is HOMUHA/IbHBIX TIPU3HAKOB KOPpeJIslivs He orpe/ierneHa.
[TosTOMy myylile UCIOIB30BaTh TEPMUHbBI «COTPSHKEHHOCTb» UM «CBSI3b THIA KOPPeJISLUN».
[MToapobHee 0 KOppesAyY CM. « KOppesiijuOHHbINA aHaI|3».
Adudu c coaBt. npuBoAAT 00IIIyI0 POpMysy pacueTa NoKasaresel, A/l KOTOPBIX HeU3BeCTHO UM
3aTPYyAHUTE/ILHO BbIUMC/IEHHe KPUTUUeCKUX 3HaueHul. Micronb3yeTcs TOT (aKT, UTo CTaTUCTHUKA
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X
—’
N DX
rae X — cTaTUCTUKA KpUTepUs,
DX — gucniepcus,
aCMMITTOTUUECKH MMeeT CTaHJapTHOe HopMasibHOe pacnpegenenue N(0,1).

z =

6.2.1. Kputepuin Kpeccn-Pupa

Kpurepwii Kpeccr—Puza (power—divergence family Cressie—Read) siBnsiercst Hanbosee o061y
METO/IOM aHa/iu3a OIHOPOJHOCTH TabJUL] COTPSKeHHOCTH. BbluncieHre KpyUTepysi IPOU3BOAUTCS
o gopmysne
rc 2 A 8
CR(A) = —— A4 || L] -1,
) %é/l(l+/1) “INE

i

rae Ay, i = 1,2,...,r; j = 1,2,...,c — 3a/]JaHHbIE YaCTOThI TaOJULIbI COTIPSHKEHHOCTH,
Ej, i=1,2,..,r;j=1,2,...,c — ®KiJaeMble YaCTOThI TaOULIbI COMPSHDKEHHOCTH,
I' — UUCJI0 CTPOK TabJUILIbI COMPSHKEHHOCTH,
C — YMCJI0 CTOJIOLIOB TAaOJUIIBI COMPSIKEHHOCTH,
A — mapameTp, paBHbIH 2/3.
[To yc/ioBUsIM BBIUMC/IEHUST CTaTUCTUKY KpuTepusi, ipu A;; = 0, Bo n30e)kaHue YMC/IeHHbIX Tpobsiem,
YCJIOBWINUCH CUUTaTh, uTo Ayl...] = 0.
O>kuiaeMble YaCTOThI BBIUKCISIFOTCS 110 hopMyrie
_ ni.n,j . .
E;, = , i =12,..,r;j =12,...,c,

C
n,o =) A0 =12,.,7,
k=

rae

n, =) Ay j =12,..c,
k=l

roc
h :Z Z 4,
SNE! — o01jee urcsio HabMOAeHUH.

CTaTHUCTHKA KPUTEPUS MTOJUUHSIETCS pacIIpe/ie/IeH|I0 X2 C UMC/IoM cTerneHer cBobogpl (r — 1)(c — 1).
[IpencraBneHHbIM KpUTEPUH SIBISIETCS OCHOBOM CEMEeNCTBA TeCTOB, KOTOPbIE T0/Iy4atoTCs B
pe3ysibTare TOro Wi MHOTO Bbibopa napametpa A. Haripyimep, MOKHO MO/TyUXTh MPH 3HAYEHUSIX
rapameTpa:

* A =1-Kpurepuii Xu—-KBajipar ,

* A =0 - KpuTepuii OTHOLIEHHS MPABAONOA00US.
Haxopst nprMeHeHre U Jpyrye 3HaueHus apaMeTpa, B TOM UKC/ie OTpULiaTe/bHEIe.

— CYMMBI CTPOK Ta0JHLIbI COTIPSHKEHHOCTH,

— CYMMBI CTO]I6L[OB Ta6JII/IL[bI COTIpSA’KEHHOCTH,

Cwm. pa6otsi oH [aBwe (Von Davier), Bpaeo (Bravo), ba3y (Basu) c coasT.
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6.2.2. Kputepunn XennuHrepa

Kpurepuii Xennmvnrepa (blended weight Hellinger) siBnisieTcst MeToioM aHanM3a OIHOPOZAHOCTH B

Tab/MIIaX COMPSDKEHHOCTH. BhIuKc/ieHre KpUTepust IPOU3BOAMTCS T10 (hopMyJie
2

roc A - E.
BWH(a) =) Y S ,

i jd a,‘[AU +(1' O{)HElj
rae Ay, i = 1,2,...,r; j = 1,2,...,c — 3a/]JaHHbIE YaCTOThI TaOJIULIbI COTIPSHKEHHOCTH,
Ej, i=1,2,..,r;j=1,2,...,c — ®KAJaeMble YaCTOThI TaOULIBI COMPSHDKEHHOCTH,

I' — UUCJIO CTPOK TaOJIUIIBI COMPS)KeHHOCTH,

C — YMCJI0 CTOJIOLIOB TAaOJUIIBI COMPSIKEHHOCTH,

o — rlapaMeTp, paBHbIi 1/2 numm 1/9.

O’krZiaeMble YaCTOThI BEIUMC/ISIOTCS 110 JopMyIie
_ ni.n,j . .

E;, = , i =12,..,r;j =12,...,c,

C
n, =) A0 =12,.,7,
k=

rae — CYMMBI CTPOK Ta0JHLIbI COTIPSHKEHHOCTH,

n, =X 4. =12..c.
k=l
n :ZZAM

SNE! — o0111ee urcso HabMOAeHU .
CTaTHUCTHKA KPUTEPUS MOJUUHSIETCS pacIIpe/ie/IeH|I0 X2 C UMC/IoM cTerneHel cBobogpl (r — 1)(c — 1).

— CYMMBI CTOJI6L[OB Ta6JII/IL[bI COTIpSA’KEHHOCTH,

Cwm. pabotbl bxarrauapbst (Bhattacharya) c coasr., Ba3y (Basu) u Paii (Ray) c coaBT.

6.2.3. Kputepun xu-kBagpar

Knaccryeckuii Kputepuil xu—KBazipat (Kputepuii xu—kBazpar IlnupcoHa, Pearson chi—square test,
Pearson’s X? test) siB/IsieTCsl CTaHAAPTHBIM [|JIs1 aHaM3a TabJuLl ConpshbkKeHHOCTU. Brruncnenue
KpUTepHsi IPOM3BOUTCS 110 (hopmyrie

ool -g)
X — y y
=S5
IENE] i
rae Ay, i = 1,2,...,r; j = 1,2,...,c — 3a/laHHbBIE YaCTOThI TaOJUIIBI COMPSHKEHHOCTH,
E;i=1,2,..,r;j=1,2,...,c — 0)KHUaeMble YaCTOThI TaOJ/IHI[bI COTIPSKEHHOCTH,
I' — YUCJI0 CTPOK TabJUIIBI COMPSDKEHHOCTH,
C — UMCJIO CTOJIOIOB Tab/UI[BI COTIPSIKEHHOCTH.
O>kulaeMble YaCTOThI BBIUKCISIFOTCS 110 hopMyrie

mn; . .
E;, = . ,i=12,...,r; ] =1,2,...,c,
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C
n,o =3 Ay,i =127,
k=

rae — CyMMBbI CTPOK Tab/IULIbI COTPSDKeHHOCTH,

n; =) Ag.j =12,..c,
k=1

r C
n=3 4
SNE — ob11ee uKMc/I0 HaOTIOEHUIA.
15t 6onbIIMX BEIDOPOK CTAaTHCTHKA KPUTEPHS TIOJUMHSIETCS pacIipeZie/IeHUo X2 C UMC/IOM CTeTleHei

cBoboge! (r—1)(c —1).

— CYyMMBbI CTO/IOI[OB TaOJUIIBI COMPSHKEHHOCTH,

CwM. pabotel MexTa (Mehta) c coarrt., Ctaddopza (Stafford). B pabore Mynxonkapa (Mudholkar) u
Xarcona (Hutson) npoBe/ieH aHa/iM3 BO3MO)XHOCTH allpOKCUMALUW pacrpeziesieHust CTaTUCTUKU
KpUTEpUsi, BBeJIeHbI T. H. IMArHOCTUKM, KOTOPbIE TMO3BOJISIFOT CYAUTh O IPaBOMEPHOCTH JJaHHOU
rpoLe/lyphl.

MopuduKau KpuTepusi XM-KBa[paT Jijisl aHa/lk3a MHOTOBXO/IOBBIX TaOJIUL] COMPSIKEHHOCTU CM. B
MoHorpaduu AnToHa, ctathsix Kacrenbayma (Kastenbaum) c coasr., I'yamana (Goodman).
Moaudukaryst KpuTepusi XU-KBa/[paT [/Is aHair3a Tabmul] COnpsyKeHHOCTH TUMa 2 X k HoCuT
HauMeHOBaHue Kputepus TpeHza KokpeHa-Apmureiimka (Cochran—Armitage test for trend) u
nipeficTaBieHa Arpectu (Agresti, 2002). Oco6eHHOCTBIO KPUTEPHS SIB/SIETCS BBe/IeHHE T. H.
BeCOBbIX (DYHKI[MH, TO3BOJISIOIIUX (POPMY/IUPOBAThH Pa3/IMUHbIe HY/IeBbie TUIIOTe3bl B paMKaXx
TIpe/iCTaB/IeHHOW TabULIBI.

6.2.4. Kputepuin oTHOLEHMA NpaBgonoaoous

Kraccuueckuit kpurepuii oTHoteHust ripaBaomnofo6us (likelihood ratio test, G2 test) siBisieTcs
CTaH/]JaPTHBIM METOZIOM MCC/IeZIOBaHUs OHOPOAHOCTH Tab/HILI COTIPSDKEHHOCTH. BhiuncieHue
KpUTepHs TIPOM3BOAUTCS T10 popmysie

r c A

G* =234, log—-,
i j4 i

rae Ay, i = 1,2,...,r; j = 1,2,...,c — 3a/1laHHBIE YaCTOThI TaOJIUIIBI COTPSDKEHHOCTH,

Eji=1,2,..,r;j=1,2,...,c — 0)KHiaeMble YaCTOThI TaOJIUI[bI COTIPSKEHHOCTH,

I' — YUCJI0 CTPOK TabJUIIBI COMPSHKEHHOCTH,

C — UMCJIO CTOJIOIOB Tab/UI[BI COTIPSKEHHOCTH.

[To yc/oBUsM BBIUMC/IEHHST CTaTUCTUKY KpuTepus, 1ipu A; = 0, Bo n30e)kaHre UMC/IeHHbIX TIpobsieMm,

YCJIOBWINCH CUUTaTh, uTo Ajlog... = 0.

O>kuiaeMble YaCTOThI BBIUKCISIFOTCS 110 hopMyrie

E = nn,;

y

i =12,..,r;j =12,...,c,
n
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C
n,o =3 Ay,i =127,
k=

rae — CyMMBbI CTPOK Tab/IULIbI COTPSDKeHHOCTH,

n; :Zr‘Akj,j =1,2,...,c,
k=l
h :ZZAH

SNE — ob11ee uKMc/I0 HaOTIOEHUIA.
CTaTHUCTHKA KPUTEPHS TTOJUUHSIETCS pacIipe/ie/IeH|I0 X2 C YMC/IoM cTerneHel cBobogpl (r — 1)(c — 1).

— CYyMMBbI CTO/IOI[OB TaOJUIIBI COMPSHKEHHOCTH,

Omumcanue cM. B paborax Mexta (Mehta) c coasr.

6.2.5. Kputepun 3entepmaHa

Cratuctvka Kputepus 3esntepMmaHna (Zelterman’s statistic) a/st ucciiefoBaHusI OAHOPOAHOCTH
Tab/ML] COTIPSDKEHHOCTH. BhIuncieHre KpuTepusi POU3BOAUTCS M0 GopMyJie

r

c

D =X"- Zzﬁ +rc,
i= j= E,-j

rge X? — CTaTUCTUKA KpUTepUsi XU—KBapar,

Ay, 1= 1,2,...,r; j = 1,2,...,c — 3alaHHbIe YaCTOThI TaOJIUI[bI COTPSHKEHHOCTH,

Ej, i=1,2,..,r;j=1,2,...,c — ®KUJaeMble YaCTOThI TaOUILIbI COTTPSDKEHHOCTH,

I' — YMCJIO CTPOK TabMIIBI COTIPSDKEHHOCTH,

€ — YMCJI0 CTO/IOIOB TaOMHULIBI COTIPSKEHHOCTH.

O>kuziaemMble YaCTOThI BBIUMC/ISIIOTCS 110 (hopmyrie

ni'n’j

E. =

y

i =12,...,r;j =12,...,c,
n

C
n, =3 Ay,i =127,
k4

rae — CYMMBI CTPOK Ta6J'II/ILU:>I COTIPSA>KEHHOCTH,

n, :ZV‘A,V.,]' =1,2,...,c,
k=l
h :ZZAM

SNE — o011ee uKc/i0 HaOMIOEHUIA.
CraTrCcTHKa KpUTEepHsi MIOJUHHSETCS pacipe/ie/IeHHI0 X2 C UMC/IOM cTereHeid cBobozsl (r — 1)(c — 1).

— CYyMMBbI CTOJIOI[OB TaOJUIIBI COMPSHKEHHOCTH,

Cwm. marepuassl JlazzaporTo (Lazzarotto) ¢ coaBr.
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6.2.6. Kputepun dpumaHa—-XonToHa

Kpurepuit ®pumana—XontoHa (Puriepa—Ppumana—XonroHa, Fisher—Freeman—Halton test)
TipeJJHa3HAYeH /IJ1s1 IPOBEPKHU OIHOPOJHOCTH TaOJHUIIBI COMPSDKEHHOCTU. Kpurtepuii siB/isieTcst
paciipeHreM TOUHOTo MeTo/ia Puriepa.
[Tyctb X, — 3aaHHast Tab/MIIa COTIPSPKEHHOCTH, a X — BapUAHT 3ario/IHEHUS TaOJTUITbI
COTIPSDKEHHOCTH TIPU YCJIOBUM COXPAHEHUSI CYMM CTPOK M CyMM CTOJIOLIOB 3alaHHOM TabMULIbI
(MapruHasbHBIX cyMM). Toraa JOCTUTHYThIM YPOBEeHb 3HAUMMOCTH Kputepusi @priMaHa—XoaToHa
OyzieT BLIUMC/IATHCS KaK CyMMa BeposiTHOCTel Bcex Tabsui] X, Takux, urto P(X) < P(X,), uHaue
p= 2 PX)

P(X)<P(X,)
BepositHOCTH Tabsmuil conpspbkeHHOCTH P(X) BBIUKCIISAIOTCS TI0 (hOpMYyJie BEPOSITHOCTH
anepreomeTquecxoro pacripefiesieHUst

,

P(X) = HR 'H VENEAIN
' i=

rae N — UUC/IeHHOCTh 3a/IaHHOM TaO/IUI[bI COTIPSDKEHHOCTH,

R;, i=1,2,...,r — CyMMbI CTPOK 3a/IaHHOM TaOJIHIIbI,

(O j =1,2,...,C — CyMMBI CTOJIOLIOB 3a/laHHOM TabO/IUIIBI,

X, 1 =1,2,...,r; j = 1,2,...,C — 4aCTOTBI, COCTABJISIFOIIHE TAO/IUI]y COTIPSDKEHHOCTH,

I — UACJIO CTpOK Tab/HIIBI,

C — UHCJI0 CTOJIOL[OB TaO/IULIBI.

OrieHka TpeOyeMOro UKc/ia TeHeEPUPYEMBIX Tab/IHI] TI03BOJISIET TIPOTHO3UPOBATh BpEMS,

3aTpaueHHOe Ha pacueT. [Ijisi 3TOro MpuMeHsIeTCs airOpUTM, pa3paboranHsii [eitiom (Gail) u

ManreneMm (Mantel), coriacHO KOTOPOMY Oll€HKa UMC/la TeHEPUPYEMBIX TaOJTUL] IIPOU3BOJUTCS T10

nipubmKeHHON hopMyIie
(c-1)/2

c-1 -
ne~—— \/Ze'Q/z C“_'ic_ ,
2m0°c E[ Rirend
o' =— ZRm
rze (C + 1) — IUCTIepCHS,
-1 ¢ N’
=< 2 ZCZZ T
oc|S ' ¢
— rapameTp.

[To ycoBUsIM airOpUTMa, €CJUA C > T, JI7Isi BLIUMC/IEHUH OIIeHKH UKC/1a Tab/uil ucxoHas Tabiumia
COTIPSKeHHOCTH [aBTOMaTHUeCKU]| TpaHCTIOHUPYETCSl.

PacueT KpuTepus BBITIOHSIETCSI MeTooM MoHTe—Kapsio (reHepupyeTcs 3aJJaHHOe UKC/IO TabJIviT).
Teneparius Tabmuiy ocyirecTBsieTcs 1o anropurMy Isirdunzga (Patefield). Pe3yibratom pacueta
SIBJIsIeTCS TPUOMKeHHOe P—3HaueHue, To/Tyvaroleecst Kak OTHOLIeHHe urc/a Tabsuil,
VAOBJIETBOPSIIOIIEr0 TIOKa3aHHOMY BhbIILIe YCIOBHIO, K 0011[eMY UHC/Ty CreHepUPOBAaHHBIX TaOJTHII.
[To ymMO/TYaHHIO UKUC/IO TeHEPUPYEMBIX TaO/IUI] paBHO 1 MUJTMOHY. ITOTO [OCTAaTOUHO [I/IsI MHOTHX
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3a/lay 1 He sIB/ISIeTCsl TPYA0EMKHUM B TPe/II0’KeHHOM peann3alny (PacCUUTHIBAeTCs MPAKTUYeCKU
MT'HOBEHHO). Ec/iv 3T0 UMc/io OKa)keTCsl PaBHbIM M/IM MEHBIIIUM YHC/Ia, TPUMEPHO OLleHUBaeMOro
o anroputmy [eiiia—MaHTess, ciefyeT yBeJMUUTh UAC/IO reHepUpyeMbIX Tabsul] Kak MUHUMYM
J10 OLleHMBaeMoro 1o anroputMy ['eitia—MaHTessi, 3aTeM NMOBTOPUTH pacyer.

AnroputMm Isiitdunga 6611 MOAUGUIIMPOBAH C TeM, YTOObI UCIOB30BaTh O0Jee KaueCTBeHHbIe
TICeBOC/TyYaiiHble ynca. VICcnonp30BaH ajroOpyuTM, NpeZCTaB/ieHHbIN B paboTtax Jlektoiie
(L’Ecuyer), ®okc (Fox), bpatu (Bratley) ¢ coaBt. Omricanue KpuTtepus cM. B pabotax MexTa
(Mehta) c coaBT. MeTozpb! peliieHus ripeoxeHbl XanBopceHoMm (Halvorsen), BopkoBbim
(Borkowf), Cangepcom (Saunders), Boiiertom (Boyett).

6.2.7. Kputepuir Ctioapta-MakcBenna

Kpurepuii oqnopoaHoctu Ctroapra—MakcBesia (Stuart—Maxwell test) siBsisieTcst paciumpeHremM
kputepust Mak—Hemapa (cM. m1aBy «HemnapameTpryeckasi CTaTUCTHKA») [J1s1 aHa/IM3a TabuIuL
COTpsDKeHHOCTH THMa k X k. BbrurcieHre KpUTepusi POU3BOAUTCS 10 dhopMyrie
X2=D'S'D,
rie D — BeKTOp—CTo/I0€ll, COCTaB/IeHHbIN U3 BeJTUUnH d; = n; —n;, i = 1,2,...,k— 1,
S — KBaJjpaTHasi MaTpulia nopsizika k — 1, coctaBieHHast U3 BeJIMUUH

- (Aij +Aji)9i #J

no+n,-24,,i=j,

i

r7ie kK — UHC/I0 CTPOK Y CTOJIOI[OB TaO/IULIBI COTIPSDKEHHOCTH,
Ay, i=1,2,...,k; j = 1,2,...,k — 3aaHHBIe YaCTOTHI TAO/IUI[BI COTIPSDKEHHOCTH,

k
n, =), Ayi =12,k
j=

— CYMMBI CTPOK Tab/MILIbI COTIPSHKEHHOCTH,

k
n, =) A0 =12,...k,
/4 — CYyMMBI CTO/IOLIOB TaOJIHLIbI COTIPSKEHHOCTH.
CrarrcTHKa KpUTepusi MOJUMHSIETCs pacIipeZie/IeHuIo 2 C UMC/IOM cTerieHel cBobozsl k — 1.

CwM. cratbu MakcBenna (Maxwell), Ctroapra (Stuart).

6.2.8. Kputepuin Baykepa

Kpurepuii cummetpuu baykepa (Bowker test) siByisiercs paciivipeHueM Kputepusi Mak—Hemapa
(cMm. maBy «HemapameTpuueckast CTaTUCTUKA») /ISt aHa/IM3a TabJTUI] CONpshKeHHOCTH Trma k x k.
BbIunicsieHre KpuTepusi MPOX3BOJUTCS 110 (hopmyrie

oy y U

- ’

i= j=+l A + A

r7ie kK — UKC/I0 CTPOK Y CTOJIOI[OB TaO/IULIBI COTIPSPKEHHOCTH,

Ay, i=1,2,...,k; j = 1,2,...,k — 3amaHHbIe YaCTOTHI TAOIUI[BI COTIPSPKEHHOCTH.

CraTuCcTUKa KpUTepUs MOJUMHSIeTCS paclipe/ie/ieH|I0 X2 C YMc/ioM cTereHel cBoboapbl k(k—1) /2.

Copyright © 2017 Igor Gaidyshev



ﬁ) The ME.com

Cwm. crateto Baykepa (Bowker), otueTt JIbtouca (Lewis) c coaBr.

6.2.9. Kputepun bBxankapa

Kpurepwii ogHOposHoCcTH bxarkapa (Bhapkar’s test) mpegHasHaueH it aHa/M3a TabIudL]
COTpPsDKeHHOCTH THMa k X k. BbrurcieHre KpUTepusi POU3BOAUTCS 10 hopMyrie
W =nD'S'D,

k k
h :Z Z 4;
rae =4 — cymMMa Tab/ULIbI COTIPSDKEHHOCTH,
Ay, i=1,2,...,k; j = 1,2,...,k — 3amaHHbIe YaCTOTHI TAO/IUI[BI COTIPSDKEHHOCTH,
k — unciio cTpok U cTO/OI0B TabJIUI[BI COTPSKEHHOCTH,
D — BekTOp—CTO/0EI], COCTAaB/IEHHBIN U3 BeimunH d; = n;, —n;, i = 1,2,...,k— 1,
S — KBaj[paTHasi MaTpHIia mopsizika k — 1, coctaBieHHast U3 BeJIMUMH

g =1 (ny +n;)-(n, - n)(n, - n;)i#j,
g n o+n,-2n,-(n -n),i=j,
rae n; = A;/n, i=12,..k j=12,..,k—uacrocty,

k
n, =m0 =1,2,...k,
/4 — CYMMBI CTPOK Tab/MILIbI YaCTOCTEH,

k

n, ZZnﬁ,i =L2,....k,
= — CYyMMBbI CTOJIOL[OB TaOJTULIBbI UaCTOCTEH.

CraTuCTHKa KPUTEPHS TTOJUMHSIETCS PaCIIpe/ie/IeHUIO X2 C UKC/IOM CTeTieHel cBoOoabl k — 1.

Cwm. cratbu bxankapa (Bhapkar), bxarikapa c coaBr., otueT JIbtorca (Lewis) c coaBr.

6.2.10. KoadppuuueHT KeHpganna

Kosddument 1, Kenganna (koapduuent Kengsna, Kendall's 1,) Beruncisiercsi mo dopmyise,
nozipo6HO paccMoTpeHHOM Adudu ¢ coaBT. ¥ yA0OHOH /1711 UMC/IEHHBIX PaCUeTOB:

1 1
T, :b/\/ En(n- - T, En(n- D-T,|,
rmeS =P-Q,
P:ZZAU 22 A
= A k>i 12 — YKCJI0 Tap 0OBEKTOB C B3aUMHO BO3PaCTalOIUMH TePeMEeHHbBIMH,
Q:ZZAi/ 22 Ay
ig = k>i I<j

— YKC/I0 TIap 06BEKTOB C B3aMMHO YOBIBaIOIMMY TIepeMeHHBIMU,
Ay, i=1,2,...,r; j = 1,2,...,c — 3aJaHHbIe YaCTOThI TaOIULIBI COTIPSDKEHHOCTH,
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I' — UMCJI0 CTPOK TabJIHLbI COTPSPKEHHOCTH,
€ — YMCJI0 CTO/OIOB TaO/MHULIBI COTIPSKEHHOCTH,

h :ZZAH

SNE — ob11ee uKc/i0 HaOMIOEHNH,
1 r

T, :_Z n; (ni - 1)
25

— YnCIIo Nap 0O0BEKTOB C B3aMMHO PABHBIMM 3HAUEHUSIMH T10 OJTHOM
riepeMeHHOM,

C
n, =) Ai =12,.,7,
k= — CYMMBI CTPOK Ta0JHLIbI COTIPSHKEHHOCTH,

1 C
T,==n,(n;-1)
<

repeMeHHOM,

n, =) A, j =12,..c,
k=l

— YnCJIo Tap 00BEKTOB C B3aMMHO PABHBIMU 3HAUE€HHUSIMU TI0 APYTOi

— CYyMMBbI CTO/IOL[OB TabJHUILIBI COMPSHKEHHOCTH.
BbrunciieHre 3HAUMMOCTHU CBSI3U OCHOBAHO Ha TOM (pakTe, UTO CTaTUCTUKA
T

D,
rae D1, = (4n + 10) / (9(n? — n)) — aucnepcus,
aCMMITTOTUUECKH MMeeT CTaHJapTHOe HopMasibHOe pacnpegenenue N(0,1).
BapuaHntamu paccMoTpeHHOTro Ko3dduiieHTa SBstoTCs Ko3hdULieHThl T, U T. KeHpasnna,
KOTOpBIe MoApoOHO onurcaHbl B MoHorpaduu Kenpgania (Kenpasma), MocBsieHHONH paHTOBbIM
KoppesisitusiM. B manHo# MoHOrpaduu nprBe/ieHbl TaKXKe TOUHble PeKypPPeHTHbIe (hOpMYJIb
pacripe/ie/IeH|H [ MaJlbIX BIOOPOK.

b

6.2.11. KoadhhnumeHTt Kpamepa

Kosddurment Kpamepa (Mepa cBsizanHOCTH Kpamepa) paccuuTbiBaeTcs 1o ¢opmysie
2

p=
nmin(r- Lc- 1)

rje x> — CTaTUCTUKA KPpUTepUsi XUu—KBajpar ,
r C
n=3 4
k=14 — 00111ee urc/I0 HabMoeHnH,
Ay, i=1,2,...,r; j = 1,2,...,c — 3ajaHHbIe YaCTOThI TaO/IULIbI COTPSHKEHHOCTH.
I' — UUCJI0 CTPOK TabJUILIbI CONPSHKEHHOCTH,

C — YMCJI0 CTOJIOLIOB TAaOJUIIBI COMPSIKEHHOCTH.
BbIuric/ieHre 3HaUMMOCTH CBSI3M OCHOBAHO Ha TOM (hakKTe, UTO CTaTUCTHKA
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14
NI
1

e n(q-1) _ micnepeus,
ACUMIITOTHYECKM UMeeT CTaHapTHoe HopMaibHoe pacripeenenue N(0,1).

Cwm. uctounuku: Kpamep, AniroH, Kenzasni ¢ coasT.

6.2.12. KoadhcpuuymeHt Comepca

Kosddurment Comepca (Somers’ D) siBisieTcst fjHOM U3 pa3HOBUJHOCTEN ceMeiicTBa Mep
I'ynmana—Kpackena. OH aHanoruueH kosdduiimenTy KeHjania ¢ Tol pa3HULIEH, UTO MPU ero
BBIUMC/IEHUM TTPOU3BOJUTCS AU depeHLaabHbIN yueT nap C paBHBIMU 3HaU€HUSIMU TlepeMeHHbIX,
YUMUTBIBAIOIIMX PaBeHCTBO TePBOU U BTOPOI repeMeHHOM. KoadduiyeHT BbIUMC/IseTCs 1Mo

dhopmynam
D, =S/ ;n(n- D-T,

— CTATHUCTHKA «/[1JIsd CTPOK»,

. .
D, —S/ En(n- D-T,
— CTaTHCTHKA «JJIs1 CTOJIOLIOBY,
rmeS =P-Q,
r C
P=554|354,
= A ki 2] — YKCJ/I0 Map 0ObEKTOB C B3aUMHO BO3PACTAIOIIUMH IT€PEMEHHBIMH,
r C
0= 24, X X 4
i3 ;4 k>i I<j

— YHCJI0 Tap 0O0BEKTOB C B3aUMHO yOBIBAIOIIIUMU TIepeMeHHBIMH,
Ay, 1= 1,2,...,r; j = 1,2,...,c — 3alaHHbIe YaCTOThI TaOJIUI[bI COTIPSHKEHHOCTH,

I' — YUCJI0 CTPOK TabJUIIBI COMPSDKEHHOCTH,

C — UMCJIO CTOJIOIOB Tab/UI[BI COTIPSKEHHOCTH,

n=2 24,

k=14 — 0o01jee uKcso HabMOAeHUH,
I ¢
L= n -1
i
TiepeMeHHOH,

C
n, =3 Ay,i =127,
k4

— UKUCJI0 I1ap 00BEKTOB C B3aMMHO PaBHBIMHU 3HAYEHHUAMMU I10 OAHOﬁ

— CYMMBI CTPOK Ta6J'II/II_[BI COTIpA>KEHHOCTH,
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1 C
T,==n,(n;-1)
g

repeMeHHOM,

n, =) A4.j=12...c,
k=l

— YnCJIo Tap 00BEKTOB C B3aMMHO PABHBIMU 3HAUE€HHUSIMU TI0 APYToi

— CYyMMBbI CTO/IOL[OB TabJHUILIBI COMPSHKEHHOCTH.
AcuMIiTOTHYE CKME pacripefiesieHust CTaTUCTUK Dy U D, BEIUKC/ISIIOTCS Harogooue
ACUMITTOTHYECKOTO pacrpezieneHs Mepel 1. CTbioapTa, MPUBOASATCS B PsA/ie HCTOUHUKOB.

6.2.13. KoadppuumeHT conpsxxeHHocTu NMuUpcoHa

Koaddurment cornpsbkernHocty [Tupcona (Pearson’s contingency coefficient) paccuntbiBaeTcst o

dhopmyrne
X

xi+n’

rje x> — CTaTUCTHKA KpUTepusi XU—KBa/par ,

r C
n :Z Z 4
= j4  — obiee ync/0 Hab/rOEeHNUH,
rae Ay, i = 1,2,...,r; j = 1,2,...,c — 3a/laHHBIE YaCTOThI TaOJUIIBI COTIPSDKEHHOCTH,
I — YUCJI0 CTPOK TabJULIbI CONPSKEHHOCTH,
€ — YMCJI0 CTO/IOIOB TAOMHULIBI COTIPSKEHHOCTH.
3HaUMMOCTb CTaTUCTUKW KPUTEPUsI MOKeT ObITh OLleHeHa, OpUeHTHUPYSICh Ha 3HAYMMOCTh
CTaTUCTUKM XV—KBaZIpaT, KOTOPast OJUMHSETCS PACIIpeJe/IeHHI0 X2 C UKC/IOM CcTeTieHel cBoOoabI (r
—1)(c-1).

6.2.14. Kputepui Kpackena-Yonnuca

Kpurepuii Kpackena—Yonnuca (paHroBbiii ofHO(QaKTOpHBIN aHamu3 Kpackena—Yosuca) siBisieTcs
HerlapameTpUUeCKrM aHa/I0roM O HO()aKTOPHOI 0 JUCIIepCUOHHOI0 aHaau3a v Npe/iHa3HaueH Jiis
TIPOBEPKH HYJ/IEBOM TUIOTe3bI O paBeHCTBe 3(hdeKToB 06paboTKY (BO3eiCTBYST) Ha BBIOOPKH C
HeU3BeCTHBIMM, HO PaBHbIMU cpeZiHUMU. HysneBast ruroresa 3ak/itouaeTcs B TOM, UTO BCe
COBOKYITHOCTH OJJMHAKOBO pacripe/iesieHbl. BbiurcieHre KpuTepusi MPOXU3BOAXTCS 110 opMyIie

k 2
:LZR_I‘_ 3(N +1),
N(N+D)5 n

1

roe R, i = 1,2,...,k — cymma paHroB HaOstoieHui i—0i BHIOOPKH,

k
N :Z n,

i=  — o0Lasi YNCTIEHHOCTh,
n, i = 1,2,...,k — UUCIEHHOCTD i—1 BEIOOPKH,
k — xonuuectBO cTONOLOB (TPYyTI).
BBeieHa rorpaBka Ha 00beJUHEHHe PAHTOB
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b=l1- Z(

N(N2
rae t, j = 1,2,...,g — YHC/IeHHOCTh CBSI3KH,
g — UMCJIO CBS30K.
Torma MmogubHIIPOBaHHAs CTAaTHCTHKA OyzeT 3arvcaHa Kak
H' =H/b.
CrarucTtyka Kputepus (paBHO U MoAUGULIMPOBaHHAsI CTaTUCTUKA) UMeeT X’>—pacripe/ie/ieHue C
napameTpom k — 1.

Cwm. pabotbi bukena c coaBr., [TeTpoBuua c coaBT., XosieH/jepa C CoaBT. TOUHOe BBIUHC/IEHHE
kputepus Kpackena—Yommca cm. B pabote Kiotia (Klotz) ¢ coapr.

6.2.15. AnarHocTuka CnmoHoB-Llain

HOuarnoctuka CumoHoB—Llaii (Simonoff—Tsai diagnostic) nmpumMeHsieTcs Jisi pelieHus BOTIPOCa,
JIOTTyCTHMa JIM arpOKCUMAIHsl XM—KBaZpaT B pellieHnH 3a/jaul KpOCCTaOy/SILMY [/ KOHKPeTHOM
TabMULBI COTIPSPKEHHOCTH. BhIunc/ieHre TUarHoCTUKYA TIPOU3BOJUTCS 110 (hopmyrie

172 »

3
_(xv,@) o |(4; - Ezy‘)‘
3XH" TR E;

i

rae x3(v,a) — 3HaueHHe oOpaTHOM QyHKIMM pacripegesieHus x2 qyis v = (r — 1)(c — 1) cremneHeit
CBOOO/IBI M IOBEPUTETLHOTO YPOBHS & (00bIuHO Oepetcs 0,95),

X2 — cTaTUCTHKA KPUTepUs XU—KBajpar ,

Ay, i=1,2,...,r; j = 1,2,...,c — 3a[JaHHbIe YaCTOThI TabIULIbI COTIPSDKEHHOCTH,

Ej, i=1,2,..,r;j=1,2,...,c — ®KJaeMble YaCTOThI TaOIULIBI COTPSHDKEHHOCTH,

I' — UUCJI0 CTPOK TabJUIIbI COMPSHKEHHOCTH,

C — YMCJIO CTOJIOIOB TAabJUI[bI CONPSKEHHOCTH.

O>kuiaeMble YaCTOThI BBIUKCISIFOTCS 110 hopMyrie

>

mn; . .
E;, = ,i=12,...,r;j =1,2,...,c,
n
C
n, =) A0 =12,.,7,
rae k=t — CYMMBI CTPOK TaOJTHLIbI COTIPSKEHHOCTH,

n, =) 4.j=12...c,
k=l

r C
n=2 2 Aq
k=14 — 00111ee uKrc/I0 HabMoAeHU .
Ec/v 3HaueHHe AMarHOCTHUKH MpeBbIiiaeT 3HaueHue 0,25, To 9TO yKa3bIBaeT Ha MOTeHI[Ha/IbHbIe

npo06JIeMBI C armpoKCUManyen x2.
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Cwm. marepuasnbl XpomoBa (Khromov) c coaBr., JIazzaporTo (Lazzarotto) ¢ coaBr.

6.2.16. AlnarHocTuka XabepmaHa

Iuarnoctuka Xabepmana (Haberman diagnostic) mpumeHsieTcst i/1s peliieHus BOTIPOCa, JOMyCThMa
JIA anmpoKCUMalvsl XU—KBaZIpaT B pelleHrH 3a[jaui KPOCCTabysALuu /it KOHKPETHOW TaO LB
COTIPSDKEHHOCTH. BblunciieHye 1MarHOCTUKU MPOU3BOAUTCS M0 (hopMyIie

r C
L o ol [
1/32(VC - 1) i=l j= Elj n
I7le r — 9MCJI0 CTPOK Tab/IUIIbI CONPSDKEHHOCTH,
€ — YMCJI0 CTO/OIOB TAOMHULIBI COTIPSKEHHOCTH,

nn;

E. =

J

,i=12,...,r;j =12,...,c,
n — O)KHZIaeMble YaCTOThI Tab/MULbI COTIPSDKEHHOCTH,

C
n, =) A0 =12,.,7,
k= — CyMMBbI CTPOK Tab/ULIbI COTIPSDKEHHOCTH,

n, =) Ay j =12,..c,
k=l

roc
n :Z Z 4,

SNE! — o011iee uKMC/I0 HAOTIOEHHH,
Ay, i=1,2,...,r; j = 1,2,...,c — 3aJaHHbIe YaCTOThI TaO/IUILIbI COMPSHKEHHOCTH.
Ecnu 3HaueHne [yuarHoCTUKY MpeBbliiaeT 3HaueHre 0,1, TO 3TO yKa3bIBaeT Ha BO3MO)KHbIE
npo0/IeMBI C anTpoKCUMaliiel 2. 3HaueHue UarHoCTUKY Oosiee 1 yKa3bIBaeT Ha CepPhe3HbIe
1pobsieMbl C anrpoKcUMariyei.

— CYMMBI CTO]I6L[OB Ta6JII/IL[bI COTIpSA’KEHHOCTH,

CMm. marepuasbl Xpomosa (Khromov) c coasr., JIaz3aporto (Lazzarotto) ¢ coaBT.

FnaBa 7. NpoBepKka HOPpMa/IbLHOCTU pacnpeaenieHns

7.1. BBegeHue

[TpoBepka THIIa pacripe/iesieHus1 SMIUPUUYeCcKOl BbIOOPKHU, UacTHas 3a/jaua KOTOpOro — IpoBepKa
HOPMa/lbHOCTH, MMeeT BaKHellIllee 3HaueHre B NIPUKJIaJHOW CTaTUCTHKe. [lepeunic/iumM HEKOTOpbIe
U3 3a/la4, KOTOPbIe PellaoTCs C UCT0/Ib30BaHUeM IaHHbIX MeTOZ0B:
e Jlnsi IpUHSATYS pellieHys, TPUMEeHSITb TOT WM UHOW MeTOJ] CTaTUCTHUeCKOW 00paboTKu
JIAHHBIX, YaCTO HEOOXOJMMO yCTaHOBUTb, SIBJISIETCS JIM HOPMasIbHBIM pacripejiesieHre
KO/TMYeCTBEHHOU IMITUPUYUEeCKOM BLIOOPKH.

@ o @ Copyright © 2017 Igor Gaidyshev
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* Ba)xHOU 3ajaueil aHa/M3a Corviacusi pacripe/iesieHus sIBJIsSIeTCsl TeCTUPOBaHUe aTuMKOB
C/Ty4alHbIX UMCesl, MPUMEeHsIeMbIX B MOZle/TMPOBaHUU MeTofoM MoHTe—Kap/io B pa3inuHbIxX
00/1aCTAX HayKW U TeXHUKU.

e Ilo Tuny cTaTuCTUYeCKOro pacripefie/ieHus apaMeTpoB TeXHOJI0rMYeCKOro rporecca
MOJKHO CZlesiaTh Orpe/ie/ieHHble BbIBO/bI O KaueCTBe 3TOr0 MpoLjecca U BOBpeMst
CKOpPeKTHUpPOBAaTh IpoLjecc.

Mo’KHO yKa3aTb U [Ipyrye 3a/laud, B KOTOPhIX HeoOXorMa MpoBepKa THIIa pacripe/iesieHusl.
[TpumeHsFOTCSI pa3HOOOpa3Hble METO/IbI, TIpeJHa3HAYEHHbIE /IJIs1 TeCTUPOBAHUS PAa3/TMUHBIX
rapaMeTpoOB pacrpe/iesieHus], B TOM WIM UHOW CTeNeHU MO3BOJISIOIIUX UCC/Ie0BaTh ero
HOPMaJIbHOCTh. BBIBO/IOB OBIBAeT ZI0CTAaTOUHO /IJIsl IPUHSITUS PEIIeHHsT 0 BEIOOpe MeTOZIOB
JlanbHeMNIIero MpUK/IaJHOIO aHaau3a, B YaCTHOCTH, TTapaMeTpUUeCcKoi UIv HerlapaMeTpUueCKOu
CTaTUCTUKH.

115 mpoBepKy HOPMabHOCTH pacripe/iesieHus peann3alyu CyyaiiHoW OJJHOMePHOW Be/TMUKHbI,
TIpe/ICTaB/IeHHOU B BU/Ie SMITUPUUECKON BBIOOPKH, TIPE//IaratoTCsl pa3/IMuHble KpUTepUr. Takxe
Tipe/iCTaB/IeHbl MeTO/bl IPOBEPKY COIVIACHUS SMITUPHUYECKOTO MHOTOMEPHOT'O paclipe/iesieHus C
HOPMaJ/IbHbIM TeOpeTHhyeCKMM MHOTOMepPHBIM pacripeziesieHueM. [Ipu rnposepke coriacus
MHOTOMEPHOTO pacripe/ie/ieH!s1 pa3MepHOCTb SMITUPUUECKOW BBIOOPKU MOXKET OBITh TIPOU3BOILHOM.
OTMeTHM, UTO B JAHHOM C/Ty4ae Pa3MepPHOCThIO BHIOOPKH HA3bIBAIOT UKUC/I0 U3MEPEHH, KOTOPbIM
TipeZicTaB/ieHa Ka)k/Jjasi BApMaHTa MHOTOMEePHOU BbIOOPKU. YI0O0Ha reoMeTprUyecKasi WHTepIpeTarys
JAaHHOTO TlapameTpa. PakTHUeCKU KaXk/jasi BApHAHTA (3/IEMEHT) TaKOW BLIOOPKHU TIpeZiCTaB/IeHa
TOYKOM B MHOTOMEpPHOM MPOCTPAHCTBE, pa3MepHOCTb KOTOPOTO U eCTh Pa3MepHOCTh BIOOPKHU
BapuaHT. Pa3MepHOCTh He CiiefiyeT MyTaTh C YMNCIeHHOCThIO BEIOOPKH, TIPe/CTaBISOLIel Co00it
KOJINYeCTBO BapUaHT.

MeTo/ibl OXBaThIBAIOT BEIOOPKH MTPAKTUUECKH JIFO00H unc/ieHHOCTH. OIHAKO TT0Ka3aHo (CM. CTaTbio
Cerne3HeBa C COaBT., CCbUIKU U JIpyTrye paboThl), UTO /i Ma/ibIX BbIOOPOK (TIpY UKC/IEHHOCTH
BbIOOpKU MeHee 50) U ypoBHs 3HauMMocTH < 0,05 BCce KpUTepur pOBEPKH HOPMaTbHOCTH
«paboTaroT» TIJI0X0 BCJIE/ICTBHE Majiol MOIIHOCTU TP MaJIOl YMC/IEHHOCTH BhIOOPKHU.
JOroTHUTeTBHO O BIUSIHAU YKMC/IEHHOCTH Ha MOLL{HOCTh KpUTepreB CM. I71aBy «BBenenue». Tem He
MeHee, Kputepuii [1lanypo—Yuka rokasbiBaeT /jisi TaKuX BbIOOPOK JTyylliie pe3y/bTaThl, 4eM
Jpyrve TecThbl.

7.2. TeopeTnyeckoe o60cHoBaHue

Ecnu TN pacnpesiesieHrst HEKOTOPOU C/Ty4aliHOW BeJIMUMHBI HAM Her3BeCTeH, pacriosiaras
CJTyuaiiHOM SMITUPHUYECKOU BLIOOPKOH (peann3aliiei CTy4aiiHOM BeJTMUUHBI), Mbl MOXKEM 3aXOTETh
NIPOBEpPUTh, COBMAZAeT I SMIIMPUUecKas (PyHKLUS pacripe/ie/leHus C/Iy4yaliHOU BeJIMUMHBI C
HEeKOTOPO# 3a/JaHHOM WJTH BBIUMC/IEHHOMW TI0 BHIDOPOYHBIM TTapaMeTpaM TeopeTHUeCKOr (QyHKIren
SMITMPUUECKOro pacrpeeneHus. [Ipy Takol mocTaHOBKe TOBOPST O MPOBePKe CTaTUCTUYeCKON
TUIOTE3bI COITIACHS.

YacTHbIM CTyyaeM ZIaHHOW 3a/jaui sIB/IsIeTCsl yCTaHOB/IeHWe HOPMaslbHOCTH paclipe/ie/leHUst
(COOTBETCTBUS SMITMPUUECKON (PYHKLIMU pacIipeie/ieHusi HelpepbIBHOW KOMMYeCTBeHHOU
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Cly4yaiiHOM BeJIMUMHBI MU HOpMabHOM (yHKIMUM pacripezenenus ). [TapagokcanbHbIM arUrpacdom K
JAHHOM T71aBe MOIVTH ObITh cyioBa @wuiiiepa: «OTKIOHEHHsI OT HOPMaJIbHON ()OPMBI pacripe/ie/ieHus,
eCJIM TOJIbKO OHU He TIPe/JICTaB/ISIFOTCS SIBHBIMU 0e3 BCSKOU OLIeHKH, MOTYT ObITh 0OHApY>KeHbI
TOJIBKO B C/Ty4yae OOJbION BRIOOPKH; MPU MaJibIX )Ke BLIDOPKaX OKa3bIBaeTCsI HEBO3MOKHBIM
oripefiesieHle CKOTbKO—HUOY/Ib Ha/IeXKHBIX CTAaTUCTUUYeCKUX KPUTEPUEB /IJisi ITUX OTK/IOHeHui». K
CUaCTbIO, 3a TI0/IBEKa, MPOIIe/IINe CO BpeMeHH JJaHHOMW MyO/IMKaliu, ObI/TM BBITIOTHEHBI
oripeiesieHHbIE UCCIe0BaHMUS.

Bce kpuTepuu poBepKy TUMa pacrpesiesieHus (U, B 4aCTHOM CJTyuae, MPOBepPKU HOPMaTbHOCTH)
YaCcTO Ha3bIBAalOT KPUTEPUSMH COTTIACHS, XOTs, TI0 HallleMy MHEeHHI0, KDUTePUSIMHU COT/Iacust
CrpaBe/l/IMBO Ha3bIBaTh TOBKO KPUTEPHH, OCHOBaHHbIE Ha (PYHKIMSIX pacripe/iesieHus, Ha3BaHHbIe
TaK Ha OCHOBe TepPMHHA «COTJIacHe pacripeJesieHui».

7.2.1. MNpouegypa TecTUpoBaHUA

HopmasnbHOCTh — OCHOBHasl TpeAriochlika MpUMeHeHus! MapaMeTpuuecKrx TecToB. [103ToMy uacTo
WICCTIe[loBaTesIsi MIHTepeCcyeT BOIIPOC, COOTBETCTBYET JIU pacripe/iesieHrie SMIMPHUeCKON BEIOODKH,
M3MepeHHOM B KOJIMUeCTBeHHOM 111Kajie, HOpMaibHOMY pacripefiesieHrto. Ha cxeMe rokasaH
aJIrOpPUTM JIeHiCTBUI NIPY NIPOBepKe HOPMa/IbHOCTU pacIipe/iesleHus..

Amnanu3 BbINosiHsIeTcs craHapTHO. CHauaia GopMy/TMpYyIOT HY/IeBYIO TMIIOTe3y U 3aJatoTCs
ypoBHeM 3HauuMocTd. HyneBast rurote3a Hy: «HeT CTaTUCTAYEeCKH 3HAYUMOTO Pa3/THuUsD».
AnbrepHaTHBHas /IByCTOPOHHSIS rumioTe3a Hi: «HyneBasi rurnore3a He BepHa». C yueToM, sIB/sieTCst
JIV TUTIOTe3a MPOCTOU WK CJIOKHOM, TTPOBEPSIeTCs COryiacie SMIMPHUUECKOTo pacrpe/iesieHust ubo
VHBIX XapaKTepUCTHK HOPMaJIbHOMY pacIipe/ie/ieHHI0, TI0C/Ie Yero o pe3y/ibTaTam MpOBepKU
[le/1aeTcsl BBIBOJ,

DopMyNUpoBKA
HYyNEBOA W aneTELHATHBHORA
mMnoTea

]
CTATWCTUYECKWA TECT
Ha HOpManNEHOCTE:
EbIMMCNEHWE CTATUCTHKM
KpMTERKMA W P-2Ha4eHKA

CpaEHeHue
C YDOBHEM 3HAYMMOCTH

MeHbLwe
[MpUHUMaETCH TMNoTe3a Hy MprHAMasTCA rnoTeza H,
MOHHO MCNONE30BETE Cnefgyer Menons30Bats
napameTpHYeckli TecT HenapamaTphYeckni TecT
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7.2.2. Tnbl TeECTOB HA HOPMa/IbHOCTb

BaykHo nipesicTaBsITh, [J151 KaKOM LieJi POM3BOMTCS IPOBepPKa HOPMabHOCTU pacrpezeneHus. K
IIpUMepy, COOTBETCTBHE aCHMMeTPUU WJ/IU 3KCLiecca SMIUPHUYECKOT0 pacripe/iesieHHs TeM JKe
rapaMeTpamM HOPMaJIbHOTO TeOPeTHUYeCKOro pacrpe/ie/ieHrsl COBCEM He TOX/eCTBEHHO COTIacUI0
SMITMPUUECKON U TeopeTHUecKou (PyHKLMM SMITMPUUYECKOTo pacripe/iesieHusi. ABTOpaMu MOKa3aHo,
YTO B psijie 3aJau I0CTaTOUHO MPOBEPUTH JIUIIL HEKOTOPbIe TTapaMeTpbl pacripeie/ieHuUs.
CuuTaeTcs, 4To /i BELIOOPOK, HEMHOTO OT/TMUAFOIIUXCSI OT HOPMaJ/IbHBIX, pe3y/bTaThl TPUMEHEeHHSI
kputepusi CtbiofieHTa (CM. I71aBy «IlapameTpuueckasi CTaTUCTHUKa») OyayT O/IM3KU K BEPHBIM
pe3y/bTaram, eciv IKCIecC U KO3pPUIMeHT aCHMMeTPHH aHa/TU3UPyeMbIX BLIOOPOK, KaK y
HOpPMaJTbHBIX BEIOOPOK.
Bosnee nozapobHyt0 MH(OpPMALIMIO 10 JAHHOMY BOTIPOCY MOXKHO HalTH B pabote Peiineke (Reineke)
C coaBT. U B crarbe I’ AroctuHo (D’ Agostino) c coasT. (1990 r.). Ps kputepreB npejHa3HaueH /151
TeCTUPOBAHUS HECKOJIbKHX TTapaMeTPOB OIHOBPEMEHHO. DTH KPUTEPUN Ha3bIBalOT OMHUOYCHBIMU
(B OTeyeCTBEHHBIX UCTOUHUKAX TIPUHSATO HAMMEHOBaHUe — COCTaBHbIe). Ha3BaHMe «OMHUOYCHBIN»
3aMMCTBOBAHO W3 COLIMOJIOTHH. B corponorni oMHUOYCHBIM MCCIeIOBaHUEM TIPUHSITO Ha3bIBaTh
WCC/ie[J0BaHKe, IPOBOJMMOE OJHOBPEMEHHO [I/1s1 HeCKOIbKUX K/IMEeHTOB U 110 HEeCKOJIbKUM TeMaM.
Takas opraHu3sanysi UCC/Ie0BaHUs aeT BO3MOXKHOCTb KaK/JOMY U3 K/IMEHTOB 3a MeHbIIINe [JeHbI1
U B O0J1ee KOPOTKHU CPOK TOJTYUUTh OTePaTUBHYIO0 WHGOPMALIKIO TI0 MHTEePeCYIOIIUM BOIIPOCaM,
YTO MO3BOJISIeT CHU3UTH 3aTpaThbl Ha [POBeJileHNe CaMOCTOATeIbHBIX UCC/IeJ0BAHUM B HECKOJIBKO
pa3. OTMeTUM, UTO OMHUOYCHbIE KDUTEPUU OTHOCSATCS He K OT/JIe/IbHOMY THITY UCC/Ie/[OBaHus
coriacusi pacripe/ie/ieHnH, a K criocofy opraHu3aljiy Takoro ucciefoBaHus. [1o3ToMmy oMHUOyCHBIE
KpPUTEPUH MOTYT UMETh MECTO He TO/IbKO B KaTeropuu « Kputepry MOMEHTOB», HO U B IDYTHX
KaTeropusix.
[TpoBepka HOPMaLHOCTH pacIipe/ie/IeHUsT MOYKET OBITh BBITIOJTHEHA C TIOMOILBIO CTelaTbHbIX
CTaTUCTUUECKUX KPUTEPUEB, B 3aBUCUMOCTH OT aHa/IM3UPyeMbIX XapaKTepUCTUK SMITUPHUYECKON
BbIOOpKH. COBpeMeHHBIMY aBTOPaMH BbIZIE/ISIFOTCSI KDUTEPUU CIIeAYIOIINX TUTIOB:

* KpuTepuu (yHKLUN pacripesieneHus,

* KpUTepuM, OCHOBAHHbIE HAa PErpeccuy,

* KpUTEepPUU MOMEHTOB, BK/IFOUasi COCTaBHbIe TECTHl,

*  UH(OpMAaLMOHHbIE KDUTEPUH,

* rpaduryeckue MeTO/bI.
CBo/IKa OCHOBHBIX W/l IPOBEPKM TUIIA pacripesiesieHus (B T. U. pa3/IMyHble TIOJX0/bI K POBEpPKe
HOPMaJIbHOCTH) TipezicTaBiieHa Ko63apem. ITogpoOHbIi 0630p THUIIOB KPUTEPUEB ZIAH B AUCCEPTAI[UM
JIu (Lee). B crierianibHOM nuTepaTtype TMpeJioyKeHbl U IpyTye Wjeu 1o MoBOAY ITPOBEPKU
HOPMaJIbHOCTH CTaTUCTHUeCKOTo pacrpesienienus. Cm. pabotsl [leknepka (Declercq) u [JroBo
(Duvaut), JTuanr (Liang) u Bentniepa (Bentler).

7.2.2.1. TIpoCTbl€ N CNOXHbIe TMnoTes3bl

[Tpu npoBepke cOryacysi SMIUPUUECKOTO ¥ HEKOTOPOTO TeOPETHUECKOTO Pacripe/iesieHust
Pa3/IMYaoT TIPOCThIE U CJIO)KHBIE TUTIOTE3bI:

@ o @ Copyright © 2017 Igor Gaidyshev
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* TpocTo¥ rurore3a OyzeT B TOM C/lydae, eC/IM TeopeThyecKoe pacripeiesieHre 3a/laHo BCeMU
CBOUWMU TlapaMeTpamy;
*  CJIOKHOM rurote3a Oy/ieT, ecyid BCe UM HeKOTOPbIe IapaMeTphbl TeOPeTUUEeCKOTO
pacripe/ie/ieHHst HEU3BECTHBI ¥ OLIEHUBAKOTCSI 110 BLIOOPKE.
WHaue, eciv pacripefiesieHrie UMeeT | TapaMeTPOB U TUTIOTe3a YTBEPIKAAeT, UTo k U3 HUX UMEIOT
3a/laHHbIe 3HAUEHUs], TO TUTIOTe3a OyzIeT:
* TipocTOH, ecu k = 1,
e (JIOXKHOH, ecid k < I.
Pa3HocTb | — k Ha3bIBaeTCs UMC/IOM CTeTleHel CBOOO/bI TUIOTe3k], a k OyZieT YMc/IoM OrpaHuYeHuH,
Ha/I0)KeHHbIX TUTIOTe30.
B ciiyuae HOpMasIbHOTO pacripe/iesieHust 10 BLIDOPKe MOT'YT OL|eHUBaThCSl MaTeMaThu4yecKoe
oXkujlaHue (ero oljeHKa — cpefiHee 3HaUeHUe) U fucriepcus (/11 APYTUX TUTIOB pacripe/ieieHust
YKCJIO OLIeHMBAaeMbIX T10 SMITUPUYECKOM BEIOOPKe TTapaMeTpOB MOKeT ObITh Apyrum). [To3Ttomy asist
HOPMAJILHOTO pacripe/ie/ieHrs CJI0XKHAst TUITOTe3a MOKeT ObITh TPeX BH/IOB:
* 110 BEIOOPKE OLIeHWBAeTCsl MaTeMaTHueCcKoe OykKujaHue (ero olieHKa — CpefiHee 3HaueHue),
JUCTIepCHs 3a/jaHa,
* 110 BEIOODKE OLIeHUBAETCs AUCTIePCHs], MaTeMaTh4yeCKoe O>KHZiaHKe 3a/1aHo,
* 110 BBIOOPKE OLIEHUBAKOTCS U MaTeMaTHUeCKOe OXXKU/JaHUe, U IUCTTEPCHSL.
XOT$ CTaTUCTHUKA KPUTEPUsI BEIUMCJISIETCST BO BCEX CJTyvasiX TI0 OAHUM M TeM Ke aJITOpUTMaM,
Heo0X0IMMO Ha/IMuMe CTaTUCTUUeCKUX TaO/IHIL WK, JTyuliie, (pOPMY/T BBIYUCTIEHNST KPUTHUE CKUX
3HaueHWM b0 P—3HaueHu, 0COOBIX KakK /IJisi KaKJ0r0 TUTIA pacripe/ie/ieHus], TaK U AJIsl KaKZ0ro
CJlyuasi CJIOXKHOM rurnoTe3sl. B iutepatype ony6/iuKoBaHbl (hOPMYJTbI WK TaOIULIBI /1T MHOTUX
KPUTEPUEB U /I/Isl pa3/IMYHbIX TUIIOTe3.
HekoTophble KpyuTepuu COT/Iacusi M3HauaabHO, TI0 3aMbIC/Ty aITOPUTMOB CBOETO BHIUMC/IEHUS,
TIpe/iCTaB/IeHHOMY UX aBTOPaMH, He TIPeATIOJIaratoT pa3/iuure MPOCTOM U C/I0XKHOM rumnoTe3. Bee
rapaMeTphl OIIeHUBAIOTCS 110 SMITMPHUYECKOU BLIOOPKE, TTI03TOMY JJaHHbIE KDUTEPUH TTpeJHa3HAYEHbI
TOJBKO [IJIS CJIO’KHBIX THUTIOTE3.

7.2.3. Kputepuun doyHKUMiA pacnpegeneHus

Kputepuu, noctpoeHHble Ha OCHOBe (DyHKLIUI pacripeZiesieHus, B 3aBUCMMOCTH OT MeTPUKHU
N0/pas/iesIsitoTCs Ha Cle/lytollye TUTIBL:

* KpuTepuu Tuna Kosmoroposa,

* KpUTepuM TWIIa OMera—KBazpar,

* KpuTepuM Tuna dmnrnca—Ilamum.
JlaHHbIe KpUTepUHU SIBISIOTCS 3(PPEeKTUBHBIMU METO/laMH [TPOBEPKU COIVIaCHsl pacripe/ie/leH|i.
PaccmarpuBaroTcst KpUTepry HOPMabHOCTH, TIOCTPOEHHbIE HAa HEMIOCPeICTBEHHOM CPaBHEHUM
SMIUPHUYECKON U TeopeTUUueCKor (QyHKIMI SMITMPUUeCKOT0 pacrpe/ie/ieHusi U pa3/inyaroliyecs
MeTpUKaMH.
Omnrpuueckoit GpyHkUMel pacripesenenus (empirical distribution function, EDF) Ha3bIBatoT Takyo
¢byHkuuio F,(X) OT BApUaHT YIIOpsiZIoueHHOM B MOPsiJiKe BO3pacTaHusi BLIOOPKH, UTO
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i .
F (x,) =—,i =L...,n,
n

rae x;, i = 1,2,...,n — BAPUAHTHI yIIOPsJ0UeHHOU BIOOPKH,

N — YMCJIEHHOCTh BHIOOPKH.

Omnupuyeckast GyHKLMS pacTipefie/ieHyst OT KayKJ0l BapUaHThI BHIDOPKH MOKa3bIBaeT, CKOTbKO
BapUaHT BLIOOPKU MeHbIIIe JaHHOW BapyuaHThI. ['paduk dyHKIuU F,(x) sB/IsSIeTCSI paBHOMEPHBIM 110
OCH Op/IMHAT CTyTeHYaThIM IrPaMKOM C II1aroM CTYTIeHbKH, B TOYHOCTH PaBHLIM i / n. Bech rpaduk
3aK/II0UeH B 10JI0Ce, OrPaHUYeHHON CBepXY M CHU3Y OpAMHATaMU C YHMCIeHHbIMU 3HaueHusMu 0 1
1. ITo ocu abcrucc rpaduk B 0011eM cydae paBHOMEDHBIM He SIBJISIETCS.

Kak roka3biBaeT npuBefieHHas Bhillle (hopMyJia, SMIupuueckast QyHKI[Us pacripe/ie/ieHUsi MOYKeT
CTPOUTHLCS HETIOCPE/ICTBEHHO TI0 3a/laHHON IMITMPUYECKOH BHIOOPKe, MUHYSI KaKre—1ru00
TIPOMEXKXYTOUHbIE BBIUKCIEHUS.

B citydae mpocToii rUroTe3sl TeopeTHUecKasi GyHKIUS pacrpe/iesieHus TIOTHOCThIO oTpesiesieHa
3a/laHHBIMHU TlapaMeTpamMu. B ciiyuae C/I0)KHOM rUMoTe3bl, KOTZa BCe TapaMeTphl pacrpeziesieHus
OLIEHMBAIOTCS TI0 BBIOOPKe, TeopeThyeckast GyHKIUS — 3TO (GyHKL[MSI HOPMa/IbHOTO pacripeziesieHus,
oripe/ie/ieHHast TapaMeTpaMH, BLIUMC/IEHHBIMU 110 SMITUPHUYECKOM BhIOOPKE.

OMmnupuyeckas Xxapakrepuctudeckast GyHkuus (empirical characteristic function, ECF)
pacrpefie/ieHUsI UMeeT BUJ,

7 -
vy = 3N
j=
[ — MHMMasl e AMHULIA,
t — HOpMHPOBaHHOE OTK/IOHEHHE,
N — YHUCIEHHOCTh BBIOOPKH,
X;,j = 1,2,...,n — ucxopHasi BbIOOpKa, B 00111eM c/Tyyae MHOTOMepHas,

X — BeKTOp Cpe/JHMX 3HAUCHUI,
S — Marpu1ja Aucriepculi—KoBapyaru.

CpaBHHTe/bHBIN 0030p KpUTepHeB A/isi pa3nuuHbIx rurores Aan Credenc (Stephens, 1974).
MeTtoauka MmozenvpoBaHusi MmetogoM MonTe—Kapiio npegcraBneHa Ctedencom (1970).

7.2.3.1. Kputepun Tuna Kosnimoroposa

[IpencTaB/eHbl ciieAyrole KPUTEPUU pacCMaTpruBaeMoro TUra:

* Kpurepuii KoMoroposa (kK/iaccrueCckui, [i/isi TIPOCTOM TUMOTe3bl).

*  MopudurpoBaHHbIi KpuTepuii Kommoroposa.

*  MoguduLpoBaHHbIM KpuTepuii CMHUPHOBa.
Kputepuu Tuna KosiMoropoBa rpefHa3HaueHbl /17151 IPOBEPKU COT/IaCUsi SMITUPUUECKOU 1
TeopeTUYeCcKor (YHKLIMI pacrpese/ieHus: U MOCTPOeHbl Ha MOAYy/IbHOM MeTpuKe. CTaTUCTHKA
3afiaetcst Gopmysion
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b

D, =sup|F,(x)- F(x)

n

[x|<0
e Fy(.) — smMmmupuueckas GyHKLUS pacripe/iesieHus, TOCTPOeHHast TeM WJIM UHBIM CITI0COO0M 110

WCXOJHOW SMITMPHUUECKOI BLIOOPKe,
F(.) — TeopeTryeckast QyHKLYsI pacripe/iesieHUs..

MoauduiipoBaHHbIf KpuTepuii KoMoroposa n3BecTeH TakyKe 110/, HaUMeHOBaHWEM TOYHOTO
kputepust [Tapouna (Durbin’s exact test). Cm. Takxe paboty [atiepa (Dyer). IHTepecHbIM
BapMAHTOM pacCMaTPUBAeMOr0 TeCTa MO>KHO CUMTaThb KpUTepUl, TipeioykeHHbIH JIsio (Liao) u
[ITumokasa (Shimokawa) 1 orvcaHHbIN B aHanMTHYeCcKoM 0030pe XaccaHa (Hassan), n3yueHHbIH
JJIsT HEKOTOPBIX CTel[abHbIX TUTIOB pacripee/ieHu .

7.2.3.1. Kputepunii Konmoroposa

CrarucTrika Kputepusi Komoropoga ripeficrapssier co00i pe3ysibTaT CPaBHEHHST SMITUPUYeCKOU U
3a/laHHOM TeopeTHUeCKor (QYHKI[MH pacrpejenieHusi B MOJyJIbHOM MeTPUKe

D, =sup|F, (x)- F(x)

n

b
|x[<o0

D, = sup
YTO KBHBAJIEHTHO - o<y <o
IZle X — C/lyuaiiHasi BeJIMUMHa,
F,(.) — sMnpuueckasi pyHKLs pacripesie/ieHus..

F(.) — TeopeTryeckast QyHKLMsI pacripe/iesieHus..

[Ipenmnonaraetcs, UTo TeopeTnyeckasi GyHKLMS pacrpeziesieHus OTHOCTBIO 3a/laHa CBOUMU
napaMmetpamu. MlHaue, paccMaTprBaeTCsl MpOCTasi TUIIOTe3a. JTO 03HAYaeT, YTO NapaMeTpbl
pacripe/ie/ieHUst He MOTYT OBITh BBIYMC/IEHBI 110 SMITUPHUYECKOM BBIOOPKE.

Craructuka Kpurepusi Kommoroposa o6aziaeT TeM WHTepPeCHBIM CBOMCTBOM, UTO /151 JIFOOOM

JnD

HerpepbIBHOM TeopeTHUeCKor QYHKIUM pacrpe/ie/ieHust pacripe/iesieHhe CTaTUCTUKU " TIpU N
— 00 TIOUMHSIETCS1 A—-pacripesienieHuto (pacrpeenienrio Kosmoroposa):

lim PVnD, > x)=K(x),

n— o

rae K(x) — pynkuus pacripesenenvs Koimoroposa.

F,(x)- F(x)

M

Kpurepuii Konmoroposa mipezictaBieH B opuruHaibHoi pabote 1933 1. Cm. Takxke cratbio Karja
(Kac). ITpumep ommbouHOTo BBIUMC/IEHHS] CM. B MOHOTrpaduu PyHuoHa. [I1si moHUMaHus! TPUHLUATIA
pacueTa MOXXeT ITIOMOub Ipadrueckasi MHTepripetTalys B ctaTbsix Maiiika (Mage), AlimaHa (Iman),
pabotax Illopa c coaBrt., Mrosiepa C COaBT.

7.2.3.1.2. MogndmumpoBaHHbIii KpuTepui Konmoroposa

[TpakTHUeckoe BbIUYMC/IEHUE CTAaTUCTUKK MOAU(ULIMPOBaHHOTO KpuTeprsi Kommoroposa (Kputepust
Turna KosMoropogsa /i/isi CJIOXKHOM TUTI0Te3bl) MPOU3BOAUTCS TI0 (hopMyJie
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D, =max(D;,D,),
e

D' =max

" lsm=n| n

Z. F(n,,,)],

m-1
F(Um)-T

Nm, M = 1,2,...,n — sSMriupuyeckasi BLIOOpKa, OTCOPTHPOBaHHasi B TIOPsi/IKe BO3pacTaHUsl 3HaUeHU
BapUaHT,
N — YHUCIEHHOCTh BBIOOPKH,
F(.) — Teopetrueckasi GyHKIUS pacripe/ie/ieHusl.
Bce nnm HekoTOpbIe MapamMeTphl TeopeTHYeCKor (DYHKIIMM HelpepbIBHOTO pacrpeseeHus (B
JJAaHHOM ciyJae GyHKL[MM HOpPMaJ/IbHOTO pacrpeziesieHust) /1Sl Caiydast CJI0KHOW TUIOTe3bl
OLIEHUBAIOTCSI TI0 IMITMUPUUECKOMN BBIOODKe.
B PekoMeHzalusix* Tpe/ijioykeHo BBIYUCIATE MOAUGMHUIIMPOBAHHYIO CTATUCTHKY
S, = 6nD, +1 ,

6v/n
XOTs1 MOXKHO UCI0/Tb30BaTh 3HAYeHHe CTaTUCTUKU D,
PacnipesiesieHre CTaTUCTUKK KpUTepusi He 00/1a/jaeT CBOMCTBOM He3aBUCUMOCTH OT THIIa
pacripeZiesieH!sl, XapakTepHbIM [y KpuTepusi Komoropoga. [ToaToMy /7151 KaXXj0r0 TeCTHPYeMOro
TeOpPeTUYeCKOro pacripe/ieieHyst M KaXK/I0ro C/yuasi CJIOKHOM TUMIoTe3bl pacrpeseneHue
CTaTUCTUKU KpUTepusi OyZieT OTIMUaThCs. B ynomMsiHyThIX PekoMeHZaLusiX pacCMaTpUBarOTCS
pa3/MuHble BapUaHTbl KpUTepUsi. P—3HaueHUst CTaTUCTUKU Sy /1J151 IPOBEPKU HOPMaJ/IbHOCTH B
C/lyyae CJIOXKHOU THUTIOTe3bl, KorJa o0a rapameTpa pacrpe/iesieHust OLeHUBAOTCSI TI0 SMITMPHUeCKOU
BbIOOPKe, MOTYT OBITH arnmpOKCUMHUPOBaHbI 000011[eHHOM (PyHKI[Hel raMMa—pacTipe/ie/ieHust C
napametpamu (4,9014; 0,0691; 0,2951).
ITpumep y Illopa c coaBT. IHbIe mprMeHsieMble armpoKCUMalU OnrMcaHbl B MOHorpadusax TioprHa
u TtopuHa c coaBT., ctatbe JIunnedopca (B 3apyOe’KHBIX UCTOYHHKAX TIPe/|CTaB/IeHHbIN KPUTePUi
MOyKeT Ha3biBaThCsi Kolmogorov—Smirnov test with Lilliefors critical values mi Kolmogorov—
Smirnov test with Lilliefors correction) u pyrux ncTouHuKax.

D’ =max ,
1<m=n

7.2.3.1.3. MogndmumpoBaHHbIiA KpuTepunn CMnpHoBa

BbIuKcieHre CTaTUCTUKHU KpuTepusi Tha CMupHOBa (MoAudUIIMPOBaHHOTO KpuTepust CMUPHOBA)
TIPOM3BOAUTCS T10 Popmyie

m
; —= F(,)|,
n

D' =max
1<m=<n

4  Pexomenpaumu no crangaptusauuu P 50.1.037-2002. TlpuknaaHas cratuctuka. [IpaBuia npoBepKu coracus
OTIBITHOTO pacrpefiesieHys ¢ TeopetnyeckuM. Yacts II. HerapameTpryeckue kputepud. — M.: I3gaTeibCcTBO
cTaHzapTos, 2002.
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e Nm, m = 1,2,...,n — saMrupuyeckasi BLIDOpKa, OTCOPTHPOBaHHasl B TIOPsi/IKe BO3pacTaHus
3HaueHWUM BapUaHT,

N — YHUCIEHHOCTh BBIOOPKH,

F(.) — Teopetrueckasi GyHKIIUS pacripe/iesieHusl.

B PekoMeH/aLMsX> TIPe/I/IOKEHO BBIYMC/IATE MOAUMUIIMPOBAHHYIO CTAaTUCTUKY
6nD* +1)*

s, =0, + 1
On

+

XOTSI MOXKHO MCITO/Ib30BaTh U CTaTUCTUKY ~ " .

111 KayKj0ro TeCTUPyeMOro TeOPeTUYEeCKOTO pacIipesie/ieHUs U KaXK0ro ciiydast CJI0KHOW
TUTOTe3bl pacrpe/iesieHre CTaTUCTUKY KpUTepHst Oy/leT OTnrJaThCs. B yrmoMsHy ThIX
PexkomeHzianusx pacCMaTpUBAlOTCs pa3/iMuHble BapUaHThl KpuTepus. B nanHbIX PekomeHpanmsax
YCTaHOBJ/IEHO, YTO P—3HaueHusl CTaTUCTUKHU Sy /11 IPOBEPKU HOPMAa/IbHOCTH B CJIydyae CJIOKHOU
TUTIOTe3bl, Koryja 00a rapamMeTpa pacrpe/iesieHyst OLIeHUBAIOTCsI TI0 SMITUPUUEeCKON BbIOOPKe, MOTYT
OBbITH anMPOKCHMUPOBaHbI PyHKIMEH JJOTHOPMa/IbHOTO pacmpesenenuys ¢ mapamerpamu (0,1164;
0,5436).

O metoge cM. cripaBOYHUK bosbllieBa ¢ COaBT., TaKKe PyKOBOACTBO 110 NakeTy MPUK/IaJAHbIX
niporpammM SSJ (Stochastic Simulation in Java), cocraBnenHomy Jlektoiie (L’Ecuyer), 1 yka3aHHbIe
B HEM MCTOYHUKH, B TOM YHCJ/Ie OTHOCUTEIbHO TOYHOI'O BBIUMC/IEHUS paclipefie/leHusl CTaTUCTUKY
CMupHOBa.

7.2.3.2. Kputepun Tvna omera—ksagpar

[IpencraBnensl cienyroLe KpUTEPUU PaCCMaTPpHUBaeMOro TUIIa:

* Kpurepuii Kpamepa—Mwu3seca.

* Kpurepuu Anzepcona—/lapivHra.

* Kpurepuii xu—kBagpar ®uiiepa.
Kpurepuu tuna omera—KBa/ipaT 0CHOBaHbI Ha Ujlee CPaBHEHUS SMITMPHUYECKON U TeOpeTHUYeCKOU
(yHKLUMM pacripefie/ieHus1 B KBaZpaTUUHOU MeTpUKe

o = (£, FCPy[FolrG),

e F,(.) — smMmupuueckas GyHKIUsS pacrpe/iesieHus], TOCTPOeHHast TeM WJIM UHBIM CITI0COO0M 110
HCXOJJHOM SMIMPHUYECKOi BIOOPKe,

F(.) — TeopeTryeckas QyHKLMs pacripe/iesieHus,

Y[.] — HekoTOpasi BecoBast (PyHKIIUSI.

Tabnumiiel A71s1 oTIpeie/ieHrst KpUTHUeCKUX 3HaUeHW KpUTepreB OyAyT pa3vuarhCs AJisl IPOCTOMN
TUTOTe3bI U J1s1 KXK/I0T0 CJTydast CJI0XKHOU THUIIOTe3bl PU OLIeHKe COTTIacHsi SMITMPUYECKOTo
pacripefiesieHsi C KOHKPeTHBIM TUIIOM TeOPeTUYeCKOro pacripeiesieHus..

5 Pekomenpgaiuu no crangaprysanuu P 50.1.037-2002. ITpuknagHas ctatuctrka. [IpaBrsia mpoBepKy Coriacus
OTIBITHOTO pacrpefiesieHys ¢ TeopetnyeckuM. Yacts II. HerapameTpryeckue kputepud. — M.: I3gaTeibCcTBO
cTaHzapTos, 2002.
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[IpuMeHeHre KpUTepHeB THIA OMera—KBapaT [1Jisi TIPOBEPKU COIVIaCHsl Pa3/IMUHbIX pacrpejeneHuin
uccienosado I'B. MapteiHoBBIM. CM. Takke Pekomengarmu®.

7.2.3.2.1. Kputepuin Kpamepa-Museca

[Tpu BEIOOpE BeCOBOM (hYHKIIMU B KDUTEPUH THIIAa OMera—KBapart B Buje Y(t) = 1 mosyuaercs
kputepuii Kpamepa—Mwuseca (Mu3zeca, Kpamepa—®oH Mu3zeca, Kpamepa—Mmu3eca—CMHPHOBa U
Ip.). Kak u B asiroput™me BbIurcieHus: kpurepusi KosiMoropoBa, QpyHKIIMs pacripefie/ieHUs] MOXKeT
CTPOUTHLCS HETIOCPE/ICTBEHHO 110 SMITUPUYeCKOM BLIOOPKe, 6e3 pa3HeceHHs1 BApHaHT TI0 K/laccam,
TI03TOMY TTPAKTUUYeCKOe BBIUMC/IEHHE CTaTUCTHUKU Kputepust Kpamepa—Mmw3seca y00HO
TIPOU3BOJIUTS T10 hopMyiie
n .
S, =nw’ . b F(nj)— 21
12n 5

2

b

2n

e Nm, m = 1,2,...,n — SMIupryeckasi BbIDOpKa, OTCOPTUPOBaHHasl B IOPsi/IKe BO3pacTaHUs
3Ha4YeHWUY BapUaHT,

N — YMC/IEHHOCTb BbIOOPKHY,

F(.) — TeopeTryeckas QyHKLUs pacripe/iesieHus.

J17151 KaXX[j0ro TeCTUPYeMOro TeOpeTUYeCcKOro pacripezie/leH|s U KaX/0ro ciiydas CJI0KHON
TUTIOTe3bl pacrpeie/ieHre CTaTUCTUKY KpuTepHs OyzeT oTnndaTbesi. B PekomeHaarusx mo
cradgaptrsanuu P.50.1.037-2002 paccMaTpuBaroTCsl pas3/iduHble BapUaHThbl KpuTepusi. Tam e
YCTaHOBJ/IEHO, YTO P—3HaueHus1 KpUTepys /Il IPOBEPKY HOPMA/IbHOCTH B C/lydae CJI0KHOM
ryanoTessbl, korga oba rnapamerpa pacrnpe/esieHust OLeHUBATCs 110 SMIMPUUECKOU BbIOOPKe, MOTYT
OBITH aNMPOKCUMHUPOBaHbI (PYHKI[Mel JIOTHOPMa/IbHOTO pacIipesiesieHus ¢ mapameTpamu (-2,9794;
0,5330).

[MoapobHoe uccieioBaHre KpUTepusi CM. B MoHOrpaduu MapTbiHOBa. Biin3ok K
paccMaTprBaeMoMy TecTy Kputepuii U? YoTcoHa (Watson), OITMCAHHBIN B psijie 3apy0esKHBIX
VICTOYHUKOB.

7.2.3.2.2. Kputepun AHgepcoHa-dapnuHra

[Tpu BeIOOpE BeCOBOM (DYHKI[MM B KPUTEPUU THIIa OMera—KBa/[paT B BU/le
1
Y=
t(1-1)
rosryyaeTcst Kpurepuit AnzepcoHa—/lapiunra (A? kputepuii AHiepcoHa—/lapivHra).
[TpakTHyeckoe BbIUMC/IeHNE CTaTUCTUKU KpUTEpUs IIPOU3BOAUTCS 10 (popMyiie

6 Pekomengauuu no crasgaptusayud P 50.1.037-2002. [IpuknagHas cratictyka. [IpaBuia npoBepKy cornacust
OTIBITHOTO pacrpefiesieHys ¢ TeopetnyeckuM. Yacts II. HerapameTpryeckue kputepud. — M.: I3gaTeibCcTBO
cTaHzapTos, 2002.
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2j-1

A* =nQ* =-n- 22"'

212-1] [1_ F(n)]

e Nm, m = 1,2,...,n — sMrupuyeckasi BLIOOpKa, OTCOPTHPOBaHHasi B TIOPsi/IKe BO3pacTaHus
3HaueHWUM BapUaHT,

N — YHUCIEHHOCTh BBIOOPKH,

F(.) — Teopetrueckasi GyHKIIUS pacripe/iesieHusl.

115 KayK[j0ro TeCTUPYeMOro TeOPeTUUYECKOTO pacIipe/ie/ieHUst U KaXK0ro ciiydast CJI0KHOM
TUTIOTE3bI pacrpe/ie/ieHre CTaTUCTUKU KpUTepust OyzieT OT/iMuaThcs. B PeKoMeHzalusX 1o
cradgaptrsanuu P.50.1.037-2002 paccMaTpuBaroTCsl pa3/iduHble BapUaHThl KpuTepusi. Tam ke
YCTaHOBJ/IEHO, YTO P—3HaueHUsi KpUTepUs [1/1s1 TIPOBEPKU HOPMaIbHOCTH B C/Ty4ae CI0XKHOU
TUTIOTe3bl, Koryja 00a rmapamMeTpa pacrpe/iesieHysl OLIeHUBAOTCS TI0 SMITUPUUECKON BBIOOPKe, MOTYT
OBbITb aNMPOKCUMUPOBaHbI PyHKIMel pacrnipeziesieHust Sy J)KOHCOHA C TapaMeTpamMu (—
2,7057;1,7154,0,0925;0,1043). MimeeTcs He3HAUMTe/IbHOE pa3nure 0603HaueHu (cieayst XaHy C
COaBT., CM. I7IaBy «BBezieHre») B yOMSHYThIX PeKoMeHAausax: NoC/ieJHUN Y TIPEeATo /e JHUN
rapaMmeTphbl anmnpoKcUMaluu QyHKLMel pacnipefenenus Sy [)koHcoHa B PekoMeHZalMsx mo
HeH3BeCTHbIM HaM MTPUUMHAM MOMEeHSIHbl MeCTaMH.

PacripesienieHre CTaTUCTUKYA KPUTEPUs JJ1s1 IPOCTOM TUIOTEe3bl TEOPETUUECKU UCCTIeJOBAaHO
MapTteiHOBBIM. On1caHue 1aHo B CripaBOYHUKe CTerHoBa.

7.2.3.2.3. Kputepuin xn-ksagpar duwepa

Kpurepuii xu—kBazpar ®uitiepa (I[TupcoHa—®Puitiepa) siB/isieTCsl OAHUM U3 CTaperImX U CaMbIX
TIOTTY/IIPHBIX CPeJIU UCC/IeZioBaTe/Iel KpUTEPUEB COTVIAaCHsl, TIPUMEHSIEMbIX /IJIs1 aHa/Ii3a BEIOOPOK
OOJIBIIION UNC/IEHHOCTH.

KpuTtepuii xu—KkBaipar ®uiiiepa rpegHa3HadeH /it IPOBEPKU CJIOKHBIX TUTIOTe3 U SIB/ISIETCS
MoauduKalyei Kputepusi Xu—KBapat [1MpcoHa, TipeZiHa3HaueHHOTo /I71s IPOBEPKU MPOCTHIX
runoTes3. BelurcieHre CTaTUCTUKU KpUTepUsi Xu—KBazipaT Puiiiepa B cyiydae ITPOBEPKHU COTVIaCUsT
HerpepLIBHOTO SMIUPUYECKOT0 pacripeziesieHust U HelpepbIBHOTO TeOPeTUUeCKOro pacripeziesieHus
TIPOM3BOAUTCS T10 Popmyie

Z(v - ndpl)2

b

i=l nd pl
rae v, i 1 2,...,k — yacToThI Hab/TFOlaeMbIX C/TydaeB B K Kjaccax,
ndp;, i = 1,2,...,k — COOTBeTCTBYIOIIIE O)KHAaeMble YaCTOThI,
Di, I = 1,2,....,k — TeopeTHueCcKrie BepOSITHOCTH, BbIUKC/IEHHbIE 10 (hOpMYy/ie IJIOTHOCTH

pacnpesiesieHust (B JAHHOM YaCTHOM C/Tydae — HOPMajbHOTO),
k — uncno knaccoB pacripefenieHus,
n — o611ee urcI0 HabMIOAEHNUH, BBIYUCIsIEMOe 110 (hopmyrie

k
n=3v.,
i=l
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di, i = 1,2,...,k — BeluuMHa K/1aCCOBOT0 MHTepBasia (pa3HOCTh COCeIHUX 3HaUeHUN MHTepBasa);
YMHOXEHHE Ha JJaHHYI0 BeJIMUUHY Heo0X0AUMO /i1 HelPePLIBHBIX PACIpe/ie/ieHH, K KOTOPbIM
TIPUHA/IJIEKUT pacripefiesieHrie HopMasibHOe.

[Tpu nosiB/ieHWH UHTEPBAJIOB C O)KKZAeMbIMU YaCTOTaMH MeHee 5, 110 YCJIOBHbIM TIPeATIOChIIKaM
TIpYMeHeHUs ailrOPUTMa, UX PeKOMeHAyeTCst 00beJUHSATh C COCeIHUMH WHTepBaiaMu. BemurHbI
KJIaCCOBBIX MHTEPBAJIOB MPU 3TOM MozA/Iexar repecueTy. Acdudu ¢ coaBT. yKa3bIBaKOT, UTO
HEKOTOpbIe 0)KK/laeMble YaCTOThl MOTYT OBITh > 2 (YaCTO OHM PACIIo/iaraloTCsi Ha KOHIaX
WHTEepBaJsia), HO TIPYU 3TOM OCTaJIbHbIe 00sI3aTeTbHO [IO/KHBI OBITh > 5.

CratucTvKa KpuTepusi Xu—KBajpat duiliepa pacrpe/iesieHa Kak x2 C UACIOM CTerieHel cBoOObI k —
s — 1, rae s — UMC/IO OLleHMBaeMbIX ITapaMeTpOB pacripe/iesieHus. B paccMaTpuBaeMoM ciydae npu
TIpPOBepKe HOPMasIbHOCTH pacIipe/iesieHusi, Kor/ia 10 BbIOOPKe OLIeHUBAIOTCS CpefiHee 3HaueHue 1
aucrieperst, s = 0, a uMcsI0 creneHelt cBo6oAbI OyzeT k — 3. 37ech Hy’)KHO OTMETHUTb, UTO ITapaMeTphl
HOPMaJIbHOTO pacripe/iesieHusi [7isi pacueTa TeopeTHU4eCKUX BepOSTHOCTEH, UCTIOb3yeMbIX TTpU
pacyeTe CTaTUCTUKH PaCCMAaTPUBAEMOTO KPUTEPUS, 1OJDKHBI ObITh BBIUMC/IEHBI 110 SMITUPUYE CKUM
YyacToTam, a He 10 UCXOAHBIM BbibopKaM. [103ToMy /17151 BBIUKC/IEHUH JaHHBIX BEIOOPOYHBIX
TIoKas3aresieli UCI0Jb3yI0TCsl OPMYJIbI /ISl Cpe/IHero 3HaueHusl U AUCIepcru (CMellleHHast OLieHKa),
COOTBeTCTBEHHO, B ceAytolilei (hopme:

1 k
X :—Zbl.vl.,
nig
s & 1(& Y
o’ =—| Y bv,-—| Ybv,| |,
niig n\ iz
rae b, i = 1,2,...,k — cepeIuHbI K/1TaCCOBLIX WHTEPBAsIOB.

HeckonbKO HepeleHHbIX MPo0b/ieM, CBOMCTBEHHBIX PACCMAaTPUBAEMOMY KPUTEPHIO:

* Uuc/o K1accoBbIX MHTEPBA/IOB BbIUMC/ISeTCs 0 npaBuity Crepkecca (CM. [v1aBy
«OnucaresnbHasi CTaTUCTHKa» ). OT BbIOOPA UMC/Ia KIaCCOBBIX MHTEPBAJIOB CYII[eCTBEHHO
3aBUCUT pe3yJ/IbTaT aHa/IM3a pacCMaTprBaeMbIM KPUTepUeM, HO Hejlb3s CKa3arh, 4TOo
npo6siemMa BbIOOpa ONTUMaJILHOTO YKCJ/Ia KacCoB perieHa. 1o 3Toi npuurHe MHOTHe
MCCJIeZJOBaTesIH 110/1aratoT, UTO MCIO/b30BaTh KPUTEPUHN THIA XU—KBaJpaT A/l 00paboTKu
KOJIMYeCTBEHHBIX JJAHHBIX HellesiecooOpa3Ho.

* Ha apyryto npobneMy yka3san ripod. BouHoB (IUTHPYeTCs TI0 JTMYHOM MEePerucKe): «...
TlapaMeTphbI ZI0JDKHBI OBITh OLIeHEeHBI TI0 SMITMPHUUECKUM YacTOTaM, a He TI0 UCXOZHOM
BbIOOpKe. DTO yc/ioBUe He0OX0uMO, HO He foctatouHo!!! /ocTaTouHbIM yC/i0BUEM TOTO,
YTO KpUTEepHii OyZieT B rpefiesie XU—KBazpar ¢ k —s — 1 cTeneHbl0 cBOOOBI M He 3aBUCETb OT
rapaMeTpoB, SIBJIIeTCS TO, UTO Ipeie/ibHas KoBapHallMOHHAasi MaTpUlLia CTaHAapTU30BaHHbIX
gacToT OyzieT Takasi e, KaK U B C/Tyuae OLIeHOK, TIOJTyUeHHBIX 110 MeTOy MUHUMYyMa X1—
KBa/ipar. 51 He yBepeH, UTO 3TO YC/IOBUE BBITIONHAETCS /17151 BLIDOPOUHBIX CPe/IHEero 1
JVCTIePCHH TI0 TPYTIITUPOBAHHBIM JAHHBIM ...». [JaHHOE yTBep)XJeHre MOXeT ObITh
IIPOBEPEHO C IMOMOLLBI0 MeTO/0B, IIpe/iCTaB/IeHHbIX B IVlaBaxX «IlapameTpuueckas
CTaTHUCTHKa», «HemapameTpuueckas CTaTUCTUKa» U «IUCIIepCUOHHBIN aHaIn3».
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* B pykoBoACTBax 10 NPHK/IaZHON CTaTUCTHKE YKa3bIBaeTCsl, UTO UMCJIA KJIACCOB [JO/DKHO
OBITH 1OCTATOYHO [i/Is BEPHOU Mepeiaur XapaKTepPUCTHUK IMITMPUYeCKOr QyHKLIUN
pacnpezenienusi. [Ipy 5TomM pekoMeHZalMii 0 MPOBEpPKe JaHHOTO YTBEP)K/eHUs He
nipuBoAUTCsi. OHO MOKeT OBbITh TIPOBEPEHO C MOMOIIIbI0 METO/IOB, TPeZCTaB/IeHHbIX B I71aBe
«HenapameTpuueckast CTaTUCTHAKa».

Briiaua pe3ynbsraToB BK/IIOUAeT [JOMO/HUATE IbHbIE [TapaMeTpbl:

*  YM(JIO KJIaCCOB,

*  KJ/IaCCOBBIM MHTepBall,

*  CepeiUHbI KJIaCCOBLIX UHTEpPBaJIOB,

*  UYNCJIeHHOCTH K/1acCoB,

* TeopeTHYeCKHe YaCTOTBhI.

KpuTtepuii npescrasied B KHure TiopuHa ¢ coasT., paboTax Jlemeriko, Ko63aps, Pekomengarusax’.
Kpureputii J fIcTpeMcKOro, 0OCHOBaHHbIM Ha XU—KBaZpaT, CTaTUCTUKA KOTOPOrO MMeeT HOpMaJibHOe
pacripe/iesieHue, onvcbiBaeT JlakuH. O630p MeTo#OB BbIOOpA UKC/ia K/IaCCOB IaH B KHUTe
Hosuiikoro c coaBt. Cm. Takxke pabory Kapsmuc (Karlis) ¢ coaBt. Bkiaz B pa3BuTre Teopun
KpUTepHeB TUIa XU—KBajpar BHec HukynuH, MupBanve, BouHos, [1s. V3 BaxkHeHIIMX
pe3yJIbTaToOB IaHHBIX aBTOPOB HY)KHO OTMETUTh TPYTITy KPUTEPUEB THITa XU—KBa/ipaT, CBOOOAHBIX
OT MeTo/la pa30veHus Ha K/IaCCOBbIe MHTEPBaJIbl M OT CII0Ccoba OLIeHKH Her3BeCTHBIX TlapaMeTpPOB
pacnpezeneHus.

7.2.3.3. Kputepuu Tuna Innca—lannm

B paspesne paccMOTpeHBI:

*  Kpurepun Onnca—Ilanmm.

* Kpurepuii Xenuje—Llupknepa.
Kpurepuu tuna 3nnca—Ilanmu (Epps—Pulley test) ocHoBaHbI Ha U3MepPeHHH PaCcCTOSTHUS
SMITUPUYECKON XapaKTepucThuueckoi yHKIUU U MO/Ie/IbHOM (TeopeTruueckoi) GyHKIIUU
pacripesie/ieHUst

o0 ) 2
T, =n i, - ¢ [ g,

rae Y,(t) — sMnupuueckas xapakrepuctuueckast QyHKIUs,

t — HOpMHPOBaHHOE OTKJIOHEHHe,

N — YMCJIEHHOCTh BBIOOPKH,

|.| 03HaUaeT MOAy/Ib KOMIJIEKCHOTO BbIpa>KeHUSI.

O630p KpUTepHeB pacCMaTPUBAaEMOr0 THIIA, BKJ/IFOUasi alilPOKCUMAL[U U pe3yJIbTaThl
KOMITBIOTEPHOT'0 MO/le/TMpOBaHus, TipeZictaBieH Jmrcom (Epps).

7  Pexkomenpgauuu no crangaptysanuu P 50.1.033-2001. ITpuknagHas ctatuctrka. [IpaBrsia mpoBepKy coryiacus
OTIBITHOTO pacripefiesieHus ¢ TeopetnueckuM. Yacts . Kpurepuu tuna xvu—kBazpar. — M.: M3aaTenscTBO
cTaHzapTos, 2002.
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7.2.3.3.1. Kputepuin dnnca-Mannn

[TpeacTaBUB IMIUPUUECKYHO XapaKTepUCTUUecKyto (yHKLMIO (0003HaueHusi BLIOpaHbI TaK, YTOOBI
OHU COBHa,anH/I C aHAJIOTUYHBIMHU 0003HaueHUsIMU Kputepust XeHiie—LIupkiepa)

. (1) = Z itlx - X)/S,

j=l
rae i — MHUMas eJuHULIA,
S — pucniepcus,
X - cpeziHee 3HaueHue BbIOOPKU Xj, j = 1,2,...,n,
B TPUTOHOMeTpUUeCcKoi (hopMe U B3sB BbipaskeHHe ¢(t) B BU/ie TIJIOTHOCTU CTaHAAPTHOTO
HOPMaJILHOTO pacripefie/ieHus], HeCJIOKHO TIOyUUTh yA00HYI0 (GOpMYIy 11l BBIYUCTEHHS
CTaTUCTUKU KpuTepus Dnrca—Ilanmm

P .
T —1+—+—ZZe ks \/EZe 4
NG =

J=2 k=l
CornacHo Xenije (Henze), P—3HaueHue [ijist MasibIX BEIOOPOK OepeTcst 1o Tabmuiie, a /it BbI0OPOK
YMCJIEHHOCTBIO OT 10 U Bbillle BBIYUC/IAETCS TI0 (hopMyJie
P = ®(2),
rae d(z) — GyHKIMSA CTaHAAPTHOTO HOPMAJILHOTO pacripesie/ieHus!.

(,-xP/s?

BEJII/ILII/IHa z :Z(T”) paCCqI/ITbIBaETCH KadK
z =y+ Slog(T - E)YE+A-T)),

T =(T, - 0365/n+134/n*)(1+1,3/n),
rae

a rpeuecKMH OyKBaMu 00603HaueHbI KOHCTAHTHI.

MuHuMasnbHasi UUC/IEHHOCTh BBIOOPKH, aHA/TM3UpyeMoi KputepueM Oririca—Ilauiy, paBHa 4.
MakcuMasibHasi ynucieHHOCTh paBHa 200.

Cm. cratbu Jririca, Pekomenzaiun®, cratbio Xenrie (Henze). MHOroMepHBIA aHa/IOr KPUTEPHst
Onmnca—Ilanmv npegcrasieH KputeprueM XeHue—Lnupknepa.

7.2.3.3.2. Kputepunit XeHue-Lupknepa

CylijecTByeT aHa/IOT KpuTtepus Dmrca—Ilaniy, npeaHa3HaueHHbIH /171 TPOBEPKU HOPMa/TbHOCTH
MHOTOMEpHOTO pacripeziesieHus. Beruricienve kpurepust XeHue—Llupkiepa (MHBapHaHTHOTO TeCTa
XeHue—L[HpKnepa Henze—Zirkler test) HpOI/IBBO,E[I/ITCH o d)opMyﬂe

_ A
D,y = 222 d 2(1+/3’2)'d/212 2(1+ﬁ) (1+2/), )d/z

j=l k=l n =
r7ie 3 — BBIUMC/IsieMbId 0COOBIM 00pa30M WK 3aZlaBaeMblii ITapaMeTp,

8 Pekomengauuu no crasgaptusayud P 50.1.037-2002. [IpuknagHas cratictyka. [IpaBuia npoBepKy cornacust
OTIBITHOTO pacrpefiesieHys ¢ TeopetnyeckuM. Yacts II. HerapameTpryeckue kputepud. — M.: I3gaTeibCcTBO
cTaHzapTos, 2002.
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d — pa3MepHOCTb MHOTOMepHOM (d—MepHoit) BeIOOpKU Xj, j = 1,2,...,1,
N — YKCJI0 BapUaHT d—MepHOI BBIOODKH.

OcrasnbHble BXoAsIMe B (hOpMysTy rapaMeTphbl BBIUHCSIOTCS KakK

Y, - Yi2 = (X; - X' S™ (X; - X,

[ =k, - X)s(x, - X)
rie S — marpuria, obpaTHas JAMCIepCHOHHO—KOBapHALIMOHHON MaTpHIIe,

X — d-mepHBIil BEKTOpP CpeJiHero 3HaueHUsl, BEIYMC/IEHHBIN 110 d—MepHOl BeIGOpKe,
IITPUX O3HAYAeT OTepal[ii0 TPaHCIIOHUPOBAHUSI.

P—3HaueHus1 KpUTepHs BLIUKMC/IEHbI ITyTeM HOpMaJIbHOM arrpoKCUMaLvH.

Cwm. paboty CeaHTeccoH (Svantesson) ¢ COaBT.

7.2.4. Kputepuun, ocHoBaHHble Ha perpeccuu

K Tecram, 0CHOBaHHBIM Ha perpecCcyy 1 KOppessiliuy (MHOT/la X Ha3bIBalOT KPUTEPUSIMHU,
OCHOBAHHBIMU Ha perpeccuy MOpPsiIKOBBIX CTAaTUCTUK), OTHOCATCS TPyIa KpUTePUEB TUIA
[Tarmpo—Yusnka u D kputepuii I’ AroCTHHO.

[TpencraBisrOT MHTEpeC UccaefoBaHus Kputepues Tuna [llanvpo—Yuiika, BellosHeHHble PaliaH
(Ryan) u [Ixotinepom (Joiner), Yen (Chen) u Illarupo. O630p cM. B cTathbsix bau (Bai) c coaBr.,
Beppusnn (Verrill) ¢ coasr.

7.2.4.1. Kputepuin Lannpo—Yunka

B psizie ombITOB, 0CO6EHHO B 9KCTIepUMEHTAa/IbHBIX U KITMHUUeCKUX OMOMeJULIMHCKUX
WCCJIe/JOBAHUSIX, YaCTO BO3HUKAET CUTYALs, KOT/la UMC/IEHHOCTh BBIOOPKY Majia. CrieliuanbHO JI1s
NIPOBEPKU HOPMa/IbHOCTH pacIipeZiesieHusi MaslbIX, YUCIeHHOCTHIO OT 3 10 50 BapuaHT, BbIOOPOK
larmupo (Shapiro) u Yunk (Wilk) paspaboranmu kpurepwuii. Ha ocHoBe ¢popMys opyriuHaabHON
CTaTby KPUTEPUM B MPUHLIUIIE MO)KHO TIPUMEHSTh [IJ151 JIFOOBIX 110 YMC/IEHHOCTH BbIOOPOK, O/IHAKO
aBTOPBI Ta0y/TMPOBa/IM KOHCTAHThI, HEOOXOMMBIE /1/1s1 BBIUMC/IEHHUS] CTaTUCTUKN KPUTEPHS U
arrpoKcumali P—3HaueHus1, TOJBKO A0 50 BapHaHT.

CraTrcTHKa KpUTEpHsi UMeeT B/

2
n
Zal.xl.
W . i3

3o 5

e x;, i = 1,2,...,n — OTCOPTUPOBAHHAsI B MOPSIIKe BO3pacTaHUs BbIOOPKa,
N — YACIEHHOCTh BBIOOPKH,

a;, i =1,2,...,n — KOHCTAHTHI.

B MatpuuHoii opme hopMysna BbIYUC/IEHUS] KOHCTAaHT UMeeT BU/,
a=mV'Vmy"”mv?,
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r7ie mu V — COOTBETCTBEHHO, BEKTOP MaTeMaTUyeCKUX OXKUaHUM U JUCTIePCUOHHO—
KOBapHal[MOHHAsi MaTpUIja MaCCUBA YTIOPSIIOYEHHBIX CTeHEPUPOBAHHBIX BHIOOPOK UMC/IEHHOCTHIO N,
pacrpe/ie/ieHHbIX 10 CTaHAapTHOMY HOpMabHOMY 3aKOHY. BbrurciieHre JaHHBIX BeJIMYUH
COTIPSDKEHO C OOMBITUMU BBIUUC/TUTE/TLHBIMU CJIOXKHOCTSIMU, BbI3BAHHBIMU TPeOOBaHUSIMU K
o0bemy (ucronb3yetcs ot 2000 1o 8000 BEIOOPOK, U, €C/TM MaTeMaTHUYeCKHUe OXKUAAHUS MOYKHO
TIPOCTO HAKAIIUBaTh, /JIsl TIOTyUYeHUs TUCTIepCMOHHO—KOBAapHAIIMOHHON MaTpHI[bl BCE BHIOOPKH
HeoOX0JMMO XPaHWUTh) U afipecarivy NamsTy, ObIcTpoelcTBII0. MeTo/[Ka BBIYUCIEHHH TakKe
NIPUBOJUTCS B Oosiee mo3aHuX nmybnukaiusx PorictoHa (J.P. Royston) u PotictoHa (P. Royston).
[TosTOMy MpakTUUeCKU BbIYUC/IEHUE CTAaTUCTUKU OPUTMHAIBHOTO KPUTEPHS TIPOM3BOAUTCS T10
(hopmyrie, IPUTOAHOM 151 OBICTPBIX BHIYMCIEHUH,

b 2
Zan-i+l(xn-i+1 - xi)
W — i=l

2

>G,- x¥

rae k = n/ 2, ecid n — 4eTHOe,
k=(n-1)/2, ectu n — HeUeTHOe,
Aniss; 1= 1,2,...,k; n = 3,4,...,50, — TaOy/1upoBaHHbIE KOHCTAHTHI.
5151 BeIuMC/ieHnst P—3HaueHui KpyuTepus IPUMeHsIeTCsl HopMaslbHasi arrpokcumanys. BeiywurHa
Z=y +n, lnu,

1-w
TZ€ Yn, Nn, €1 — TAOYTUPOBAHHBIE KOHCTAHTHI /I/Is COOTBETCTBYIOIIMX 3HAUEHHUH N,
pacripesiesieHa HopMasibHO Kak N(0,1).
[pyrue anmpokcUMaliu, AelCTBUTeTbHbIe [/ YMCIeHHOCTHU BbIOopoK /10 5000, mosyueHb! B
pabote Poiictona (P. Royston, 1993). Kpurepwuii peami3oBaH Ha 0CHOBe MOHOTrpaduy XaHa C COaBT.
(Hahn et al., umeetcst pycckuii nepeBoz). CM. Takxke cripaBouHuk CrenHoBa. PorictoH (J.P.
Royston) B 1983 roay nipefcraBui kputepuit H — MHOrOMepHbIi aHanor kputepust [llanupo—
Yunka. O kputepun H PolicToHa cM. Takke paboty CaHTeccoH (Svantesson) ¢ coaBT. OueHb
npocToe MHOroMepHoe 060011ieHre kputepusi [llarmpo—Yusika 1o HauMeHOBaHUEM
MapruHanbHOro anropurma (marginals algorithm) npeasoxxunu Iletepcon (Peterson) ¢ coaBr.

7.2.4.2. Kputepuin Lannpo—dpaHcra

[ITarmpo (Shapiro) u ®pancua (Francia) rnpeanonoxumu, uto Ayist 60JbIIUX BHIOOPOK CTaTUCTHKA
Kputepust W MoykeT ObITb BbIUKC/IeHa MeHee TPYJ0eMKO, UeM 3TO cZiesiaHo B Kpurtepuu Illarnvpo—
Yunka. Ona nmeet apyroe o603HaueHre, HO TIOXOKYHO 3aITHCh

2
Zbix[
W’ _ i=l

¥G -5
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e x;, i = 1,2,...,n — OTCOPTHPOBaHHAs B TIOPsI/IKe BO3pacTaHHs BLIOOPKa,
N — YUCIeHHOCTh BEIOOPKH,
b;, i=1,2,...,n — KOHCTAHTEHI.

B matpuuHoii ¢popme opmysia BEIUMC/IEHHUsI KOHCTAaHT UMeeT COBCEM MPOCTOU BU/,

b= (m'm)"*m,

re m — BEeKTOp MaTeMaThu4yeCKHUX O)KI/IAaHI/II\/’I, BBLIUMC/IEHHBLINA Ha OCHOBE yropsaago4eHHbIX
CreHepUPOBAHHBIX BBIOOPOK UHCIEHHOCTRIO N, pacrpeZie/ieHHBIX 10 CTaHAaPTHOMY HOpMabHOMY
3dKOHY. OHPEAE]'IEHI/IE ,E[aHHOI;’I BeJ/IMUYMHBI COTIPS>KEHO C OOJILIIUMH BBIUYKC/IATE/TLHBIMUA
CJIOKHOCTSIMH, BbI3BaHHBIMH TPeOOBaHUSIMH K OBICTPOZAEMCTBUIO KOMIIbIOTepa. I103TOMy aBTOpBI
TecTa BOCIO/Ib30BaIMCh TeM, UTo paHee biom (Blom, cm. [l3iiBuza) 3amucan npocTyto B
BBIUMC/IEHWH OLIEHKY KOMIIOHEHT BEKTOPd MaTeMATUUECKUX O)KI/I,Z[aHI/Iﬁ

m =W|(i- 3/8)/(n+1/4)]i =12,...n,

rae W(.) — dyHkwms, obpaTHast GYHKIIMU CTaHAAPTHOTO HOPMAaJTbHOTO pacrpe/iesieHusl.
CraTuCTUKa KPUTEPUs He OTHOCUTCS K KAKOMY—M00 CTaHapTHOMY THUITY pacripefiesieHus,
nostomy Poiicton (J.P. Royston, 1983) a5 npakTHuyeCKUX BbIYMCIEHUN NPEAJIOKUI ee
TpaHc(opMaluio C TIoc/eiyollel anmpoKCUMali|el o CTaHjapTHOMY HOpMaTbHOMY 3aKOHY.
[lpyruie anmpoKCUMaLUH, TAKXKe JelCTBUTeIbHbBIE [/ YMC/IeHHOCTH BBIOOPOK 10 5000, 1aHbI B
pabote Poiictona (P. Royston, 1993).

7.2.4.3. Kputepwuin [JArocTUHO

D kpurepuii 1’ AroctrHo (D’ Agostino’s D test) mocTpoeH, Kak 1 Kputepui [llanupo—Yuka, Ha
TIOPSIIKOBBIX CTaTUCTUKAX. Bblunc/ieHre CTaTUCTUKY KPUTePUst TPOM3BOAUTCS 110 (hopmyrie

L on+1
Sli- s
_ i
D =- 5 ,
ns
rae x;, i = 1,2,...,n — OTCOPTUPOBaHHas B TIOPsi/IKe BO3pacTaHUs BbIOOPKa,

N — YUCIEHHOCTh BBIOOPKH,

1 ¢ _
s2 ==Y, - ¥
iz — CMelljeHHas! OLleHKa JUCIIepCHH,
__1g
x=—)x
rie  "i2  — BLIGOpPOUHOe CpejiHee 3HAUEHMe.
TIpaKTUYeCKU 3HAUMMOCTb MOKET BBIYMC/IATHLCS TIOCPEe/ICTBOM HOPMa/IbHOM armnpOoKCUMAL|K
KPUTUUYECKOTO 3HaueHns KpuTepys. [1py 3ToM MoM(HIMpOBaHHas CTaTHCTHKA
D- ED
b
v DD
oo (=) T(/2-1/2)
. 2\@nx)  T(n/2)

~0vz)" ~0,28209479
r
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JDD = 124/3- 27+ 27

1/2
DD ~0,02998598/+/n
24ns
— CTaH,Z[apTHOG OTKJ/IOHEeHUue.

pacripe/iesieHa 110 CTaHapTHOMY HOpMasibHOMY 3akoHy. [1o 3Toi npuurHe D KpuTepuit

I’ AroctrHO mosaraetcsi 6osiee y0OHBIM B BLIUMC/IEHUH, YeM Kputepwii [llanpo—Yusika,
TpeOyIoIIUii /i CBOET0 BLIUMC/IeHHUS MO0 Tab/uL], MO0 IOBOIBHO CJIOKHBIX TPYA0EMKHX
anrpoKCUMalWH, CBSI3aHHBIX C 00beMHBIMU BBIUMC/IEHUSIMH.

®opmyribl B35ITHI M3 UCTOYHUKOB: [’ AroctuHo (D’ Agostino, 1971), Jonr (Dong) ¢ coaBT. 1 YauT
(White) c coaBT. Bo BTOpOM MCTOUHMKE aCUMIOTOTHYeCKHe (YOPMY/IbI [i/Is1 MaTeMaThyeCcKoro
OXKUJ@HUs ¥ CTaHZAPTHOTO OTK/IOHEHUsI 3aMycaHbl HelpaBUIbHO, TIPUYeM oreuaTka B opmyisie /st
CTaH/IapTHOTO OTK/IOHEHUS UJeT U3 OPUTHHA/IBHOM PaboTHI.

7.2.5. Kputepun MOMeEHTOB

Cy1ecTByeT rpyImna KpuTepueB, KOTOpbIe [I03BOJISIFOT OLeHUTh OTK/IOHEHHe HEKOTOPbIX
TlapaMeTpOB 3MIMPUYECKOTO pacripeziesieHus (KO3pQUIMeHT aCHMMeTpPHH, KCLIeCC Wir oda
rapaMeTpa O[HOBPEMEHHO) OT TeX >Ke lTapaMeTpOB HOPMaJsIbHOTO pacripefienienust. [TofgpobHee o
JAHHBIX TlapaMeTpax 3MITUPUYeCKOl BEIOOPKY CM. I71aBy «OrmucaTesibHasi CTaTUCTUKAY .
PaccmarpuBaeMble KpUTepUH MPUHA/IeXaT K IPyIINe KpUTepreB, 0CHOBAaHHBIX Ha OOBIYHBIX U
abCoMIOTHBIX MOMeHTax pacrpefesienust. [1o pe3ynbraram pUMeHeHUsl JAHHBIX KPUTEPUEB HeJlb3sl
JleaTh 3aK/IF0UeHre O COOTBeTCTBUU TeCTUPYeMoii BIDOPKY HOPMaTbHOMY pacIipe/iesieHH0.
JlaHHBIMY KPUTEPUSIMU MOYKHO JIULLb TIPOBEPUTH, UTO TECTUPYEMble [TapaMeTpbl SMITMPUUe CKOU
BbIOOPKM NIPUHUMAIOT OTIpeZie/ieHHble 3HaueHMsl, COOTBETCTBYIOLIIIe HOPMa/IbHOMY
pacripefie/IeHUIO.
Hawubornee pacripocTpaHeHb! ciefjyroliyie KpUTepur, OCHOBaHHbIe HA MOMEHTAaX pacIipeZiesieHust:

*  KpuTepuii ko3(duiieHTa acuMMeTpUH (TpeThii HOPMUPOBaHHbIN LIeHTPaIbHbIN MOMEHT),

* KpuTepui 3Kcljecca (4eTBepThIli HOPMUPOBaHHbBIM LIeHTPa/IbHbIA MOMEHT),

» kpuTepuii JKapka—bepa, MoCTpoeHHbIN Ha W/jee O[HOBPEMEHHOT0 aHa/in3a Ko3puiirieHTa

acCMMMeTPHUH M 3KCLiecca,

* kpurepuii ['upu (TepBbIii HOPMUPOBAHHBIN IIeHTPaTbHBINA aOCOMOTHBIA MOMEHT),

* MHOTOMepHbIM KpUTepui acuiMMeTprur Mapaua,

* MHOTrOMEpHBIM KpUTepui 3KcLecca Mapaua.
HarioMHMM, UTO LieHTpasibHble BbIOOPOUHbIE MOMEHTHI OTIpe/iesIsitoTCsl hopMy/IaMU

n
m, :lZ(x,, - )k =12,
niq

rae x;, i = 1,2,...,n — SMOMpUYecKast BLIOOPKa,
N — YUCJIEHHOCTh BBIOOPKH,

1 n
X Z—in
"i= _ ppIGopouHOe cpe/iHee 3HaUeHMe,
k — nopsinok MmomeHTa.
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LleHTpasnbHbIe abCOOTHBIE BLIDOPOUHBIE MOMEHTHI OTIpe/ieNsitoTCst (hopMysiaMu

B, :12|x,. - X[k =1,2,....
nig

ABCONMOTHBIE MOMEHTBI UeTHBIX TTOPSIIKOB COBMA/IAI0T C 0OBIYHBIMU MOMeHTaMH. [1epBbIii
LIeHTPaJIbHBIN abCOMIOTHBIN MOMEHT Ha3bIBaeTCs CPeAHUM apu(MeTHUeCKUM OTK/IOHEHUEM.
Hapsiny co cpegHuM KBafipaThueCKUM OTKJIOHEHUEM, JaHHbIM TT0Ka3aTe/lb MOXKeT IPUMEHSIThCS B
KaueCTBe XapaKTepPUCTHUKU pacCcesiHUsl.

Xopoti1o TpopaboTaHbl MHOTOMEPHBIe aHa/IOTH KpUTepreB KO3 dHIeHTa aCHMMeTPHH 1 JKCliecca
— KpuTepur Mapaua. MHoroMmepHbIi KpuTtepuii Mapaua—®ocTtepa ueiiHo 6/IM30K K COCTaBHBIM
TectaM Tuna JKapka—bepa (0ZHOBpeMeHHO TeCTUPYIOTCSI aCHMMETPUSI U 3KCL[eCC).

[TpumeHeHue Kputepust K03 duLeHTa aCMMMEeTPUH U KPUTEPUS SKCLiecca peKOMeHAYeTCs A/ist
TIPOBEPKH OTKJ/IOHEHUsI OT HOPMaibHOCTH, HarlpyuMep, TIpU pellieHrny BOrpoca O IpUMeHeHUH
Kkputepusi CTbIOfleHTa, TIpeZiCTaB/IeHHOro B 171aBe «[lapameTpryeckast CTaTUCTUKA».

7.2.5.1. Kputepuit koaphuumeHta acuMmmeTpumn

Kosdduirent acummetpuu (skewness) xapakrepusyeT HeCUMMETPUYHOCTD pPacIipe/iesieHust
CJly4aliHOM BeJIMYMHBL. []/151 HOpMaIbHOTO pacrpesesieHus KO3 (ULeHT aCMMMeTPUM paBeH HYJIIO.
KosdduripeHT acumMMeTpun — BelIM4YKHA, He 3aBUCSIasi OT BbIOOpa Hauaia oTcyeTa v OT eJJMHUI]
W3MepeHusi C/Ty4aliHOM BenunHbl. BeiOopouHsiii KoadduipeHT acummMeTpun (sample skewness)
MOXKET BBIUMC/STHCS 110 (hOpMyJsie BBIOOPOUHBIX MOMEHTHBIX OTHOLLIEHUH

b = S3 ,
rae S? — oljeHKa BbIOOPOUHOM AUCTIepCHH, BEIUMC/IIeMasi TIo (hopMyJie
—\2
'xi - x) s
rae X;, I 1 2 .,/ — BapUAHTBI SMITUPUUECKOU BLIOOPKH,

=l

=—Z X,
= — BBIOOPOYHOE CpefiHee 3HaueHue.
N — YUCIEHHOCTh BBIOOPKH,

Z(

’ (” 1)(" 2) 2 — BBIOOPOYHAs OIIeHKa 3-TO LIeHTPaJbHOI0 MOMEHTA.
3anuieM MOAUGUIMPOBAHHYIO CTATUCTHKY
g =y D,
n-2
Torga craticTyKa By /151 GOJBIION UMCIEHHOCTH BIGOPKH pacripe/ie/ieHa aCUMITOTHYeCKH
HOPMa/IbHO C Hy/IeBbIM CPeJHUM U Jucriepcueit
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_ 6n(n-1)
" (n- )+ D(n+3)

MuHuMasnbHasi UUC/IEHHOCTh BBIOOPKH, aHa/TM3UpyeMoii KputepreM ko3¢ dulieHTa aciMMeTpUH,
paBHa 3.
Omnucanue cM. y Kpamepa, Ban fiep Bapgena. B nurepatype umerorcst u ipyrve (GopMbl 3aricu
CTaTUCTUKY KpUTepHs, a Takxke ee arnrpokcuManuu. Cm. bosbliesa ¢ coasr., CterntHoBa, CTeHroca
(Stengos) c coaBT. ViccnenoBaTensiMu Npe/IoXKeHbl Ce[yoliie BapUaHTbl KPUTePUs
ko3¢ duleHTa aCHMMeTpUU:

* kputepuii acummerpud [I’ AroctrHo (D’ Agostino’s test for skewness), mogpo6HO

Tipe/iCTaB/ieHHbIN B cTaThe 1’ ArocTuHO c coaBT. (1990),
» kputepuii g; @uiepa (Fisher g statistics for skewness), onucanHbIi Tam xe.

7.2.5.2. Kputepuin akcuecca

Ikcuecc (kurtosis, excess) xapakTepusyeT CTeleHb BbIpaXKEHHOCTH XBOCTOB pacrpe/iesieHust —
YaCTOTy MOSIBJIEHUs yJa/eHHbIX OT CPeJHero 3HaueHuu. [1jis HOpMalbHOTO pacrpeeneHus: SKCLecc
paBeH TpeM, 03TOMY IPH BbIUMC/IEHHH 3KCLiecca OT MOyYeHHOI0 3HaUeHMs YaCTO OTHUMAKOT
YKCJIO TPU, YTOOBI TIOKA3aTh, HACKOJILKO JKCIIECC IMITUPUUECKON BBIOOPKH OT/IMUAEeTCs OT JKCIiecca
HOPMaJIbHOTO pacripe/iesieHusi. DKCLiecC — BeJIMUMHA, He 3aBUCSIIas OT BbIOOpa Hauasa OTCueTa U OT
eTUHUL] U3MEePeHUs CJTyYalHOU Be/TMUMHbBI. BeI00OpOUHbIi 3Kciiecc (sample kurtosis) MoxkeT
BBIUMCJITHCS 110 (popMyrie BEIDOPOYHBIX MOMEHTHBIX OTHOLIeHHH
b, =24

2 S4 b
rae S? — olleHKa BIOOPOUHOM AMCIIEPCHH, BHIUKC/IsIeEMast 10 popMyiie

1 n
2 —\2
S - Z(‘xi - ‘x) ’
n-1%9
rze x;, i = 1,2,...,n — BAPHUAHTBI IMITUPUUECKOH BBIOOPKH,

1 n
X Z—in
i1 — BpIGOpOUHOE CpeHee 3HAYEHHE.

n — 4YyrucCJIeHHOCTb BbIGOpKI/I,
2

n(n+D) ¥ (x - ' - 3n- D (5, - %)

m, =

(- D(n- 2)(n- 3) — BBIOOPOUHAs OIleHKa 4-T0 1IeHTPaTbHOTO
MOMEHTa.
3anuiiieM MOJU(PUIIUPOBAHHYIO CTaTUCTUKY

_ n-1
B = 0TS [(n+1)b, +6]
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Torma cratrctrka B, Ajist O0/BIION UMCIEHHOCTH BRIOOPKU pacrpeziesieHa aCUMITTOTAYEe CKU
HOPMaJIbHO C HY/IEBBIM CPEeJJHUM U JUCTIepCueit
_ 24n(n- 1)°
2 (n-3)n-2)(n+3)n+5)
MuHuMasIbHast YMC/IEHHOCTh BBIOOPKH, aHA/IM3UPYeMOM KpUTepHeM 3Kcllecca, paBHa 4.

Onucanre cM. y Kpamepa, Ban gep Bapzena. B nureparype uMeroTcs U pyrue anmnpoKCUMaruu
cTaTUCTUKY KpuTepusi. CM. bonbiiesa ¢ coasrt., CrernHoBa.

7.2.5.3. Kputepuin XXapka—bepa

V3BeCcTHBIM MpeiCTaBUTE/IEM COCTABHBIX T€CTOB SIB/ISIETCS IIIMPOKO TIPUMEeHsIeMbIii (1 IIIMPOKO
KpUTHKYyeMblIii) KpuTepuii JKapka—bepa (Jarque—Bera test, oH ke Bowman—Shenton K2 test). C
TIOMOIL[bIO JAHHOTO KPUTEPUsi IPOU3BOJUTCSI OAHOBPEMeHHbIN aHa/in3 KO3 uijeHTa aCiMMeTPUU
u 3KcLecca. CTaTUCTHKa KPUTEPUs BBIYUC/SIETCs TIo hopmyrie

— b12 + (b, - 3)2 ,
24
rae by — KO3 PULMeHT acuMMeTpUH,
b, — 3kcriecc,

N — YUCJIEHHOCTh BHIOOPKHU.
B cooTBercTBUM € TpeOOBaHUSAMH anropyuTMa, K03((GUIMEeHT aCUMMETPHUN BBIYUCISIETCS TI0

dhopmyrne
b1 = k3 / 53,
rie S? — oLjeHKa BLIOOPOUHOM IMCTIEPCUH, BBIUKC/IsieMast 110 (hopmysie

§* =1 ¥ (- 1),
nig

e X;, i = 1,2,...,n — BapMaHThI SMITHPUUeCKOM BLIOOPKH,
X — BpIOOpOUHOE CpefiHee 3HAUeHHe.

s _
ks :_Z('xi - x)3-
nig

JKCLecC BIUMCSIETCS 0 hopMyrie

k
b, =S—‘i,
I ¢ —
k4 :_Z(xi - x)4~
rze s

CraTucThKa KpUTepHs it O0/bIION YMCIeHHOCTH BBIOOPKH pacripe/iesieHa aCUMITTOTHUeCKH KakK X2
C TTapaMeTpoM, PaBHbIM 2.

KpuTepuu onrcaHbl BO MHO)KECTBE OPUTHMHAIbHBIX UCTOUHUKOB. ['es1 1 'acTBUPT npeAcTaBUIv
pobactHbiii BapuaHT Kputepus (The Gel-Gastwirth robust Jarque—Bera test). CM. Tak»xe 0630p
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HOypuuk (Doornik) c coart., Pomao (Romao) c coaBT., kKHury Cesie3HeBa C COaBT., ClIPaBOYHUK
CrenHoBa. CocraBHoOU Kputepui [1’ AroctuHo—IIupcona (D’ Agostino—Pearson test) mpe/icTaB/ieH B
cratbe /I’ AroctrHo ¢ coart. (1990 r.), HO B HacTosAITiee BpeMsI Zie3aByUPOBAH M3—3a 0OHapYKeHHbIX
Teopetryeckux npodnem. TOCT® onpezienisieT Tak Ha3bIBaeMbIil COCTaBHOM KPUTEPHUIA,
TIpe/ICTaB/ISIOMI COO0M COBOKYITHOCTh /IBYX T@CTOB, OHUM M3 KOTOPBIX SIB/ISIETCSI BADHAHT
Kpurtepus ['upu.

7.2.5.4. Kputepuin M'vpu

['vipu nipesiIoXKuU/ cepur0 KpUTepUeB, MOCTPOEHHBIX HAa COOTHOLLIEHUSIX /1S LieHTPpabHbIX
abCOoJTIOTHBIX MOMEHTOB. BMeCTo KpuTepHst 3KCIjecca MOXKET TPUMEHSThCST KpUTepuid ['upu
(Geary’s kurtosis test), TOCTpOeHHBIM Ha COOTHOIIIEHHWH TIEPBOT0 IIeHTPabHOT0 abCO/TFOTHOTO
MOMEHTa:
1 n
d =—Z|xl. - X,
nS 3
e S? — cMelrieHHas1 OLjeHKa BbIOOPOUHOM WCIIePCHH, BbIUKC/IsieMasi 1o (popMmyiie
n
5t = 8- %,
i=l
e X;, i = 1,2,...,n — BapUaHThI SMITHPUUEeCKOM BLIOOPKH,
X _ BRIGOPOYHOE CpejHee 3HAUEHMe.
N — YUCJIEHHOCTh BBIOOPKH.

[TpakTHyeCcKH 3HAUMMOCTb MOKeT BBIUMC/IATHCS [TOCPe/ICTBOM HOPMa/IbHOM annpoKCUMaLuu
KPUTHUYECKOro 3HaueHusi Kputepusi. [Ipy 3Tom cratcTiKa d pacrnpesiesieHa HOpMajbHO C

MareMaTUueCKUM OKHJlaHuem V 217 y pucnepcuedt (1—-3/m)/ n.

Kputepuii usyuen bosnbiieBriM ¢ coasT., /]’ AroctuHo (D’ Agostino) u Po3man (Rosman), Yo (Cho)
C coaBr., Yoamnoyn (Walpole) c coaBt. PofcTBeHHBIM ONMCAaHHOMY TeCTY SIB/ISIETCS] KPUTEpUi
bonerra—Caiiepa (Bonett—Seier test).

7.2.5.5. Kputepuir acummetpun Mapgma

MHoroMepHbIH aHaior Kputepus kKo3dduieHTa acCiMMeTpyH nipeijiokeH Mapaua. CTaTUCTHKa
KpUTEpHs BLIUUC/ISIETCS 110 hopMyrie
n n

b =53 Sl - Xysx,- ol

noig =
rie d — pa3MepHOCTb MHOTOMePHO# (d—MepHoit) BeiOOpKY Xj, j = 1,2,...,n,
N — YKCJI0 BapUaHT d—MepHOU BLIOOPKH,
S — marpuria, o6paTHast AUCIIePCHOHHO—KOBAPHALIMOHHON MaTpHIe,

X — d-mepHBI1 BeKTOP CpeIHero 3HaUeHHUs, BEIYMC/IEHHBIN 10 d—MepHOl BeIGOpKe,

9 TOCT P CO 5479-2002. Cratuctuueckre MeTozbl. [IpoBepKa OTK/IOHeHUs pacIpefiesieHrs BepOSTHOCTel OT
HOPMaJ/IbHOIO pacrpepenenus. — M.: V3natenscTBO cTaHAapTos, 2002.
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LITPYX O3HaJaeT OrepaLjyio TPaHCIIOHUPOBAHUS.
I/ mpaKTHUUeCKOTO UCC/Ie/[oBaTe /I i—pacueTuuKa MHOTOMEPHOCTb SMITUPUUECKOW BBIOOPKHU
O3HauaeT, YTO OHa TIpe/[CTaB/ieHa TabUIel urces, CTPOKA KOTOPOM SIB/ISTFOTCSI BApHAHTaMH (B
JAHHOM CJTy4ae — BeKTOPHbIMU) d—MepHOM BBIOOPKH, UMC/IO CTPOK PaBHO UMC/IEHHOCTH BLIOOPKH, a
YKCJIO CTOJIOIIOB PABHO Pa3MepPHOCTH («UHCTy U3MepeHUi»).

n
Y4
Craructuka © pacripeiejieHa aCUMITTOTUUECKH Kak ¥2 ¢ mapameTpom d(d + 1)(d + 2) / 6.

O kputepusix Map/iva CM. OpuruHasibHble paboTel Mardia, a Tak>xe cTaThio ¥ 6HOIMOrpaduio
Kankaiinena (Kankainen) ¢ coaBT., cripaBouHUK Po/iiOHOBA C COABT.

7.2.5.6. Kputepuin akcuecca Mapana

MHOTroMepHbIH aHaJIoT KpUTEpHs SKCIiecca npeyioxkeH Mapzaua. CTaTUCTUKA KPUTEPHS
BBIUUC/ISIETCS TTI0 (hopMyJie

I ¢ = - —
b =+ S, - D5 - D
i=l
rie d — pa3MepHOCTb MHOTOMepHO#i (d—MepHoit) BeiOOpKY Xj, j = 1,2,...,n,
N — YKCI0 BapUaHT d—MepHOU BBIOODPKHY,
S — marpuiia, oGparHast JUCIIEPCUOHHO—KOBAPHALIMOHHON MaTpHIIe,

X — d—MepHBIil BeKTOp Ccpe/iHero 3HaueHusl, BEIYMC/IEHHbIH 10 d—MepHOii BbIGOpKe,

LITPUX O3HAYaeT Oreparjio TPaHCIIOHUPOBaHUSI.

[nist uccnemoBaresiss MHOTOMEPHOCTh SMITUPHUUECKOM BEIODOPKY 03HaYaeT, YTo OHa Ipe/iCTaB/ieHa
Tabnu1ieid urces1, CTPOKM KOTOPOM SIB/ISFOTCS BapUaHTaMH (B JaHHOM CJTy4yae — BeKTOPHBIMU) d—
MepPHOI BLIOOPKH, UMCJ/IO CTPOK PaBHO UKMCIEHHOCTH BBIOOPKH, a UHMC/I0 CTOOIIOB paBHO
Pa3MepHOCTH («YUC/Ty U3MepPeHU» ).

Craructuka b, 4 pacnpejienieHa aCUMIITOTAYeCKU HOPMasbHO co cpefHuM d(d + 2) u aucnepcueit
8d(d + 2) / n.

O kputepusix Map/iia cM. opuruHaibHbie paboTel (Mardia), a Takke cTaTbio U 6ubmorpaduio
KankaiiHeHa (Kankainen) c coaBr., cipaBouHrk Po/iioHOBa C COaBT.

7.2.6. "HchopMaLMOHHbIE KpUTepumn

VHdopMaroHHbIe KPUTEPUHU COTVIaCKsl OCHOBAaHbI Ha MH(OPMAL[MOHHOK Mepe — SHTPOITUH (CM.
«/H(opmMaLMoHHbIY aHanu3» ). OHY OCHOBAHbI HA TOM HayYHOM (paKTe, UTO SHTPOMUS
HeNpepbIBHOTO pacrpe/iesieHrsl MakCHMasbHa, eC/Ii pacrpe/iesieHie HopMaJslbHoe.

Haunbornee r3BecTHbIM siBsieTCs Kputepuii Bacuueka (Vasicek’s test).

[ToMrMO OpUTHHATBHBIX pabOoT, BCe JaHHbIe KpUTEPUU OMMCaHbI B 0030pe JcrebaHa (Esteban) c
COaBT.
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7.2.6.1. Kputepuint Bacuueka

Craructrka kputepusi Bacuueka (Vasicek’s test) Bbrunc/isieTcsi o opmyse
1/n

"G )
Kmn _2mS g itm T Xiom )
e X;, i = 1,2,...,n — BApUaHTHI YIIOPsJ0UeHHOM (OT MeHbILIero 3HaueHHUs K 00/bIleMy 3HaUeHHIO)
IMITUPUUECKON BBIOOPKH, TIPUUYEM YCJIOBWIUCH, UTO TIPU WH/IEKCE BApHAHTHI B JaHHOU (opmyre (i
+ m) > n uHgekc bepetcs n, npu uHAeKCe (i —m) < 1 uHAeKC bepetcs 1,
m — IIMPUHA OKHa, MOJI0)KUTeIbHOe HauMeHbl1lee 1iejioe 3HaueHue U3 uHTepBana ot 1 jo (n—1)/ 2,
N — YUCIEHHOCTh BBIOOPKH,
S2 — cMellieHHas OlleHKa BIOOPOUHOM AMCIIEPCHH, BBIUMCISIEMAast 0 (hopMyJie

s =L ¥ - %7,
i=l
1

rae — BbIOOPOUHOE Cpe/iHee 3HaUeHHUe.

I'mnoTe3a 0 HOPMabHOCTU pacIipeie/ieHHs He OTK/IOHSIeTCs Ha 3a/laHHOM YPOBHe 3HaYWMOCTH NIpU
BBINIOJTHEHUU yCJIOBUS

Km =K,

rae K — KpuThueckoe 3HaueHue, B3TOe 13 TaO/UIIbI, BLIUMC/IEHHOW METOZOM KOMITbFOTEPHOTO
MO/e/TMPOBaHUSI.

Tabsuia KpUTUUECKUX 3HaUeHUI B OPUTMHAIbHOM HCTOUHHKE OT/TMUaeTCsl TAaKOHUUHOCTHIO,
T03TOMY MBI UCTIOb3yeM Oosiee TToApoOHY0 Tabvily, BeiuncieHHyo JcrebanoMm (Esteban) ¢
coaBT. Kak 1 B opUrrvHa/ibHOM cTaThe Bacrueka, BEIUKMC/IeHUs BbITIOIHEeHbI Ajis n = 1,2,...,50,
M03TOMY TTpU OOJIBIIIEH YMC/IEHHOCTH BEIOOPKH KpUTepHii He puMeHsieTcsi. Kpome Toro, Tab/uiib!
TIO/TyuUeHsbI 15t 3HaueHu 1 < m < 9 ¢ yueToM mpe/[CTaB/IeHHOTO BhIllle MTpaBuiia BbIOOpa IIMPHUHEI
OKHa U TOJIBKO /711 ypoBHsi 3HaunmocTH 0,05. Cum. Takke kuuru Ko63apsi, Tuky (Tiku) c coasr.,
cratbto Mynxonkapa (Mudholkar) u Tuans (Tian). B nocnesgneM ucTouHMKe pa3bsCHIETCS POJib
TaKOro Ba)KHOT'O I1apaMeTpa aaropurMa Kpurepusi Bacuueka, kak mmrpuHa okHa m. [1pu
KOHKDETHBIX a/IbTePHaTUBHBIX pacripe/ie/ieHHsIX IMITUPHUUeCKON BLIDOPKHU U (PMKCUPOBAHHOM ee
YKMC/IEHHOCTU MaKCUMaJ/lbHasi MOLLHOCTb KpUTepus (CM. I1aBy «BBesieHre») JoCTUraeTcs pu
orpe/ie/IeHHOW LIIMPUHE OKHa.

7.2.7. N'pahnueckue metoabl

[MTpocTeiiinm 13 rpadruecKrx MeTOZOB SIB/ISeTCS I71a30MePHBIN MeTO/I, KOTzia BU3yaabHO
CpaBHMBAIOTCA rpaduK QyHKLWW pacrpesiesieHus: Uiv TJIOTHOCTH pacripe/iesieHus SMITMPUUYeCKOU 1
rpaduK Ha/ll0)KeHHOM Ha Hee TeopeTHUeCKol. B mpakTuueckol peanusaliiy rpaguueckrix MeTozi0B
MOJKET OKa3aThbCsl M0JIe3HBIM KCII0/Ib30BaHKe UHCTPYMeHTa «I'rcTorpaMmmar, npeZiCcTaB/eHHOTO B
rnaBe «OnucaresbHas CTaTUCTHKA».
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O yTeHWH TUCTOTPaMM, B UKCJIe OTPOMHOTO YKMC/Ia NCTOUHUKOB, CM. MOHOrpadwuto oz, pes. Kyma.
Kpome Toro, HeKOTOpbie MeTO/Ibl UMEIOT OUeBH/HYIO rpaduueckyto uHTepripeTaiuo. Cm.,
Haripumep, ctatbu Mailipka (Mage), AiimsHa (Iman).

7.2.7.1. TNa3oMepHbI MeToq,

[TpocTeimm 13 rpaduueckrux MeTOZOB SIBJISIETCS TaK Ha3bIBaeMblIii I71a30MepHBIN MeTo/, KOTza
BU3ya/IbHO CPaBHUBAIOTCS rpadvK MJIOTHOCTH pacripefie/ieHyst SMITMPHUUYeCKOUM U rpadrk
HaJIOXKeHHOM Ha Hee COOTBETCTBYIOIIel TeopeTuueckoi GpyHKiyU. CpaBHeHUe TTPOU3BOAUTCS
TI0/Tb30BaTe/ieM, KOTOPbIi UrPaeT B JAHHOM C/Tydae poJib 3KCIepTa.
Pe3ynbTaThl aHa/iM3a BK/IHOUAOT MapaMeTphbl:
*  YMCJIO K/IaCCOB,
* HOMepa KJIacCOB,
*  YHC/IEHHOCTH KJIaCCOB,
* TeopeTUUeCKUEe YaCTOThl HOPMAJ/ILHOTO pacripefiesieHus],
* JIWarpaMmy, Ha KOTOpPOW TMCTOrpamMMa Tpe/cTaB/sieT co0oi oToOpaXkeHre SMITUPHUYECKOTO
pacripefiesieHus], a TOUeyHasi [MarpaMMa Co 3HaueHHsIMU, COeJUHEHHbIMU CIIaXKUBAIOIIUMU
JIMHUSMH, 0TOOpa’kaeT TeopeThyeCckoe HOpMasIbHOe pacripe/iesieHue.

'naBa 8. AUCNepPCUOHHbIN aHaNn3

8.1. BBegeHue

Ha3HaueHue nipe/icTaB/IeHHBIX B JJAHHOM I71aBe JMCIIEPCMOHHOIO aHa/M3a, MHOYKe CTBEHHBIX
CpaBHEHHWM M KOBapHUAI[MIOHHOTO aHa/M3a MoIpOOHO Pa3bsICHSETCS B COOTBETCTBYIOLLMX
TeopeTUYeCKUX pasjesax.

MeTo/ibI AMCTIEPCUOHHOTO aHAMK3a U MHOYKECTBEHHBIX CPaBHEHUUM MOTYT ObITh TpeiHa3HAYeHbI /IS
HOPMaJIbHO pacrpefie/ieHHbIX COBOKYITHOCTeH (T. e. OyAyT MHOTOMEepHBIMU aHaIoraMu
rapaMeTprUYeCcKHX TeCTOB) U /ISl BHIDOPOK, CBOOOHBIX OT MPEATIO/IOKEHHSI O THIIe pacIipeziesieH st
(T. e. ByAyT MHOTOMEPHBIMU aHa/I0OTaMH HeTlapaMeTprueCKUX TeCTOB). MeTo/ibl KOBapHaLlMOHHOTO
aHaJIM3a TPe/IToJaraloT HOpMaJIbHOCTb PacIipe/ie/ieHust OIUO0K (OTHOCUTETbHO JTMHEHHOMH
perpeccun). HopManbHOCTB pacripezie/ieHUsi IPOU3BOJIbHBIX M0 YUC/IEHHOCTU U «UUCTY
M3MepeHHii» BHIOOPOK MOXKeT OBITh ITPOBEpeHa C MOMOIIIbI0 MeTO/0B 171aBbl «[IpoBepka
HOPMa/IbHOCTH paclipe/ie/IeHusI».

8.2. TeopeTnyeckoe o60cHoOBaHue

8.2.1. AucnepCcUOHHbI aHaNn3

,[[I/ICHEPCI/IOHHLIM dHa/IM30M Ha3bIBAIOT COBOKYITHOCTB CTAaTUCTUUYECKHUX METO/ 0B,
npeagHa3HAa4Y€HHbIX /14 06p360TKI/I JAaHHBIX 3KCIIEPUMEHTOB, L1€/IbI0 KOTOPLIX ABJIAJIOCH HE
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yCTaHOB/IeHHe KaKUX—TO CBOWCTB U TlapaMeTpoOB, a CpaBHeHUe 3(D(PeKTOB pa3/TMUHbIX BO3/eMCTBUI
Ha KaKOM—/TM00 3KCIIePUMEHTA/IbHOM MaTtepuasie. MeToibl JUCTIEPCUOHHOTO aHa/In3a
WCTIONb3YIOTCS 7151 IPOBEPKY TUTIOTe3 0 HAaJIMUUM CBSI3U MEXK/Y pe3y/IbTaTUBHBIM MPU3HAKOM U
nccienyeMbIMU (DAaKTOpPaMU, a Takxke [ijisl yCTAHOB/IEHUS CUJTbI BUSTHUST (JaKTOPOB U UX
B3aUMO/IeHCTBUI.

W3 ripesicTaB/eHHbIX KPUTEPUEB O/lHAa MHOTOUKC/IeHHAasi TPYTINa TeCTOB SIB/SIeTCS
rapaMeTpru4ecKUMHU U TpebyroT HOPMabHOCTH pacIipe/ie/ieH st UCXOJHbIX BbIOOpPOK. [TaHHbIe
MeTO/Ibl TIpe/iHa3HaueHbl TOJIBKO /Ijisi HOpMasbHO pacripe/ie/ieHHbIX KOJIMUeCTBEeHHbBIX /JaHHbBIX.
ViccreioBaHNIO CBOMCTB HEKOTOPBIX IMapaMeTPUUeCKUX METO/IOB IPY HapyILIeHUH TIPeATIoN0KeHUH
0 HOPMaJTbHOCTH TOCBSIIeHbI Pab0ThI JIeMetiko ¢ coaBT. [IpoBepuTh HOPMaTbHOCTh
pacripe/iesieHusi, BK/ItOUasi MHOTOMEePHBIM CTydaid, MO>KHO C TIOMOIIbIO MeTOZIOB TJ1aBbl «IIpoBepKa
HOPMaJIbHOCTH pacrpeiesieHus». [Ipyrrie MeTo bl SIB/ISIFOTCS HerlapaMeTPUUeCKUMU U He TpeOyroT
TIPeATOJI0)KeHN OTHOCHTE/IbHO BH/IA KCXOZHOTO pPacIipeiesieHus..

Kpurepuii Q KokpeHa npeiHa3HaueH Jijist OMHAPHBIX (IMXOTOMUYECKHX) JTaHHBIX.

715 mapameTprueCKUX U HerlapaMeTpUueCKUX MeTO/IOB TIPOBEPKU TUTIOTe3 (CM.
«[TapameTpuryeckas cTaTicTHKa» U «HerapameTpuueckasi CTaTUCTHKa») CyLL{eCTBYIOT
MHOTOMepHbIe aHaJIOTH B AUCIIEPCUOHHOM aHasu3e, Kak roKa3aHo B Tabsuile.

MeTo/1 TPOBEPKU MIIOTE3bI /IS IBYX BBIOOPOK  «DYHKIIMOHA/IBLHBIN aHAI0r» U3 TUCTIEPCUOHHOTO

aHanusa

[TapameTpuueckue TeCTbl

Kpurepuii CTblofeHTa OpHogakTOpHbIN AUCTIEPCUOHHBIN aHaU3
Kpurepuii Hledde

Kpurepuii ITetigxa
Kputepuii [lyHkaHa
Kpurepuii Thloku
Kputepuii CTerofieHTa napHbIi OpHO(AKTOPHBIN AUCIIEPCUOHHBIN aHa/IU3 C
MOBTOPHBIMU U3MepPeHHsIMU
MHorogakTopHbI AUCIIEPCUOHHBIN aHaIU3
Kputepuii [1ledde a/1st cBI3aHHBIX BBIOOPOK
F—xpurepuii Kpurepuii baptierra
Kpurepuii G KokpeHa
Kputepuii JIuBeHa
HemnapameTtprueckue TeCTbl
Kpurepuii Bunkokcona Kpureputii I>xonkxuepa—Teprcrpa
Kpurepuii Kpackena u Yomniica
Kputepuii lanHa
Kpurepuiit KoHoBepa
Kputepuii Kprosrka

Kpurepuii BusnikokcoHa napHbIii PanroBbliii kputepuii @pusmaHa
Kputepuii Kselig,
TounbIii MmeTog, @ulliepa Kpurepuii Q KokpeHa
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Kpurepuii V bxarikapa

Kputepuii D [lemmanpe

Kpurepuii L [emmmnanze

Kpurepuii bpayna—®opcarita
MeTo/ibl AUCTIEPCUOHHOTO aHa/|3a CJie/lyeT UCI0/Ib30BaTh, KOT/la UMC/I0 BEIOOPOK OosibIle ABYX.
Hesb3st TpyMeHsITh KpUTEPUH, TIPeJHA3HAUEHHbIE /11 CDaBHEHUsT BLIOOPOK TOMapHo, a 3aTeM
JieniaTb Kakrie—Tiub0 BBIBOZbI OTHOCHUTE/EHO BCel COBOKYTTHOCTH.
B avcriepcrioHHOM aHasu3e, Kak ¥ B ApYTUX 00/1acTsX aHaM3a JaHHbBIX, CJIOKUIACh OTIpe/ie/ieHHast
TepMUHOIOTHsl. DaKTOPOM Ha3bIBaOT BeJTMUMHY, OTPe/ie/IsFoIy 0 CBOMCTBA UCC/IeyeMoro o0beKTa
WA CUCTEMBI, MHAUe — MPUYMHY, BJMSIOLLYIO Ha KOHeUHbI! pe3y/braT. KOHKpeTHy0 peanu3alyio
(hakTOpa Ha3bIBAIOT YPOBHEM (haKTOpa WU CrIoco6oM 06paboTKH. 3HaueHHe U3MepPsSieMOro
TpU3HaKa Ha3bIBalOT OTKIUKOM.
Cwm. kauru bpaynnm, Ko63apsi, XosneHjepa ¢ coaBT., HOpMaTHUBHBIN JokyMeHT EPA QA/G-9.

8.2.1. OgHOhaKTOPHbIN ANCNEPCUOHHbIN aHaTN3

VicxonHble iaHHBIe /11 OAHO(PAKTOPHOTO AUCIIePCUOHHOTO aHa/lu3a Mpe/iCTaB/ieHbl B BU/ie
Tab/UIBI (TIPSIMOYTOBHOM MaTPHI[bI), PUUYEM UKCI/IO CTO/IOIOB (BLIDOPOK) COOTBETCTBYET UHUCTY
ypoBHe#i (hakTopa (ypoBHeit 06pabOTKH), UMC/I0 CTPOK paBHO unc/ty Habmogenui. [Ipu stom
BBIOOPKM MOT'YT UMeTh KaK OIMHAKOBOe UMCJIO0 BapUaHT (paBHble 00beMbI), TaK U Pa3/IMUHOe, B
3aBUCUMOCTH OT TPeOOBaHHUH MPUMEHSIEMOT0 MeTo/ia.
[TpennaratoTcsi MeTOAbI OAHO(MAKTOPHOTO JUCTIEPCHOHHOIO aHa/In3a:

*  OpHodakTopHbINM AucriepcioHHbIN aHann3 (ANOVA).

*  OpHodaKTOpHBIN AUCTIEPCUOHHBIN aHa/M3 C TTOBTOPHBIMU U3MePEeHUSIMHU.

* PanroBeiii ogHOdaKTOpHEINM aHann3 Kpackena—Yosnnuca.

* Kpureputii [laHHa.

* Kpurepuii Konosepa.

* Kpurepuii [I>xoHkxuepa—Teprcrpa.

* Kpurepuii baptnerra.

* G—xputepuii KokpeHa.

*  Kpurepuii Lledde.

* Kpureputii [lyHkaHa.

*  Kpurepuit Tbroku.

* Kpureputi JIuBeHa.

* Kpurepuit bpayna—®opcaiira.

* Kpureputi V bxankapa.

* Kpurepui1 D [lemmange.

* Kpureputii L [emmanze.
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8.2.1.1. OaHOhaKTOPHbI AUCNEPCUOHHbIN aHaNnn3

ITpy ogHOGhAKTOPHOM AUCIIEPCUOHHOM aHasyr3e (JUCriepCMOHHOM aHasu3e [0 OHOMY NPU3HaKY,
analysis of variance, ANOVA) ripeariosiaraeTcsi, 4to pe3y/bTaThl HaO/MIOeHNH [/ Pa3HBIX YPOBHEH
TIpe/iCTaB/IsIIOT c0O0 BEIOOPKM 13 HOPMaJ/IbHO pacripe/ie/ieHHbIX reHepalbHbIX COBOKYITHOCTEH.
OTH COBOKYIHOCTH UMEIOT CBOY CpPeJHHUE U JUCTIepCUH, KOTOPbIe M0/1aratoTcsl O4UHAKOBBIMH.
3azaueli aHa/IM3a SIBJISIeTCS [IPOBePKa HY/IeBOM FMIIOTe3bl O PAaBeHCTBE CPeJHUX paccMaTpUBaeMbIX
COBOKYIHOCTel. BbluniciieHre KpyuTepusi MPOU3BOAUTCS 10 hopmyie

t:N-k %nz(fz')_cy
. ES(XU-)?')

i=l j=l

N =) n,
e i — o0II[ast YUCTIEHHOCTD,
n, i = 1,2,...,k — UACIEHHOCTh i—i1 BBIOOPKH,
_ 1y )
X, =D x;i =12,k
= — cpefHee 3HaueHue i—ii BEIOOPKHY,
1 & m
=WZ 2%
i=l j=l

— o011jee cpejHee 3HaUeHUe,

X, 1 =1,2,....k; j = 1,2,...,n; — BApHUAHTHI BBIOOPKH,

k — ancno cronbioB (BLIOOPOK).

CymmMa, cTositiast B uuc/idresie GopMysibl BHIYMC/IEHUS] KDUTEPHS, CJTY)KUT NMPUOJTKEeHHON Mepoi
BapUal[ii MeX]y aHa/IM3UPyeMbIMH BEIOOpDKaMH, a ZIBOWHAsi CyMMa, CTOsIIIIasi B 3HaMeHareJie,
CJTY>)KAT MepOH Bapyalliy BHYTPH BBIOOPOK.

CrarucTvika Kputepus uMeeT F—pacrnipeienieHue c napamerpamu k — 1 u N — k.

Cwm. moHorpadwuto [ledde.

8.2.1.1.2. OaHOhaKTOPHbI AUCNEPCUOHHBI aHaNn3 (MOBTOPHbIE
n3mMepeHus)

[Tpu omHOaKTOPHOM AMCIIEPCMOHHOM aHajiM3e C OBTOPHBIMU M3MepeHUsiMU (repeated
measurements ANOVA) niperiosiaraeTcsi, UTo pe3yabTaThbl HabMFOJeHHI OHOTO U TOTO JKe
Tporiecca Zijisi pa3HbIX BpeMEHHBIX YPOBHEH MPe/ICTaB/IsIOT COO0H BIOOPKHU U3 HOPMAJ/IbHO
pacrpe/ie/ieHHbIX reHepaJTbHbIX COBOKYTHOCTeH. JTH COBOKYITHOCTH UMEIOT CBOU CPeJHUE U
JIMCIIepCUH, KOTOPbIe MO/IaratoTcsl OJMHAKOBBIMU. 3a/jaueld aHasv3a sB/sieTCsl IPOBepKa HyJ/1eBOU
TUNOTE3bl O PaBEHCTBE CPeJHUX PAaCCMaTpPUBAaeMbIX COBOKYITHOCTEM.

BbruricsieHust IpoU3BOATCS 10 (hopmysiam:
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Dcol
t ==l
D
Dcol = SSCOI
yi(d c- 1 _ gucnepcus, o6bsicHsiemast cTon6LamH,
SS

(r-D(e-1) _gcrarounas mucriepcus,

SScol :I"Z (TI - T)2
J=l — CpefIHHMIA KBaZIpaT CTO/IOLOB,

ss=5 ¥, -T-T +TYy

=4 — CpelHAM KBaJpaT MOTPeIIHOCTH,

1 g )
T :—inj,l =12,...,r
c”
/4 — CpeflHHe CyMMbI CTPOK,

I ¢ .
Tj :—in/.,] :1,2,...,0
ris — CpeJiHUe CyMMbI CTO/IOL[OB,

i=j= — obImee cpegHee,

¢ — 4uCsI0 CTo/OI0B (BEIOOPOK),

I — UACJIO CTPOK (TTapaMeTpoB).

Cratuctrka Kputepust uMeeT F—pacnipesienienue c napamerpamu r— 1 u (r—1)(c — 1).
Pe3synbTarhl pacyeta COBMazAaoT C 3¢(deKToM CToJOLOB B [BYX()aKTOPHOM JUCTIEPCHOHHOM
aHanuse.

Ornucanue cMm. B MoHorpaduu [JsiiBuca (Davis).

8.2.1.1.4. Kputepuir JaHHa

PanroBbIii ofHO(aKTOpHBIM aHanu3 Kpackena u Yosnrca MoXXeT M0Ka3aThb, YTO apamMeTphl
T10JI0KEeHUs1 COBOKYITHOCTel pa3nuuaroTcs. OfHaKo laHHbIN KpUTepyii He N03BOJIsIeT Y3HATh,
TlapaMeTphbl KaKUX COBOKYITHOCTEH /IeMCTBUTEIHO PAa3/IMUaloTCsl MeXy co00i. [Ist perieHust
1po0/ieMbl MPUMEHSIeTCST HerapaMeTprudeckuit Kputepuit [TanHa (Bonferroni—Dunn post hoc test,
Dunn’s multiple comparison post—test). Kputepuii npriMeHuM /17151 He3aBUCHMBIX TPYMIT Kak
PaBHOM, TaK M pa3/IMYHOM UMC/IeHHOCTH. BblurcieHye KpyuTepysi MPOU3BOAUTCS M0 (popMyJie
‘EI ) Ei‘ . .
‘ =12,k j=i+1,...,k,

0, =
N(N +1)

12

I 1
7+7

n; l’lj
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1 g
=— Y R,,i =12,k
rae 1= — Cpe[IHUM paHT i—i BLIOOPKH,

Ri, i=1,2,...,k — panru HabntoeHu i—ol BHIOOPKHY,

NZn

= — o0I[ast YMCIeHHOCTD,

n, i = 1,2,...,k — UUCIIEHHOCTh i—i1 BBIOOPKH,
k — kommuecTBO CTONOI[OB (rpynn)
P—3Hauenust kputepus py, I = 1,2,....k; j = i + 1,...,k, SIBASIOTCS pellieHUsIMU HeJTMHeMHBIX
ypaBHEHUH
N A

=12,k =i+ 1k,

i =

k(k-1)
rae W(.) — obparHasi GyHKIMS CTaHJAapPTHOTO HOPMaIbHOTO pacripe/ie/ieHus..

YpaBHeHUsI MOTYT OBITh pellleHbl OJHUM M3 MeTO/IOB JIOKa/IbHOM ONTUMU3al[ud. B mipocTeiiiiiem
C/lydae MCIO/b3yeTC sl MeTOZ, [lefieHHst OTpe3Ka M0IoJIaMm.

Onucanue cM. y ['nanna, Januana (Daniel), 3urens (Siegel) c coaBT., XosneHzaepa C COaBT.

8.2.1.1.3. PaHroBblii ogHOhaKTOpHbI aHanu3 Kpackena u Yonnuca

Kpurepuii Kpackena—Yomnivca (paHroBblii ofHO(paKTOpHbIN aHanu3 Kpackena—Yomnnuca) siByisieTcst
HerapaMeTpHUUeCcKUM aHa/IoroM OJHO(AKTOPHOTO AUCIIEPCUOHHOTO aHau3a U Mpe/iHa3HaueH Jist
TIPOBEPKH HYJ/IEBOM TUIIOTe3bI O paBeHCTBe 3deKToB 06paboTKY (BO3/eHCTBHS) Ha BLIDOPKH C
Her3BeCTHbIMU, HO PaBHbIMU CpeZiHUMU. HyreBasi rumoTe3a 3ak/r0uaeTcsi B TOM, UTO BCe
COBOKYITHOCTH OZIMHAKOBO pacripe/iesieHbl. BeiuncyieHre KpUTepust pOM3BOJUTCS 110 (hopmyrie
k 2

H —LZR—- 3(N +1),

N(N +1)3

rae R, i = 1,2,...,k — cymma paHroB HaO/trofieHU i—0l BLIOOPKH,

k
N ZZ n,

i — obIas YMCIeHHOCTh,
n, i = 1,2,...,k — uuC/IeHHOCTh i—¥i BBIOOPKH,
k — kommuecTBO cTONOLIOB (TpyTIN).
[TompaBka Ha O6’be,ZLI/IHeHI/Ie PaHroB

b=1-

N(N2 - 1)< Z @
rge t, j = 1,2,...,g — YUCJIEHHOCTD CBSI3KH,
g — UUCJIO CBS30K.

Toraa MoavUIIpOBaHHAs CTaTUCTHKa OyJeT 3amnvcaHa Kak
H'=H/b.
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CraTtucTrKa KpuTtepus (paBHO M MOAU(PULIMPOBaHHAs CTaTUCTHUKA) UMEET y’—pacripe/ie/ieHre ¢
napameTpoMm k — 1.

Cwm. kauru bukena c coasr., [TeTpoBuya ¢ coaBT., Xo/uieHzAepa C CoaBT. ToUHOe BbIUKC/IEHUEe
kputepusi cM. B pabote Knotua (Klotz) ¢ coaBr.

8.2.1.1.5. Kputepuii KoHoBepa

PanroBsiii oiHO(MaKTOPHBIN aHa/M3 Kpackena v Yosivica MOXKeT T0Ka3aTb, UYTO IapaMeTphbl
TI0JI0’KeHUST COBOKYTHOCTel pa3inyatoTcsi. OjHaKO JaHHBIN KPUTEPUM He TI03BOJIsSIeT Y3HATh,
rapaMeTphl KAKMX COBOKYITHOCTEH ZIeMCTBUTETBHO Pa3/IMuaroTCs MeXy co0oi. [I/is pertieHUst
rpo0sieMbl MPUMeHsIeTCS HerapaMeTpruyeckuii Kputepuii Konoeepa (Conover post hoc test).
Kputepuii ipuMeHUM /i1 He3aBUCUMBIX TPYIIT KakK paBHOM, TaK U Pa3/TMUHON YMC/IEHHOCTH.
BbruricsieHre KpUTepusi MPOU3BOAUTCS M0 hopMyrie

-7,
C; = J =12,k ] =i+1,..,k,

N(N+1) N-1-H| 1 +i

12 N-k |n n
R =LYR.i=12. .k
e 1= — CpefiHUI paHT i—¥ BEIOOPKH,
Ri, i =1,2,...,k — panru Hab/oeHU i—0l BLIOOPKH,
k

N =)n,
i — o0II1ast YUCIEHHOCTD,

n, i = 1,2,...,k — UUC/I€eHHOCTD i~ BBIOOPKH,

H — cratuctrka kputepusi Kpackena—Yosuuca,

k — xonuuectBO cTONOIOB (TPYyTI).

P—3Hauenust kputepus py, I = 1,2,...,k; j = i + 1,...,k, MIOAUUHSIOTCS t—pacnipe/ie/IeHU0 C

napameTtpoM N — k.

Onucanue cM. y boprii (Bortz) ¢ coaBT.

8.2.1.1.6. Kputepuii HxoHKxnepa n Tepncrpa

Kpurepwuii [I)xoHkxuepa—TepricTpa (kputepuii [I>KOHKXHepa) MpeACTaB/sieT co000i MHOTOMepHOe
06061ieHre KpuTepusi MaHHa—YUTHU (CM. 11aBy «HemapameTpuueckasi CTaTUCTHKA) U
Tipe/iHa3HAYeH JI/isl IPOBEPKU HYJ/IEBOM TMIOTe3bI 0 paBeHCTBe 3((deKToB 00paboTKY (BO3eiCTBYS)
Ha BbIOOPKM C HEM3BECTHBIMH, HO PaBHBIMH CPeZJHUMHU. BriunicieHre KpUutepusi IPOM3BOAUTCS T10

dhopmyrne

k-1 k
J :Z Z Uy

i=l j=i+1
rae Uy, i=1,2,....,k—1;j = 2,3,....k — craTUCTHKa KpUuTepuss MaHHa—YWUTHU /i1 BLIDOPOK C
HOMepamH [ 4 j,
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k — uncio cronb1ioB (BEIOOPOK).
st GonbImx BEIODOPOK pacmpe/iesieHre peoOpa30BaHHON CTaTUCTHKH
J-MJ

JDJ

ABJIAeTCA l'IpI/I6JII/DKEHHO HOPMaJ/IbHBIM. 3AECB MaTeMaThuyeCkKoe OXXuJaHne U JUCriepcua
pacCUYUTHIBAIOTCS 110 (POpMY/iaM, COOTBETCTBEHHO:
1 k
MJ =—|N*- Yn’
4 1

i=l

3

k
DJ :%[NZ(ZN +3)- Y n?Cn, +3)

i=l

k
N ZZ n,
rae il — o0II[ast YUCTIEHHOCTD,
n, i = 1,2,...,k — UUCIIEHHOCTh i—i1 BBIOOPKHU.

Ormrcanye cM. B KHUrax TroprHa ¢ coaBT., XoJuieH/iepa C coasBT., B pabore Kbto3uka (Cuzick).

8.2.1.1.7. Kputepuint bBaptnerra

Kpureputii baptierra (M—KpuTtepuii bapT/ieTTa) Cy>kKuT /i/1s1 IPOBEPKU HY/IEBOU TUTIOTe3bI O
paBeHCTBe AUCIepCrii HOPMaJIbHBIX TeHepaibHbIX COBOKYITHOCTel. BbiurcieHus: CTaTUCTUKKU

KpPUTepUs TIPOM3BOJUTCS 110 hopmyrie
-1

1 ool 1 ‘
M =1+ - N-k)ns*- Y (n, - 1)Ins’|,
3(k-1)§nl.-l v-k)|| VP Z]( s,

rae n;, i = 1,2,...,k — UnC/IeHHOCTD i—1i BBIOOPKH,

k

Z(”i - I)Siz

2 _i=l
N - >
N-k

= 3G -5 )i=12,k

I’li = lj:1 ’

— BBIOOPOUHAsH TUCTIEPCHST i—i BLIOOPKH,

X :ifxij,i =1,2,....k

n .
iJj= — cpefiHee 3HaueHue i—i1 BLIDOPKH,
k

N =Z n,
il — cyMMapHasi YiC/IEHHOCTb BCeX BbIOOPOK,
k — unciio cronb1ioB (BHIOOPOK).
CraTUCTHKa KpUTepUs UMeeT Y?—pacripe/iesieHre ¢ mapameTpom k — 1.
Ornricanuve cM. y bpaynnm, KoraHa ¢ coaBr.
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8.2.1.6. Kputepun G KokpeHa

Kpurepuii G KokpeHa ucmnosib3yeTcsi ijisi IPOBePKU HYJIeBOM TMIIOTe3bl O paBeHCTBe AUCTIepCUit
HOPMaJIbHBIX TeHePa/IbHBIX COBOKYTTHOCTEM 110 He3aBUCUMBIM BBIOOPKAM C OIMHAKOBLIMU
YKMC/IEHHOCTSIMU. BhIuncieHre CTaTUCTUKU KPUTEPUsI TIPOU3BOJUTCS T10 (hopmyrie

max o;
G — lsks’c ,
2o
i=l
2 .
e o;,i =12,k _ BbIOOPOYHBIE JUCTTIEPCUN COBOKYITHOCTEH,

k — unco BHIOOPOYHBIX COBOKYITHOCTEH.
P—3HaueHye MOM(UIIMPOBAHHOW CTaTUCTUKU
. Gk-1
o G-
I- G
SIB/ISIeTCs pellleHreM HeJIMHeWHOrO ypaBHeHHsI
4

k

G =F"'

(= D= 1)(k=1) ’

F'()
rae - —obparHas dyHKIus F—pacripezenenus,
N — UKMCIEHHOCTh KaXK/I0il COBOKYTTHOCTH.
YpaBHeHHe MOXKeT ObITh PellIeHO OfIHUM M3 MeTOZIOB JIOKa/IbHOM ONTUMU3aIK. B mpocTetitiiem
C/lydae UCIo/b3yeTCs MeTO/, /lefieHHst OTpe3Ka MoIro/iaMm.
Onucanue cM. B MoHorpadusix Mrosinepa ¢ coaBT., HanvmoBa, 3uresisi (Siegel) ¢ coaBr.

8.2.1.1.9. Kputepwuii LLedhcpe

OpHo(aKTOpHBIN aHaIU3 MOXKET M0Ka3aThb, UTO CpeZiHYe 3HaueHHsl COBOKYITHOCTel pa3/IMuaroTCsl.
OfiHaKo OH He M03BOJISIeT y3HaTb, CPeJHUE 3HAUEHUS] KAKUX COBOKYITHOCTEM /1eHiCTBUTE/ILHO
pa3nMuarTCes MeXy coboit. s perieHust mpo6i1eMbl TIPUMEHSIETCSI MeTOZ, MHO>Ke CTBEHHOTO
cpaBHenus1 Lledde (kputepuii lledde). Kpurepuii [ledde npesHazHaueH /151 NIpOBEPKHU Tak
Ha3bIBa€MOW 'MIIOTe3bI O JIMHEWHOM KOHTpacTe. JIMHeMHbIN KOHTPacT

k
L Zch.‘ul.
i

rpeAcTaB/sieT co00M TMHEHHYI0 MYHKIIUIO OT CPeIHUX 3HAUeHWH |;, i = 1,2,...,k, k He3aBUCUMBIX
HOPMaJTbHBIX BEIODOPOK C HEM3BECTHBIMH, HO PABHBIMU JIMCIIEPCHSIMU, U U3BECTHBIX KOHCTAHT Cj, i =
1,2,...,k, yIOBIeTBOPSIOIIUX YCIOBUIO

k
ch. =0.
i=l

B vactHOM CJIy4dae MpoBepdaeTcsd cepus ruroTe3 O MPpOCThIX JIHHeﬁHLIX KOHTPACTaX BHUAd
Lo=pi—p,i=12...k=1;j=i+1..k
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BoruricsieHne Kputepusi MpOU3BOAUTCS MO hopMyrie

— CpeJHUM KBaZlpaTUYHbIA OCTATOK,

— cpefiHee 3HaueHue i—ii BEIOOPKHY,

i — o0I11as YUCIEHHOCTh,
n, i = 1,2,...,k — UuC/IeHHOCTh i~ BBIOOPKH,
k — uncio cronb1ioB (BEIOOPOK).
CrarucTvka Kputepus uMeeT F—pacripeieneHue c napamerpamu k— 1 u N — k.
Ob6cyxenue cM. B Kaurax [Tonnapza, [lledde, Mroniepa ¢ coarr., JIukeliia ¢ coaBT., bukesa c
CoasT., bpaynnm.

8.2.1.1.10. Kputepwuii lyHKaHa

OpHo(aKTOpHBIN aHaIM3 MOXKET T0Ka3aThb, UTO CPeHMe 3HaueHUs COBOKYITHOCTeH pa3/TMuaroTCs.
OfiHaKo OH He T03BOJISIeT y3HaTb, CPeJHUE 3HAUEHUsI KAKUX COBOKYITHOCTeH /1eHiCTBUTEIbHO
pa3MuaroTCcsa MeXxay coboi. st pertieHus mpobieMbl puMeHsieTcst Kputepuit JlyHkana (Duncan’s
test). BorurcieHre KpUTepusi MPOU3BOAUTCS 10 hopMyrie

‘)_Ci - )_Cj . ..
d= : =12,k j=i+1,...,k,
1 &¢ _
M :mZZ(xlm - x,)z
roe 19 m= — CpeIHUM KBaJpaTUYHBIM OCTAaTOK,
1§
X, = x,,0i =1,2,....k

i1 — cpeJiHee 3HaUeHHe i—i BIOOPKH,

k
N ZZ n,

/4 — o0IIast YMC/IEHHOCTb,
n, i = 1,2,...,k — UACIIEHHOCTh i—i1 BBIOOPKH,
k — ancno cronbioB (BbIOOPOK).
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P—3HaueHue KpUTepUs p SIBSIETCS pellleHneM HelTMHeHHOTO ypaBHeHUs!
— 1

Proon-dd)=(1-p)",

rae P () — dyHKUMS pacripefiesieHUs CTbIOIEHTU3MPOBAHHOIO pa3Maxa,

. X X
I — KOJIMUECTBO CPeJHUX 3HaueHHH, PacroyIoXKeHHbIX MeXAy ' U~/ B yTOpsiZIOUEHHOM T10
BO3paCTaHUIO psily k CpeJjHUX.

O6paTHasi pyHKLMIO pacrpefesieHrsi pacCMaTpUBaeMOro KpUTepust

In Ponk (d)

r+l1
Omumcanue cM. B cbopHHKax Tabsui OysHa, Mrosiepa ¢ CoaBT.

p =l-exp

8.2.1.1.11. Kputepwuii TbloKU

Ecu He3aBUCHMbIe BEIOOPKY UMEIOT paBHbIE UWCTIEHHOCTH, TUTIOTE3bI O MPOCTHIX TUHEWHBIX
KOHTpPACTaX MOTYT ObITb TTPOBEPEHBI C MIOMOIIIbI0 KpuTepus Thioku (MeToza Thioku). Kpurepuii
Tbroky umeeT aHanoruuHble kputeputo ledde npeanockinKky A1t CBOero NpuMeHeHus.
JIVHelHbIM KOHTPaCT

I3
L ZZ cu,;
i

Tipe/iCcTaB/isieT o000 TMHEHHYI0 (PYHKIHIO OT CPeJHUX 3HAUeHUH |;, i = 1,2,...,k, k He3aBUCHMBIX
HOPMaJIbHBIX BEIOOPOK C HEM3BECTHBIMH, HO PABHBIMH JUCITEPCUSMU, U U3BECTHBIX KOHCTAHT Cj, i =
1,2,...,k, y1OBNeTBOPSIOIINX yCIOBUIO

k

ch. =0.
i=l

B yacTHOM ciiyuae MpoBepsieTCsl CepHsi TUIOTe3 O TPOCTHIX TMHEHHBIX KOHTPACTaX BU/A
L=pi—p,i=12,.,k—1;j=i+1,..k
BhbIunic/ieHre KpUTepusi IPU MPOBEPKe HY/IeBOM rUIoTe3bl L = Lo MPOU3BOAUTCS 10 GopMyJie

1 k. m
L PR
rje =4 — CpeJIHAM KBaJJpaTUUYHbIA OCTATOK,

n

X, :le[j,i =1,2,....k
m = — cpefiHee 3HaUeHUe i—i1 BBIOOPKH,

m — YKCTIEHHOCTh KaX/[0W BBIOOPKH,

k — uncno cronb1oB (BbIOOPOK).

Craructika Kputepusi TbIOKU TIOAUUHSIETCS pacripe/ie/IeHHI0 CThIOIeHTU3UPOBAHHOTO pa3Maxa C

napameTpamu k u k(m — 1).
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OO6cyxgeHue cM. B KHATaX Mrojiepa C coaBT., JIMKellla ¢ COaBT., bukesa c coaBr., [anija, Adbudu
C COaBT.

8.2.1.1.12. Kputepwii JinBeHa

Kputepuii JIuBeHa (Levene’s test for equality of variance) siBnsieTcst aHa/ioroM KpuTepust
baptnerra. [1epes BbIUMCIEHHEM CTaTUCTUKU KPUTEPUS BBITIOTHSIETCST TIpeoOpa30BaHe UCXOAHBIX
JIJaHHBIX 110 hopMyJie

zy = - X =12,k =120,
k — ancno cronbioB (BbIOOPOK),
n, i = 1,2,...,k — UMCIIEHHOCTh i—i1 BBIOOPKH,
_ 1y .
X, Z—in].,z =1,2,....k
i — cpefiHee 3HaUeHUe i—i BIOOPKH (TPYIIIIOBOE CpeiHee 3HAUEHUe).

BbruricyieHre CTaTUCTUKKU KPUTEPUs POU3BOAUTCS 0 (hopMyJie, aHaIOTUUHOM CTaTUCTUKE
OZIHO(AKTOPHOTO AKCIIePCUOHHOTO aHaJT|3a,

SnG, -z ¥
w =Nk — ,
DS ACREY,

i=l j=l
k

NZZn

e i — o0II[ast YUCTIEHHOCTD,
1 ¢
;:;Z%Jﬂ%wk
ij= — cpefiHee 3HaueHMe i—i BBIOOPKH,
1 & ¢
z, :ﬁz Z Zy
i=j=  — obI1ee cpeiHee 3HaUeHHe.

CrarucTvika Kputepus iMeeT F—pacrnipe/ieneHue c napamerpamu k — 1 u N — k.
Cwm. lykpu (Shoukri) c coasT.

8.2.1.1.13. Kputepuin bpayHa-dopcaiita

Kpurepuii bpayna—®opcaiita (Brown—Forsythe test for equality of group variances) siBisietcs
BapraHTOM KpHtepwus JIuBeHa. [Tepes; BEIUMC/IEHHEM CTaTUCTUKY KPUTEPUsI BBITIOHSIETCS
rpeoOpa3oBaHKe UCXOJHBIX JaHHBIX 110 (hopmyrie

zy = - Xl =120k 7 =1.2,00m,,

k — uncno cronbioB (BLIOOPOK),

n, i = 1,2,...,k — UMCIEHHOCTH i—i1 BEIOOPKH,
X,i=12,..k

— Me/iaHa i—¥ BLIOOPKY (TpyTITioBasi MeJjaHa).
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BbrunicieHre CTaTUCTUKKM KPUTEPUs IPOU3BOUTCS M0 (hopMyJie, aHaIOTUUYHOM CTaTUCTUKE
0/iHO(aKTOPHOT0 JUCIIEPCUOHHOTO aHaslK13a,

SnG-z¥
=Nk — :
DS APEY,

i=l j=l

k

N ZZn.

1

i (3 i=  — o0II]ast YUCTIEHHOCTD,
1 ¢
zZ, :n_ZZij’l =12,...k
ij4 — cpefiHee 3HaueHUe i—i BBIOOPKH,
1 & ¢
=WZ 2.2
i= /=1 — o0Iiee cpesiHee 3HaUEHMUE.

CrarucTvka Kputepus uMeeT F—pacripefieneHue c napamerpamu k — 1 u N — k.
Cwm. pykoBoacteo NIST/SEMATECH.

8.2.1.1.14. Kputepuia V bxankapa

Kpurepnii V bxarnkapa npezsiHa3HaueH 1 IPOBePKU Hy/IeBOW T'MITOTE3bI O paBeHCTBe NlapaMeTpOB
TIoJIOXKeHUs (CABUra B CpeJHUX) U MaciuTaba (caBura B Jucriepcusix). BoiurcieHue CTaTUCTUKU
KpUTepHsi IPOM3BOJUTCS 110 (hopMmyrie

k

V =2k - l)ﬁni Loy,

: — - k
i=l i=l i=l
[1~ [1~
i=l i=l
rae n;, i = 1,2,...,k — uMC/IeHHOCTD i~ BBIOOPKH,
k — uucro cronb1ioB (BEIOOPOK),
u,, i =1,2,....k — KonuuecTBa NoABBIOOPOK B CreHEPUPOBAHHBIX BBIOOPKAX, i—asi BapUaHTa B
k
[~
KOTOPBIX MEHBIIIE OCTabHbIX k — 1 BapyaHT; TIpU 3TOM =  TIOJIBBIOOPOK '€HEPUPYIOTCS U3
HCXOJHBIX BBIOOPOK, UTOOBI B KaXK/0M TT0JBLIOOPKe Obl/la Mpe/icTaB/eHa O/lHa BapHaHTa KaXKok 13
k BBIOOPOK.

CraTUCTHKa KpUTepUs UMeeT X?—pacripe/iefieHre ¢ mapameTpom k — 1.
Cwm. moHorpadwuto Kob3apsi.
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8.2.1.1.15. Kputepwmii D flewunaHae

Kpureputi D [emmnange (D—kputepuii Jeiirade, Arodopa u JItoHra) npeiHa3HaueH fist
TIPOBEPKH HY/IEBOM MIOTe3bI O PABEHCTBE MMapaMeTpoB MaciiTaba (CABHUra B JUCTIEPCHSIX).

BbruricyieHre CTaTUCTUKU KPUTEPUs IPOU3BOUTCS 10 (hopMmyiie
2

k
k- (k- D*Cil [ T . .
EuIH I S AR 3 IR A

D —_r i=l
20k + 2 + 4k +2)CE ) = =
[T, [

i=l

rae n;, i = 1,2,...,k — unc/IeHHOCTD i—1i BBIOOPKH,
k — uucro cronbiioB (BEIOOPOK),
u, i =1,2,....,k — KomMuecTBa MoJBLIOOPOK B CreHepUPOBaHHBIX BHIOOPKAX, i—asi BapyaHTa B
k
[
KOTOPBIX MeHbllIe OCTalbHbIX k — 1 BapuaHT; TPy 3TOM = TO/BBIOOPOK I'eHepUpYIOTCS U3

HCXOIHBIX BBIOOPOK, UTOOBI B KaXK/[0M TIOABBIOOPKe OblIa TIpe/icTaB/IeHa OflHAa BapHaHTa KaXX/[0U U3
k Bb1OOpOK,

v, i =1,2,....k — KonuecTBa MoBHIOOPOK B CreHepUPOBaHHBIX BHIOOPKAX, i—asi BApUaHTa B
KOTOPBIX O0JIblile OCTa/bHBIX kK — 1 BapUaHT.

CraTucTvKa KpUTepUsi UMeeT x>—pacripeZiesieHre ¢ napameTpom k — 1.

Cwm. moHorpadwuto Kob3apsi.

8.2.1.1.16. Kputepuii L AlewunaHge

Kputepuii [ewmnanze (L—kputepuii Jeimnanze, rodopa u JItoHra) ripejHa3HaueH /it IPOBEPKU
HY/IeBOU T'MITOTe3bl O PAaBEHCTBe MapaMeTPOB I0JI0)KeHHs1 (C/JBUTa B cpe/iHKX). BriunicieHve

CTaTUCTHKU KPUTEpUsl IPOM3BOJUTCS 110 (hopmyrie
2

k
k- k- D>kl T T A i
I = . 4 =l kl Zni(_ ul_+v[)2- ! Z(' u,-+V,~) 5

k

2k2{C§(-kl- n° 1J i=l i=l

rae n;, i = 1,2,...,k — UnC/IeHHOCTD i—1i BBIOOPKH,
k — uncio cronb1ioB (BEIOOPOK),
u;, i = 1,2,...,k — KonmruecTBa MoJBLIOOPOK B CreHEPHUPOBAaHHBIX BLIOOPKAX, i—ast BApUAHTa B KOTOPBIX

k
H”i
MeHbIIIe OCTa/bHBIX k — 1 BApDHAHT; MPY 3TOM = TIOAABLIDOPOK T€HEPUPYIOTCS U3 UCXOAHBIX
BLIOOPOK, UTOOBI B KaXK/I0H MO/IBBIOOPKe Obl/ia Mpe/icTaB/eHa O/JHa BapuaHTa KaXKI0u u3 k

BBIOODOK,
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v;, i = 1,2,...,k — Ko/inueCTBa MMO/IBLIOOPOK B CreHepHpPOBaHHBIX BIOOPKAX, i—s1 BApHaHTa B KOTOPBIX
OosibIlie OCTa/bHBIX kK — 1 BapHvaHT.

CraTucTrKa KpUTepusi UMeeT X>—pacripeiejieHre ¢ apameTpom k — 1.

Cwm. moHorpaduro Kob3aps.

8.2.1.2. MHOrothakTopHbI ANCMEPCUOHHbI aHann3

VicxopHble faHHbIe AJis IBYX(aKTOPHOTO AWCIIEPCHOHHOTO aHa/M3a Mpe/iCTaB/eHbl B BU/e TaO/IUL[bI
(TIpSIMOYTOJ/ILHOM MaTpHLIbI), IPUYEM YHCJIO CTOJIOL[OB COOTBETCTBYET YHUC/TY YPOBHEH 1epBOro
(akropa (ypoBHeil 06pabOTKM), UMC/IO CTPOK PaBHO YHC/TY YPOBHEH BTOPOro ¢gakTopa (ypoBHeH
00paboTKH). N CTPOK — O6/I0KOB Hab/TFOIeHNI TTapaMeTpOB 00BEKTOB — PacToNoXKeHbI B k cTonbIjax,
COOTBETCTBYIOIIUX BHJjaM 00paboTKu (BHZIaM BO3/eHCTBHUS Ha 00BeKTHI). IIpy 3TOM KaXKbIi 610K
MOXKET OBITh Pe3y/IbTaTOM U3MepeHHii TTapaMeTPOB KakK Ha OFHOM 00BeKTe, TaK M Ha TPyTIIe
00BbeKTOB, HalPUMep B BU/ie CPeJHEro 3HaueHUs KaKoro—11ubo rmapaMeTpa, BEIYMC/IEHHOTO 110 BCeM
00BeKTaM HMCCIelyeMol TPYTIITLI TIPY OTpe/ie/IeHHOM BU/le BO3ZeHCTBYs Ha Tpymy. Crieayromuil
610K OyzieT cpeiHUM 3HaueHHeM JIPyroro TlapameTpa 1o BceM 00beKTaM TPYTITbI [IPH TOM JKe BU7ie
BO3/elCTBUS.
[peasiararoTcsi MeTOAbI IByX()aKTOPHOTO AMCTIEPCUOHHOTO aHaM3a:

*  nByx(akTopHbIi fJucniepcoHHbIN aHam3 (MANOVA),

*  DaHTroBbIM /ByX(paKTOPHBIM aHanmu3 OpuMaHa,

* kpurepuu Kselig,

* Kpurepuii [131i1Ka,

*  Q-xpurepuii KokpeHa,

» kpurepuii [lledde A/ cBA3aHHBIX BLIOOPOK.

8.2.1.2.1. AByXxchaKTOPHbI AUCNEPCUOHHbIV aHaNn3

Pe3ynbTarhl OMBITOB HUKOT/IA B TOYHOCTH HE COOTBETCTBYIOT CTeTleHH BJ/IMSHHUS Ha HUX TOTO WX
WHOTO MpHU3HakKa. [IpOMCXOAUT 3TO TIOTOMY, UTO Ha pe3y/IbTaThl OKa3bIBAIOT BJIUSTHYE U HEyUTeHHbIe
B YC/IOBUSIX SKCTIepUMeHTa (akTophbl. [Tpy BK/IFOUEHUH B AWCIIEPCUOHHBIN aHa/IU3 IByX U Oosiee
(hakTOpPOB MMeeT MeCTO MHOTO(aKTOPHBIHN AUCTepCUOHHBIN aHanu3 (MANOVA).
[ByxdaKTOpHBI AUCIIEPCUOHHBINA aHaIU3, WHAUe Ha3bIBaeMbIlii AUCIIEPCUOHHBIM aHATM30M T10
JIBYM TpU3HaKaM (AByX(paKTOPHBIN AUCIIEPCUOHHBIN aHa/IN3 0e3 MOBTOPEHHI), IPUMEHSIeTCS ISt
3aBUCHUMBIX HOPMAJIbHO pacIipe/ie/ieHHbIX BbIOOpOK. HyseBasi rumoresa COCTOUT B YTBEPKAEHUH O
paBeHCTBe 3(h(eKTOB CTPOK Mexkay coboii 1 paBeHCTBe 3(h(eKTOB CTONOI0B MeXIy COOOM.
BbruricsieHust IpOU3BOATCS TI0 (hopmysiam:

t}”OW
3¢ deKT cTpoK D

col T N °
3¢ dekT cTonbI110B D
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rae r-1 — pucriepcus, 00BbsICHsIeMast CTPOKaMH,

D :L SScol

col
c-1 - AHCHEPCI/IH, OG’BHCHHEMaﬂ CTOH6L[aMI/I,
- SS - SSrow - SScol

(r-Dle-1D  _ocrarounas JCTIePCHS,

1§ T’
SSy =21 =
¢ia "€ _ cpenuuii Kajipar CTpOK,

— Cpe/IHUH KBa/IpaT CTOJIOLIOB,
— CpeIHUM KBaJjpaT IOTPeITHOCTH,
j=l — CYMMBI CTPOK,

= — CyMMBI CTO/IOLIOB,

== — obmasa cymMMa,
C — UMCI0 CTOJOLIOB (BBIOOPOK),
I — UHACJIO CTPOK (TTapamMeTpoB).
CraTtuctrka Kputepus nMeeT F—pacnipesenenue ¢ napamerpamu r — 1 u (r — 1)(c — 1) B ciiyuae
rccnenoBaHus 3pdekra cTpok U ¢ mapamerpamu € — 1 u (r — 1)(c — 1) B ciiyyae UcciieoBaHUs
s¢dekTa cTonOI[OB.

8.2.1.2.2. PaHroBblii Kputepuit dpugmaHa

Ec/u He BBITIO/THEHBI MPe/ITIONIOKEHUs], TT03BOJISIOIIME MPOBECTH IBYX(PAKTOPHBIN AUCTIEPCHUOHHBIN
aHa/Iu3, MPUMEHSIeTCSI CBOOO/IHBIN OT TUTIA pacrpe/ie/ieHyst HerlapaMeTpUUeCKUN KpUTepui
®pumaHa. PaHroBsiit [ByxhakTopHbIM aHaiu3 @pramMaHa (paHroBwli Kputepuii @pusmana,
Kenpanna u b36unrrona CMuta) MpUMeHsIeTCsI 11 IPOBEPKU HYJIEBOU TMITOTe3bI O TOM, UTO
pa3MuUHbIe MeTo/ bl 00pabOTKH WM WHBIX BO3/eHCTBUI Ha U3ydyaeMblii 00beKT (TIpoIjecc) aroT
OIMHAKOBbIe pe3y/bTaThl. HysieBasi TUIIOTe3a COCTOUT B OTCYTCTBUU 3(h(HeKTOB CTONOI0B

(3t dexToB 06paboTKM). KprTepuii MOXKET Tak>Ke TPUMEHSITbCSI B KQUeCTBe HellapaMeTpHUueCcKoro
aHasiora o[HO(aKTOPHOTO AUCIIEPCUOHHOTO aHa/IM3a C MOBTOPHBIMU M3MePeHUsIMU.

BbIunic/ieHHe CTaTUCTUKU KPUTEPHS TIPOU3BOAUTCS 10 (hopMyJie
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k
12}/ (R, - nR )’
S = /=
1 n gi ’
nk(k +1) - M-k
k-1 i=\ j= !

rae R, j = 1,2,...,k — COOTBeTCTBYy!OI11lie CyMMbI PaHTOB B CTPOKaX,
N — YMC/IeHHOCThb KaXK/I0M COBOKYTTHOCTH,
k —uncno acdexroB 06paboTKu (BO3AeHCTBUM, ypOBHEH (hakTOpa),

k+1
RA. = >
2
gi, I = 1,2,...,n — UMCJIO CBSI30K B OJIOKe,
tij, 1 = 1,2,...,n; j = 1,2,...,gi— YMCJIEHHOCTb COOTBETCTBYIOILIel CBSI3KM, paBHasi 1 Mpu OTCYTCTBUU

CBSI30K B OJ10Ke.
CyMMbI PaHT'OB BBIUKCJISIFOTCS 110 (hopMmyIie

R, =Dr,,j =12,k
i=l

rae ry, i = 1,2,...,n; j = 1,2,...,k — paHru, npuyeM paH>KMpOBaHHe TTPOM3BOAUTCS 10 KaXKJJ0M CTPOKe
OT/IeIBHO.

CraTucTiKa KpUTepUsi UMeeT x>—pacIipeZiesieHye ¢ napameTpom k — 1.

Ornrcanuve CM. B KHUrax XOTeJ/IJIMHIOM C COaBT., bpayHsiy, [leTpoBuya C COaBT., B ClIpaBOYHUKE
Oy>sHa.

8.2.1.2.3. Kputepuii KBeiipg,

Ec/u He BBITIO/THEHBI MPe/TIONOXKeHUs], TT03BOJISIOILIME MPOBECTH IBYX(PAKTOPHBIN AUCTIEPCUOHHBIN
aHaJIn3, MPUMEHSIeTCS1 CBOOO/IHBIN OT THIIA pacripefiesieHust HerlapaMeTPUUeCKHUN PaHTOBbIH
kputepuii Keeiig (Quade’s test). HyneBas rumore3a COCTOUT B OTCYTCTBUM 3((HEKTOB CTOIOI[OB.

BbluncsieHre CTaTUCTUKKU KpUTEpHsi IPOU3BOAUTCS MO (popMyJie
-1

_”'lk e, v
§= Z:Tj ZZRH';Z:T; ’
J= J =

n i=l j=l

rae Ry, i = 1,2,...,n; j = 1,2,...,k — CKOppEKTHPOBaHHbIE PaHIH,

T, j = 1,2,...,k — cymmbI CTONOI0B MaTpULIbl CKODPEKTUPOBAHHBIX PAHTOB,
N — YMCIEHHOCTb KaXK/I0M COBOKYITHOCTH,

k — uncno s¢ddexToB 06paboTKY (BO3AEMCTBHIA, YPOBHEH (akTopa).
CKOppeKTHpOBaHHbIe PAHI'M PaCCUUTHIBAKOTCS MO (hopMyrie

k+1
R[j :Qi . -

v T],i =12,...n;j =1,2,....k,
rae rij, i = 1,2,...,n; j = 1,2,...,k — panru, npuueM paH>KMpOBaHHe TIPOU3BOIUTCS OTAE/IbHO 110
Ka)K/IOM CTPOKe MaTpULbl UCXOAHBIX IaHHBIX,
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Q;, j = 1,2,...,n — paHry pa3mMaxoB CTPOK MaTPULbl UCXOJHbIX JAaHHBIX.
CraTucTvka KpuTtepus uMeeT F—pacripesenenue c mapamerpamu k — 1 u (k— 1)(n — 1).
CwM. kuury ITeTpoBrua c coaBrt., pabotsl [TonTeca (Pontes, 2000), Kemri6esnn (Campbell).

8.2.1.2.4. Kputepui MNangxa

Kpurepuii ITsitxa (kpurepuii L I1skpka, aucnepcoHHbIM aHanus [1sipka) npefHa3HavyeH /1
TIPOBEPKH HYJ/IEBOM TUIIOTe3bI O paBeHCTBe 3(hdeKToB 06pabOTKY (BO3eHCTBHS) Ha BLIDOPKH C
HEeU3BeCTHbIMU, HO PaBHbIMU CcpeZiHUMU. HymneBast ruroTe3a COCTOUT B YTBEPKAEHUHU O paBeHCTBe
3¢ deKTOB CTPOK MeXKy co00i 1 paBeHCTBe 3(hPeKTOB cTONOII0B MexKy coOoii. CTaTUCTHKA
KPUTepUsl BLIUMCIISIETCS 110 opMyiie

k
L=)IiR,
i=l

rae R;, i = 1,2,...,k — yriopsifioueHHbIe 110 BO3PaCTaHUIO CyMMbI PaHTOB OJI0KOB,
k — uncno s¢ddexToB 06paboTKM (BO31eMCTBHIA, YPOBHEH (akTopa).
L- ML

J17151 GOMBLINX BHIGOPOK pacripefiesieHue npeoGpasosanHoii cratictuku VDL
AB/ISIETCS TIPUOJTMPKEHHO HOPMa/IbHBIM. 3[1eCh MaTeMaTHUeCKOe OXKUJaHUEe U TUCTIEPCHSI
PaCCUMTHIBAIOTCS 110 (POPMY/IaM, COOTBETCTBEHHO:

ML =%nk(k +1)°,

n(k3 - k)z

144(k- 1)
rae n — 4nucjieHHOCTb K&)KAOIZ COBOKYITHOCTH.
Cwm. ucrounuku: JlviceHKoB, THOpUH C COaBT., X0/UIeHep C COaBT.

8.2.1.2.5. Kputepuii Q KokpeHa

Kpurepuii Q KokpeHa UCII0/Ib3yeTCs B C/y4ae, eCJ/Id TPYTITbl OFHOPOJHBIX CyObeKTOB
TIOZIBEpraroTcsi 60siee uemM JIByM 3KCIIEPUMEHTA/TbHBIM BO3/I€MCTBUSAM, U UX OTBEThI HOCST
JIByXBapHaHTHBIN (OMHAPHBIHN, JUXOTOMUUECKUI) xapakTep. [Ipefmnomnaraercs, urto 0 03HayaeT
OTpHULIATe/TbHBIN OTBeT, 1 — MosIoKUTebHBIA. KaXkjasi BLIOOpKa TpeZicTaB/sieT o000l U3MepeHuUst
OZTHOTO yCJIOBUS TI0 BCeM rpyrraM. BapuaHTbl BEIOODKH — 3TO W3MepPeHUsi B pacCMaTpHUBaeMbIX
TpyMIax mo AaHHOMY ycjioBui0. HyreBast rumoTe3a COCTOUT B TOM, UTO B TeHepa/bHOMN
COBOKYTHOCTH IO/ BCEX SKCIIepUMEHTa/IbHBIX yC/I0BUI paBHbI. Bblunic/ieHre Npou3BOJUTCS 10

dhopmyrne
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2
(c- DX T}~ | 3T,
Jj= Jj=l
Q = r r s
QT - )T
i=l i=l

T, Zinj,j =1,2,...,c
i=l

rae — CYyMMBI CTO/IOLIOB,

c

T :ny.,i =1,2,....,r
J= — CyMMBI CTPOK,

C — UMCJIO CTOJIONOB (BBIOOPOK),

I — UHACJIO CTPOK (TTapamMeTpoB).

CraTucTuKa KpUTEPUsi UMeeT Y>—pacripefie/ieHne C rapamMeTpoM ¢ — 1.

Onucanue cM. y bpayHnu.

8.2.1.2.6. Kputepuii LLechche ana cBA3aHHbIX BbIGOPOK

[IByx(haKTOPHBIH 1103BO/IsIeT 00HAPYKUTH CylieCcTBOBaHUe 3PPeKTOB cTOOLI0B (3¢ heKToB
00paboTky) B Tab/uIIe AUCTIEPCUOHHOTO aHaiu3a. OHAaKO OH He JJaeT BO3MOKHOCTH TOYHO yKa3aTh
cTon0OL[BI, KOTOPBIe 00/1a/1at0T Hy/IeBBIMH ¢ dexramu. [l7st perieHust mpobiemMbl MPUMeHsIeTCst
MeToZ; MHO)KeCcTBeHHOTO cpaBHeHus1 [1ledde /151 cBsi3aHHBIX BLIOOPOK (TIapHBINA KPUTEPHA
Hledde). Kpurepuii [lledde a5 cBsa3aHHBIX BBIOOPOK MpeHa3HAueH /1J1s IPOBEPKH Tak
Ha3bIBaeMOMW TMITOTe3bI O JIMHEMHOM KOHTpacTe. JIMHelHbI KOHTpacT

k
L :Z C U,
i=l

Tipe/icTaB/isieT 000 TMHEHHYI0 PYHKIHIO OT CPeJHUX 3HAUeHUH |;, i = 1,2,...,k, k He3aBUCHMBIX
HOPMaJIbHBIX BEIOOPOK C HEM3BECTHBIMH, HO PABHBIMH JJUCITEPCUSMU, U U3BECTHBIX KOHCTAHT Cj, i =
1,2,...,k, yIOBNeTBOPSIOIINX yCIOBUIO

k

ch. =0.
i=l

B uactHOM C/iydae IpoBepsaeTCd Cepusd ruroTe3 O MPOCThIX JINHEHHBIX KOHTpacCTaxX BHUJad
Ly = Hi — Hj, i= 1,2,...,k— 1,] =i+ 1,...,k.
BrIiuricieHre CTaTUCTUKU KpuTepud Nnpou3BOAUTCSA I10 (I)OPMYIIG

§ 2
2 cx,
=\t )
(r- 1S Sc,?’

i=1

c
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Vi 9 o
rae == € _ ocTaTouHslii cpejjHuMii KBajpaT,
r C
r=35x
== — obmasa cymMMma,
1§
X, =— D x,.i =12,k
= — cpe/iHee 3HaueHue i—ii BLIDOPKH,

C — UMCI0 CTOJOLOB (BBIOOPOK),

I — UACJIO CTPOK (TTapamMeTpoB).

CraTtuctvka Kputepus uMeeT F—pacnipezenenue c napamerpamu r — 1 u (r — 1)(c — 1) B ciiyuae
rccaenoBaHus 3pdekra cTpok U ¢ napamerpamu ¢ — 1 u (r — 1)(c — 1) B ciiyyae ucciieoBaHUsI
3¢ dekra cTonbIIOB.

Cwm. cripaBounuKk Ilonnapga.

8.2.2. MHOXeCTBeHHble CpaBHEHUSA

MeTo bl MHOXKECTBEHHOI'O CPaBHEHUSI IPUMEHSIIOTCS, eC/IU UCXOAHbIe JaHHbIe Mpe/CTaBIeHbI
MHOTOMepHBIMH BbIOOpDKaMU. B pa3szene ripe/jiaratoTcsi HeCKOJIBKO TIOMY/ISIPHBIX METOZIOB

MHO>XeCTBEHHBIX CpaBHEHI/If/’I, npeacTaB/JIAOLNX cobori O606H.[EHI/IH METOA0B IMTPOBEPKU I'MIIOTE3 (B

T.4. IMCIIePCHOHHOIO aHa/IM3a) Ha MHOTOMEpHbIE BLIOOPKH.

[171s1 mapamMeTpuueCKUX U HerlapaMeTPUUeCKUX MeTOZIOB TIPOBEPKH THUTIOTE3 (CM. T/IaBbI
«[TapameTpuyeckasi CTaTUCTHKa» U «HerapameTpuuecKkasi CTaTUCTHKa» ) U JMUCITEPCUOHHOTO
aHa/IM3a CyIIeCTBYIOT MHOTOMEPHbIE aHA/IOTH B MHOXKECTBEHHOM CPaBHEHHWH, KaK TTOKa3aHO B
Tabnuie.

MeToz IpOBEPKU TUTIOTE3BI /17T IBYX BHIOOPOK 1 MHOTOMEPHBIN «(yHKLIMOHATBHBIN aHAIOr» U3

JMCIIePCHOHHOTO aHar3a
[TapameTprueckue TeCTbl
Kpurepuii CTblofeHTa
Kputepunii ¥Ysnua
F—xpurepuii

Kputepuii baptnerra

HenapameTpuueckyie TeCThbI
Kpurepuii BunkokcoHa
Kpurepuii Mypna

Kpurepuii Kpackena—Yomniica

IIpencraeneHsr:

*  KpuTepuM XOTeJUIMHIa,
* kpurepuii [Ixelimca—Cio,

MHO>XeCTBEeHHBIX CpaBHEHI/II‘/JI

Kpurepuii XoTennuHra

Kputepuii Ixerimca—Cro

KpuTtepuii Kysib0aka (2 MHOroMepHbIe BBIOOPKHU)
Kpurepwuii Kynnbaka (k > 2 BEIOOPOK)

Kpurepuit Yunkca

Kpurepuii [Typu—CeHa—Tamypa
Kputepuii [Typu—CeHa

Kpurepuii lletipepa—Pas—Xsiipa (2
MHOTOMepHbBIe BEIDOPKH)
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* kpurepuit Kynnbaka,

* kpurepui [lypu—Cena—Tamypa,

* kpurepuii [Typu—CeHa.

» kpurepui llleiipepa—P3s—X>sitpa.
B rnaBe 151 H0MHOTBI MHGOPMAaLMK OIMCaH Tak)Xe KpUTepUl YUKCa U [jaHbl peKOMeH/aliuu 110
ero CaMOCTOSITe/IbHOMY BbIUHC/IEHHIO.
VicxozHble aHHBIE /1711 MHOYKECTBEHHBIX CpaBHEHUM TIpe/iCTaB/IeHbl B BUie Tabui]
(MpsiMOyTO/IbHBIX MaTpuIT). Ka)koli BLIOOPKE COOTBETCTBYET OfIHA MaTpHIja, IPUUEM UKCIIO
CTO/IOLIOB Ka)KJJ0M MaTPULIbI COOTBETCTBYET pa3MepHOCTH MHOTOMEPHOM BBIOOPKH, UHUCIIO CTPOK
paBHO unciTy HabmogeHuid. [Ipu 3ToM BEIOOPKH MOTYT MMeTh KaK OAMHAKOBOE UMC/I0 BADHAHT
(paBHBIE 00BEMBI), TAaK M pa3/TMUYHOE, B 3aBUCUMOCTH OT TpebOBaHHUI MPHUMEHSIEMOTO METOZA.
Pa3MepHOCTU CpaBHUBaeMbIX MHOTOMEPHBIX BEIOOPOK [[O/DKHBI OBITh OTHHAKOBBI.
00630p cm. B guccepraiuu [Tonteca (Pontes, 2005). CM. Tak)ke UCTOUHUKH: POIMOHOB C COABT.,
KoraH c coasr., ITypu (Puri) ¢ coaBr., Cen (Sen) c coaBt., Tamypa (Tamura).

8.2.2.1. Kputepuii XotennmHra

Kpureputii T? (kputepuii cnesia, Kputepuii JIoyiu v XoTesidHra), st caydasi AByX MHOTOMePHBIX
BBIOOPOK TPe/II0’KeHHbIN XOTTe/TMHIOM, TIPUMEHSIETCS B 3a/laue CTaTUCTHUeCKON MPOBEPKU
TUTIOTe3bI O PaBeHCTBe BEKTOPOB CPeAHUX JJBYX MHOTOMEPHBIX COBOKYMHOCTe. [Tpearmosaraercs,
YTO MHOTOMEPHbIEe BEIOOPKY U3B/I€UEHBI U3 HOPMAaJTbHBIX MHOTOMEPHBIX PacIipe/ieIeHUH C
PaBHBIMU MeX1y c000¥ KoBapHallMOHHBIMU MaTpuliaMu. CTaTUCTHUKA KpUTepuysi XOTesTHHTa
BBIUKC/IsIETCS 110 hopMyrie
r’="1" _G-3)s"'G- x,)

n, + n,
I7ie N; — KOJIMUeCTBO MHOTOMEPHBIX BAPUAHT MEPBOM MHOTOMEPHOH BBIOOPKH,
N, — KOJIMUeCTBO MHOTOMEPHBIX BapHAaHT BTOPO MHOTOMePHOM BBIOODKH,

%1 'y %2 — BeKTOpBI CpeHUX IBYX MHOTOMEPHBIX COBOKYITHOCTEH,
S — AyucnepcMOHHO—KOBapUaljMOHHas MaTpULia COBOKYITHOCTH.
Ecu aucnepcnoHHO-KOBapyalOHHasi MaTpylia COBOKYITHOCTA HEM3BECTHA, OHA BHIUUC/ISIETCS
yepe3 BEIOOPOYHBIE TUCTIEPCHOHHO—KOBAapPHUAL[IOHHbIE MAaTPHLbl COBOKYITHOCTEH 10 hopMyrie:
1
S :—[(n1 - l)S1 + (n2 - l)S2 ],
n +n,-2
rzie Si ¥ S; — BIOOPOYHBIE IMCTIEPCHOHHO—KOBaPHUAL[MIOHHbIE MaTPHUL[bl MHOTOMEPHBIX
COBOKYTTHOCTEM.
n+n,-m-1,_,

+ -
MozudHLpOBaHHas CTATUCTHKA KPUTepHs (n, +n, - 2) umeetr F—pacripegenienve ¢

rapamMeTpamM¥ m u n; + n, —m — 1, rae m — pa3MepHOCTb Ka)K/I0i BHIOODKH.

Copyright © 2017 Igor Gaidyshev



@ The ME.com

Ornmcanue cM. y AHziepcoHa, Adudu c coaBT., [I>koHcoHa ¢ coaBT., Kynbbaka, MaiiHaoHasa,
Xasnb/a, B CIpaBOYHUKE TIOZ pefakieii Jinotiga ¢ coaBT. CBsi3b C paccTosiHueM MaxanaHobOuca
BbIBe/leHa YWU/IKCOM.

8.2.2.2. Kputepuii xeitmca—Cto

Kpurepuii I>xerimca—Cro nipejHa3HaueH /1/1s1 IPOBEPKU TMITOTe3bl O PaBEHCTBE BEKTOPOB CPeJHUX
JIByX MHOTOMepHBIX COBOKYyTMHOCTeil. [IpesnonaraeTcs, 4To MHOroMepHble BEIOOPKH H3B/IeUeHb! U3
HOPMaJIbHBIX MHOTOMEPHBIX Pacrpe/ie/ieHHii C HeM3BeCTHBIMH MM HEPABHBIMU MEXy CO00i
KOBapHallMOHHBIMU MaTpuljamMy. Kputepuii siBjisieTcs pellieHreM MHOTOMEPHOU NPo06/ieMbI
bepenca—®uinepa. CTaTicTiKa KpUTepUs BBIYUC/ISETCs TIo hopmyrie

21 =G, - x,)5'G, - x,),

rae M u *2 — BeKTOpBI CpeIHUX /JBYX MHOTOMEPHBIX COBOKYITHOCTEH,

S — aUCrepCMOHHO—KOBapHalOHHAsi MaTPUI[a COBOKYITHOCTH.
[lyicriepCMOHHO—KOBapHalMOHHAsI MAaTPUL[A COBOKYITHOCTH BBIUMC/ISIETCSI Uepe3 BhIOOPOUHbIe
JIMCIIepCMOHHO—KOBapHaIlMOHHbIE MAaTPUILILI COBOKYITHOCTeH 1o (opmyrie:
S=Sl/n1+Sz/n2,

I7le N; — KOJIM4eCTBO MHOTOMEPHBIX BAPHAHT MePBOY MHOTOMEPHOM BLIOOPKH,

N, — KOJIMYEeCTBO MHOTOMEPHBIX BapHAHT BTOPOM MHOTOMEDHOU BHIOOPKH,

Si 1 S; — BBIOOPOUHBIE AKCIIEPCHOHHO—KOBapHALIMOHHBIE MAaTPULIbI MHOTOMEPHbBIX COBOKYITHOCTEH.
CratucTrka Kputepus 21 MoAUMHAETCS] aCUMITTOTUYECKH PaCTIpeie/IeHHI0 X2 C M CTereHsMU
CBOOO/IBI.

KpuTtepuii onvicad PoZiiOHOBBIM C COABT.

8.2.2.3. Kputepuit Kynibbaka

Kpurepwuit Kynnbaka ripegHa3HaueH /i/1s TPOBEPKH PAaBEHCTBA KOBAPHALMOHHBIX MaTPUIL] IBYX W/
6osiee MHOTOMEPHBIX COBOKYITHOCTeH. [Ipe/irosaraeTcst, 4To MHOTOMepPHbIe BbIOOPKH H3BJIeUEHbBI 13
COBOKYIHOCTeH, MOAUMHSIOLMXCSI HOPMa/IbHBIM MHOTOMEDHBIM pacrnpeziesieHusM. [s AByX
BBIOOPOK CTaTHCTUKA KPUTEPUSI MOYKET BBIUHC/ISITHCS 10 hopmysie

: S
21, =) (n,- DIn:—,
S

1

rJe Ny U N, — KOJTM4eCTBa MHOTOMEPHBIX BapUAHT CPaBHUBAEMbIX COBOKYITHOCTEM,

S1 1 S; — BBIOOPOUHBIE AUCIIEPCHOHHO—KOBAapUAL[MOHHBIE MAaTPULIbI MHOTOMEPHBIX COBOKYITHOCTEH,
|.| — oripeeuTe/Ib MaTPULIBI.

Cratuctuka kputepus 21, noAuUnHAETCS aCUMIOTOTUYeCKU B—pacripenenenuro ®duiliepa, vHaue
HeLleHTpa/lbHOMY pacrpezie/IeH!IO x? C IapaMeTpOM HeLleHTPa/IbHOCTH

_Cm+2m’-m)| 1 N 1 1
12 m-1 n,-1 n+n,-2

um(m + 1)/ 2 creneHssMu cBOOOABI, TJe m —
Pa3MepHOCTh KaXK/[01 BBIOOPKHU.
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Kputepuii ipeacrasun Kynbbak, mogpo6Ho orvcasy PoaroHOB C COABT.

8.2.2.4. Kputepuii Nypn—-CeHa—Tamypa

Panroseiii Herapametpuyeckuii kputepuii Ilypu—Cena—Tamypa npesHa3HaueH 11 IPOBEPKU
TUTOTe3bl O paBeHCTBe BeKTOPOB CPeAHUX [BYX MHOIOMEPHBIX COBOKyNHOCTel. CTaThCTHKa
KpUTepHsi BBIYUC/sSIeTCs TIo hopmyrie

A=3G-7)s"G-7)

rae /' u "2 — BeKTOpBI CpeHUX PaHTOB [IBYX MHOTOME@PHBIX COBOKYITHOCTEH,

¥ — BeKTOp CPeJIHAX PaHroB 00beJMHEHHOM COBOKYITHOCTH,

S — IucnepCMOHHO—KOBapHaIliOHHAst MaTPHIIA PAHTOB 00beIMHEHHON COBOKYITHOCTH.

CTaTrCTHKa KPUTEPUS MMOJUHHSIETCS aCUMITTOTUYECKH PacTpe/ie/IeHHI0 X2 C m CTeTeHs MU CBOOO/BI,
rJie m — pa3MepPHOCTh KaXK/0i BBIOODKH.

Kpurepuii orvican PojuOHOBBIM C COaBT., IJie paCCMOTPEHbI TAKXKe C/TyYau UCTI0Ib30BaHUSI MHBIX
PaHTOBBIX OTMETOK.

8.2.2.5. Kputepuin NMypn—CeHa

PaHroBbIii HerapameTpuueckuii Kputepuii [1ypu—CeHa rpeiHa3HaueH [jist IPOBePKU PaBeHCTBa
KOBapHal[MOHHbIX MaTPUL] IByX MHOTOMEPHBIX COBOKYMHOCTel. CTaTUCTHUKA KpUTEepUs
BBIUMCJISIETCS TI0 popmyIie

A=3GC-2)s'C-2)

rae gl n € _ BEKTOPbI CPE€JHUX PAHTI'OBBIX OTMETOK ABYX MHOTOMEPHBIX COBOKynHOCTEﬁ,

€ — BEeKTOp CPeIHHX PAHTOBBIX OTMETOK 00beJUHEHHON COBOKYTTHOCTH,
S — IMCnepCcUOHHO—KOBapHaIlMOHHAst MaTPHUIlA PAHTOBBIX OTMETOK 00beJUHEHHON COBOKYTTHOCTH.

HDI/I 3TOM DPAHI'OBbI€ OTMETKH BBIYHNC/IAKOTCA KdK
2

R,
E;, = Nil -0,5|,i=L2,.,N;j=12,.,m,
rae Ry, i = 1,2,...,N; j = 1,2,...,m — paHT¥ COOTBETCTBYOIIIel BBIOOPKH,
N — UKC/IeHHOCTh COOTBETCTBYIOIIelH BbIOOPKU: Ny WK N, — MHOTOMEPHBIX BAPUAHT CPaBHUBAeMbIX
COBOKYITHOCTEH, n; + n, — 06beJUHEHHOW COBOKYITHOCTH,
m — pasMepHOCTb KaXk/[0i BEIOOPKHU.
CraTrcTHKa KpUTepHs MOJUMHSETCS] aCUMITTOTUYeCKU Pacrpe/ie/IeHHI0 X2 C M CTeTeHs MU CBOOOZBI.
Kputepuii onrican PogMOHOBBIM C COABT., T7le pACCMOTPEHBI TAKXKe CTy4Yau UCI0/Ib30BaHUsI MHBIX
PaHrOBbIX OTMETOK.
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8.2.2.6. Kputepuii Lelipepa—Pas—Xaiipa

Kputepuii [1letipepa—P3s—X5iipa ripescraBiseT co60ii MHOTOMEpHOe paciliupeHre KpUTepHsi
Kpackena—Yonmuca. Kpurepuii mapHbil, T. e. (hopMa/ibHO TIPeZICTaB/IeHHBIE /IJIs1 aHA/IM3a BBIOOPKH
JIO/DKHBI UMeTb PaBHbIe KOJTMUECTBa CTPOK U cTo/61[0B. [Ipy 3TOM Tipe/oiaraeTcsi, uTo 1o n
CTPOKaM PAacCIIo/IararoTcs 3HaUeHUs1 K—MepHBIX BbIOOPOUHBIX 3HAUEHHUH.

[TpencraBneH BapuaHT KpUTepUs [I/IsI aHa/IM3a ABYX MHOTOMEPHBIX BEIOOPOK. AJITOPUTM MOXKET
ObITH 0600I11IEH Ha MTPOU3BOJILHOE KOJTMUECTBO MHOTOMEPHBIX BbIOOPOK. ITyCTh /1aHbI fiBe
MHOTOMEePHBIX BBIOOPKU: Xy, i = 1,2,...,n;j = 1,2,...k, u Y, i = 1,2,...,n; j = 1,2,....k. MHOTOMeEpHbIe
BbIOOPKM COBMECTHO PaH)XUPYIOTCS M0 YObIBaHMIO. [Tpy 9TOM COBMA/AIOIM 3HAUEHUSIM
TIPUCBAMBAOTCA CpefiHKe (110 CBsi3Ke) paHru. B pe3ynbrare paHXUPOBaHUSI MOTy4YatOTCSl MaCCHBBI
PaHroB, COOTBETCTBEHHO, Ry, i = 1,2,...,n; j = 1,2,...k, u S;, i = 1,2,...,n; j = 1,2,....k.

3ateMm cocrtaBnsieTcst Tabnuija pasmepom 2 x k. B siueliku TabMLIbI 3aMMCHIBAIOTCS CyMMBI DaHTOB,
BBIUMC/IEHHBIE TI0 (hOpMYyJiaM, COOTBETCTBEHHO,

T, =D R, j =12,...k,
i=l

T, =3'S;.j =1.2...k.
i=l

BbrunicsieHust CTaTUCTUK KPUTepHs TIPOM3BOASTCS 110 opMysiaM:

Hc :ﬂ
sddekT cTonbiion RMS,,,, ,
H = _RSS,
5¢pdexT cTpok RMS, ,
H e :&
RMS

total
)

3¢ deKT B3auMOIeHCTBYS CTPOK U CTONOLI0B
rae KBa,qpaTHqule OCTaTKU BBIYUCJISIIOTCS TI0 (hopMysiam:

_1 2 NN +1)’
RSS, ]Z Z’ —
2
1 & & N(N +1)°
R S S
55, nk% jZ:: v 4

b

k
RSS,, ZZ M RSS, - RSS,

i=l j=l
_N(N+1)
total 12
rae N = 2nk — o0111ast YMC/IEHHOCTD TIPeZICTAaB/IEHHBIX BBIOOPOK.
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Craructuka H. uMmeeT y>—pacripefiesieHre ¢ mapameTpoM k — 1. Craructvka H, umeet % —
pacripeziesieHre ¢ mapamerpom 1. Cratuctuka H,. (B ciiydae 1ByX BBIOOPOK) UMeeT X2 —
pacrpeziesieHue C napameTpom k — 1.

CwMm. moHorpaduto Cokana (Sokal) ¢ coarr., crareto [latipepa (Scheirer) ¢ coaBT.

8.2.2.7. Kputepuii Ynnkca

Kpurepuii A Yusikca npefHa3HaueH [jisi BBIMOHEHUs 04HO(aKTOPHOTO MHOTOMEPHOTO
JMCITIEPCUOHHOTO aHa/in3a. Ero Mo)KHO cuutaTh 000011IeHreM MHOYKeCTBEHHOTO KPUTEPHSI
XoTesnuHra Ha cydaii k > 2 MHOTOMepHBIX BBIOOPOK. [IpesrnosiaraeTcsi, 4T0 MHOTOMepHbIe
BbIOOPKY W3BJIeUeHbI U3 HOPMA/IbHBIX MHOTOMEDHBIX pacrpe/ie/IeHHi C PaBHBIMUA MEXY COO0H
KOBapHal[MOHHbIMU MaTpuLiaMy. CTaTUCTHUKA KPUTEPHUsI BBIYUC/ISIETCS 10 (hopMyrie

_

rine W — o01iast MaTpuiia BHYTPUTPYIIIOBOTO pa3bpoca,
B — MaTpu1ia MeXXTpyTIioBoro pa3bpoca,

|.| — oneparusi BbIUMC/IeHUs OTIpe/ie/TUTesl.

3JI€MeHT wj MarpuLipl W BBIUMC/IIETCA KaK

w; —Zs(r) =1,2,...,m;j =L,2,....m

e ,j”, =1,2,....k

BBIOODKH T,
k — KomMuecTBO MHOTOMEPHBIX BBIOOPOK,
m — YKCJIO TepeMeHHBIX (Pa3MepHOCTb) KaXK0i MHOTOMEpPHO!H BHIOOPKH,

r=1,2,...,k — BepxHui MH/IEKC, 03HAYAIOIINI HOMEP MHOTOMEPHOM BBIOOPKHU.
()

> — 3eMeHT T.H. Marpuijbl S” 0CTaTOUHBIX CyMM KBaJpaToB U MPOU3BeIeHHUIA

3JI€MeHT ¥ marpurpl S” BBIUMC/ISETCS KaK
()_ (r) _ () ) 7y 7 = o —
" Z(x D= XY (5 - X0, i =1,2,.m;f =12,.,m,
x) i=12,.. oo,
e i 0! — 3HaUEHKe BAPUAHTHI TIEPEMEHHOH i,
(lr),] —1,2,...,nr, o .
) — 3HaueHKe BAPUAHTHI TIEPEMEHHOM j,
i =12,...,m, o
— cpejiHee 3HaueHue epeMeHHOM |,
=) . —
X, =1,2,...,m

’ — CcpefiHee 3HaYeHNe ITlepeMeHHOM J,
n, r=1,2,....k — 4nc/ieHHOCTb BbIOOPKY I (UMC/I0 M—MepHBIX BapUaHT B Ka’K,0il MHOTOMepHOH
BbIOOpKe),

k
n=Sn,

r= — o0IIlee KOMMYECTBO MHOTOMEPHBIX BIOOPOK.
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OnemeHT b; MaTpUlLibl B BEIUUC/ISETCS KaK
k
— =(r)=(r) == o — L —
bij —anxl. X7 - nxx j =12,.,m; ) =12,...,m,
r=

X, =12,... .
rae Tist Zhlprers My _ cpefHee 3HaueHUe TepeMeHHOH i 1o BceM k BBIOOpKaMm,
x.,j=12,..,m, . .

/ — CcpeZiHee 3HaueHUe TIepeMeHHOM j TI0 BceM Kk BBIOODKaM.

MopuduiiipoBaHHas CTaTUCTHKA

1 =- mEkla

n-1-

noguuHsieTcs X2—pacnpezeneruro ¢ m(k — 1) crenensiMu cBo6o/b! (anmpokcumanyst baptierra).
Mertog npefcraBieH AHzepcoHoM, Adudu c coasr., [TeTpoBuueM c coaBT. AH/IePCOH yKasasl
TOYHOE pacripeie/ieHHe CTaTUCTUKU KPUTEPHS, a B TIOC/IeJHUX JABYX UCTOUHHUKAX Mpe/ICTaB/IeHa
TaK)Ke anrpOKCUMAIIHsI CTaTUCTUKU F—pacnpeziesieHyeM, ripejyioykeHHas Pao. Kynbbak mipescTaBu
CBOM TECT TaKXke U Ayisg k > 2 MHOTOMEPHBIX BBIOOPOK.

8.2.3. KoBapnaynOHHbIW aHaNn3

OpHoGaKTOpHBIM KOBapHaLMOHHBIN aHa/IM3 UCTIO/b3yeT KOHLENLUH OAHO(aKTOPHOTO
[VMCTIepPCMOHHOrO aHa/iv3a U IMHeNHOoM perpeccuu. [Ipeamnonaraercs, 4To UCXOAHbIE TaHHbIE
TIPe/ICTaB/ISIIOT COO0H COBOKYITHOCTh Perpeccui («mpeArKTOp—3aBUCUMast lepeMeHHast» Wi, B
CMBICJIe TIOCTPOEeHHMS rpadrKa perpeccuu, «abCclycca—opArHaTa» ), COOTBETCTBYIOIIUX Pa3/TMUHBIM
YPOBHSIM 3HaueHHs1 KaueCTBEHHOr0 NMpu3Haka. [1py 3ToM camu 3HaueHUs1 KaueCTBEHHOTO TIPU3HaKa
He BBOJSATCSL.
MeToz 11o3BoJIsieT NPOTECTUPOBATH Psifi CTaTUCTUYECKUX TMIOTe3, KaK YKa3aHo B
COOTBETCTBYIOLLEM paszesie.
[IpennocelIKY MpYMeHeHUs1 KOBapUaLJMOHHOTO aHaIu3a:

*  HOPMaJILHOCTb PacIipe/ie/ieHust OIUO0K (OTHOCUTE/TbHO JIMHEHHOHN perpeccun),

*  OJHOPOAHOCTH JUCIIEPCUU OLIUOOK,

*  3aBMCHMMOCTb OTK/IMKA OT KOJIMUeCTBEHHOIO NpeKTOpa JIMHeNHa,

* PpaBHbIM HAKJIOH perpeccri Ha YPOBHSX KaueCTBEHHOTO (pakTopa.
Ecsiu 1aHHbBIe He YIOB/IETBOPSIIOT TTPeCTaB/IeHHbIM TPeOOBaHUSIM, OHU MOTYT OBbITh
nipeoOpa30BaHbl COOTBETCTBYHOIIMMHU MeTOAAMHU.

8.2.3.1. OgHO(haKTOPHbI KOBapUaLMOHHbIA aHasIn3

OpHodaKTOpHBINM KOBapyal[MoHHbIM aHamu3 (one—way ANCOVA) ucriosib3yeT KOHLeNLUU
0HO(aKTOPHOIO AUCTIEPCUOHHOI0 aHa/IM3a, TMHeMHOW perpecCuy U MHOYKeCTBEHHbBIX CpaBHEHUIA.
I[TpencTaBneHye UCXOAHBIX JAHHBIX /IS pacyeTa UMeeT CBOK 0C00eHHOCTh. MacCHB BBOJUTCS B
BU/le COBOKYITHOCTH K perpeccuii (MiHaue — ypoBHeM, COOTBETCTBYOIIUX I'Pa/lalivsiM KaueCTBEHHOTO
(bakTOpa), KaK 1MoKa3aHo Ha C/eJyHoLel WTICTpaLuu, IpUYeM YUCAeHHOCTH n;, i = 1,2,...,k, nap
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TIpeIMKTOPOB X, i = 1,2,...,k; j = 1,2,...,n;, U 3aBUCHUMBIX ITepeMeHHbIX Yy, | = 1,2,....k; j = 1,2,...,n;,
MOTYT I0JIaraTbCsl KaK paBHBIMU, TaK U PA3TUYHBIMU:
YpOBHM KaueCTBeHHOTO (pakTopa (He BBOASITCS)

YpoBens 1 YpoBeHb 2 YpogeHs k

X1 Yy X1 Y21 Xk1 Yk
X12 Y2 X2 Y22 Xx2 Yi2
ylnl ylnl x2nz y2nz xknk yknk
O603HaUMM:

:—Zx,,, =1,2,...k,

= — CpejiHee 3HaUeHue MpeJuKTopa Ha ypoBHe i, i = 1,2,....k,
:—Zylj,z =1,2,....,k,
i j= — cpefiHee 3HaueHUe 3aBUCUMOM TlepeMeHHOU Ha ypoBHe i, i = 1,2,...k,
1 & ¢
:NZ Z Lij
= j3 —ob1ee cpeHee 3HaUeHHe MTPeJUKTOPOB Ha BCEX YPOBHSIX,
=—Z 3y,
i=j=1 — obIiee cpefHee 3HaUeHHe 3aBUCUMBIX TlepeMeHHBIX Ha BCeX YPOBHSIX.

rje k — KomuueCTBO YPOBHel KaueCTBeHHOTO (pakTopa,
N — o0111asi YMC/IEHHOCTH TMap MPeJUKTOPOB U 3aBUCHMBIX ITepeMeHHbBIX, BEIUNC/IsieMasi Kak

k
N :Zni
=

C yueToM BBeZIeHHBbIX 0003HaueHW CyMMbI KBaZ[paTOB U CMelllaHHbIe TIPOU3BeeHUsT MEXY
YPOBHSIMU BBIYUCJITFOTCS KaK:

k k k

— = _ =2 _ = _=VS .o _ = _ =32

M, =XnE-x) M,=Xnx-x)5-3) M,=)nF-7)
i i u i

, .

CoOTBeTCTBEHHO, CYMMBbI KBa/IpaTOB U CMelllaHHble NTPOM3Be/leHUs] BHYTPY BCeX yPOBHEMN

HaXO,E[HTCH KakK:

E.=530-5) E =330 5)0,- - E,=YY0,-5)

i= j= i j= i=l j=l
b

[TonHble cyMMBI KBaZIpaToOB Y CMelllaHHbIe np01/I3Be,quI/IH 6y,z;yT'
k n
T, —ZZ(x -x) T,=3)(x,-x)y,-¥) T, ZZ@U y)
i3 j:l i=l j:l u i=l j_l

C yueToM BBE€JEHHBIX O603HaquHﬁ, HEKOTODbIE CpeJHUE KBAJAPdThlI, HEO6XO,E[I/IMBIG AJId
,Z[El]'[bHEﬁH.IEFO KOHCTPYHUPOBAHUWA CTAaTUCTUK, BBIYNC/IAIOTCA KaK:
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1 2 2 E2 1 2
MS, =—— - 24 Y v MS. = -
| e A E. = N-k-1l'" E,
1 E;
MS, =———| B, - -~ _ 1
P P E, | M=o .- B,)

e By — cyMMa CcpeJiHMX KBaZIpaTOB BHYTPU yPOBHel, BEIUMC/IseMast 110 (popMyJie
k

By, :Z b,
i=l

rae b, i = 1,2,...,k — rpynnoBbie K03 dULIMEHTbI perpeCcCcru.

['pyrinoBbie KO3 ULIMEHTbI perpeccuy BEIYMCIISFOTCS Kak
2

b, —Lou =12k,
xx(i)
rae Eqq, [ = 1,2,...,k — cMell1aHHbIe TIPOM3Be/IeHUs] BHYTPU YPOBHEH,
Ew@, I = 1,2,...,k — cymMmMBI KBa/|paTOB BHYTPH YPOBHEH.
[laHHBIe TapaMeTphl BEIUMC/ISIOTCS,, COOTBETCTBEHHO, 10 (JOPMYy/1aM:

", ",
E o =2 (5= %)y = P i =12k, Ep =3 (x, - %)%0 =12,k

Jj= u Jj=
CraHZapTHO BLIBOJSTCS BBIUMC/IEHHbIE paHee Cpe/iHMe 3HaueHHsl Ha YPOBHSIX, TPYIIIOBbIe
K03(PULIMEHTHI perpeccuy, a Takke CKoppekTripoBaHHbIe (adjusted) rpyrnmnoBbie cpejHUe 3HAUEHUST
Ha YPOBHSIX, BBIUKC/IsIeMble 110 (hopMy/ie

Vitaay =Vi. " B(x, - X),i =1,2,...,k,

rae B _ OLleHKa Ko3(pulirieHTa perpeccuu, BeIuMc/siemMasi o ¢popmyse

. E?
—d
s z

XX

COOTBETCTBYIOIME CTaHJapPTHbIE OIIMOKYA CKOPPEKTUPOBAHHbBIX IPYIIIOBBIX CPEJHUX 3HAUEHUH
BBIUMC/ISIFOTCS 10 (hopMyrie

1, G-
n.

1 XX

Viaay =1/ MSk i =12,k

[oBepuTeibHble UHTEPBAJIbl OLIEHUBA€MbIX CKOPPEKTUPOBAaHHBIX FPYIIOBLIX CPeAHUX 3HAUEHUH
BBIUMC/ISIFOTCS 10 (hopMyIie

Ij/[(adj) :(J_}i(adj) B V 0’5 ‘ mp,k',f |S.)_}i(adj);.)_;i(adj) +*\}Oa5 | mp,k',f ’SJ—/i(adj))i'i :1,2,..., k,

rzie |my . — 3HaueHue obpaTHOM (DYHKLIMU pacripe/ie/ieHus CTbIOeHTU3UPOBAaHHOTO MaKCUMyMa
MozyJieH,
p = 0,95 — cTpoutcs 95% AoBepUTe/IbHBIN UHTEPBAJI,
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k'=k(k-1)/2,

f=N-k-1.

[anee 0cTaHOBUMCS Ha Perpeccusix, KOTOpble MOT'YT ObITh TIOCTPOEHHI 110 JAHHBIM
KOBapHalMOHHOI0 aHa/v3a. [ pynnoBble perpeccuy 3aZjal0TCsl ypaBHEHUSIMU
Y=y +b(x-X,),i =1,2,...,k.

MOo)XHO TIOCTPOUTH I'PYTITIOBbIE perpecCru, UCTIO/b3Ys OLIeHKY Ko3ddulieHTa perpeccuu B (npu
3TOM MbI TIOJTyUMM MapasiiefbHble TPYIIOBbIe PErPeCCUN):

$ =y +Bx-x),i =12,...k.
BOBMO)KHO HOCTpOEHI/Ie peFPECCI/II/I CPEAHHX 3Ha‘JEHI/If/ll
P =3 4By (x- )i =12,k

rae By _ OLleHKa Ko3(ulieHTa perpeccuy CpeIHMX 3HaUeHW, BbIUKC/sieMast o hopMmyiie

A

By =~

M _M :

Bo3mMoXHO Takyke MOCTpOeHHe MOJIHOW perpeccuu

P =y +Br(x- X),i =12,...k,

rae Br _ OLleHKa T0JIHOTO KO3(dui[eHTa perpeCcCcruu, BbIuucsiemasi o Gopmye
b=

T,
[17151 BCceX TPyINOBBIX perpeccuii, perpecCuy CpeJHUX 3Ha4YeHHU! U M0JIHOW perpecCuy BhIBOAUTCS
CBOOOHBIN U/leH ypaBHEeHHsI COOTBETCTBYIOLIeH perpecCcuy B CTaHAAPTHOH (opme

y =a + bx,

r7ie a — CBOOOJHBIN u/leH ypaBHeHUs,

b — ko3¢ duLmeHT perpeccuu (31ech U Aajee NOACTaBUTh COOTBETCTBYIOLL[ee 3HauUeHue U3
MOKa3aHHbIX BbILLIE YPDaBHEHUU perpeccui),

X — 3HaUeHue MpeJuKTopa,

Yy — 3HaYeHHe 3aBUCUMOM TIepeMeHHOM.

CB00OO/HBIN u/leH BBIUMC/ISIETCS KaK

a=y- bx,

XX

rie ¥ — cpefHee 3HaueHHe MPeIUKTOPA,
Y _ cpenHee 3HaueHHe 3aBUCHUMOI1 TTepeMeHHOI.
[TpoBepsitOTCSs C/ieAyIOlHe CTaTUCTUUeCKHe TUTIOTe3bl.
I'uroTe3a 0 paBeHCTBe CKOPPEKTUPOBAHHBIX IPYTIIOBBIX CPEJHUX 3HAUEHWA: CTaTUCTUKA
g _MS,,
m
MS,
nofurHsieTcst F-pacripesiesieHno co crereHs My cBoboapt k— 1 u N —k— 1.
I'uroTe3a 0 paBeHCTBe HaK/IOHA perpecCcry CpeJHUX 3HaueHU HYJII0: CTaTUCTUKA
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g :MSZ
£ MS,
nofunHsieTcst F-pacnipesienieHnto co cremneHssMu cBoboabl 1 u N —k — 1.
['unoTe3a 0 paBeHCTBe HAK/IOHOB TPYINOBBIX PerpecCcUii: CTaTUCTHUKA
M.
S, = Sy
MS,
nourHsieTcst F-pacrpeiesieHyto co ctereHssMu cBoboger k— 1 u N — 2k.
Cwm. moHorpaduu Adudu c coarr., Baiingra (Wildt) c coast., Munnvkena (Milliken) c coaBr.,
Cokana (Sokal) c coasr., Bectdanna (Westfall) c coaBr., Caxau (Sahai) c coaBr., cTatbio u
MoHorpaguro Xcy (Hsu), moHorpaduto noa pea. Sa8apac (Edwards).

FnaBa 9. PerpecCMOHHbLIV aHaNn3

9.1. BBegeHue

PerpecCcHMOHHBINM aHa/ M3 MTpeHa3HaueH /I/Isi BBIUMC/IEHHUS TapaMeTPOB aripOKCUMUPYIOIIHX
GbYHKLMI pa3/IMUHBIMA METOJAMU M MX CTAaTHCTHUYECKUX OL[EHOK.

HoMmeHK/1aTypa MeTOZIOB HaCUMTHIBAET HECKOJILKO Pa3/IMUHBIX alllPOKCUMUPYIOIUX (QYHKLIWH.
Ecnu nosib3oBaTe/ib He HakiieT HeoOXoquMYy 0 (BDYHKIMIO B TIPe//IaraeMoM TiepeuHe, MOXKHO
BOCIT0/Tb30BaThCs1 YHUBEPCAIbHBIM METOZIOM — T10/1b30BaTe/IbCKOM (hyHKIHel. Bbibop mapameTpoB
IJIs1 IAHHOTO MeTO/ja He OUeBH/IEH, TOITOMY TIOPSAZIOK PaboThI C JAHHBIM METO/IOM ITPe/ICTAaB/IEH B
BU/Ie MOoApOOHOro prUMepa.

9.2. TeopeTnyeckoe o60cHoBaHue

AnmnpokcumMaliyeii Ha3bIBaeTCs 3aMeHa O[HUX MaTeMaTH4eCKHUX 00beKTOB [JPyTUMU, B TOM WU/H
WHOM CMbIC/Ie O/TU3KUMH UCXOAHBIM. B Gostee y3KOM CMBIC/Ie anmpOKCUMALUs — BBIYUCTIEHHEe
(moxbop) Her3BeCTHBIX MTapaMeTPOB anredpanuecKuX ypaBHEHHUH, B TOM Unciie pUOIKeHne
OAHUX (PyHKLMI APYTUMU, IPUUYEM aHATUTUUYEeCKOe BbIpayKeHue /1/1s1 allpOKCUMUPYeMOoi (QyHKLMU
MOXKET ObITb U3BECTHO W/ HEU3BECTHO.

9.2.1. OueHKa KayecTBa annpokcumauum

KauectBO dlIIPOKCUMdALIMH OLI€HHUBAETCSA KOB(i)(i)HL[I/IeHTOM AeTepMHUHAaLH, BEIYUC/IAEMBIM I10

dhopmyrne
2
o
R =1- =L,
UY

2
rae 9% — gucrepcus oCTaTKOB,
2
Oy _ nucnepcust GYHKIMM BBIXOZA SKCIIEPUMEHTa (fjaiee — QyHKLIHH).

,Z[chepcml OCTAaTKOB BbBIUMC/IAETCA KaK
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l N
ot =—YC-¢e),
E N%' i

rae N — uMC/I0 SKCIIepUMeHTalbHbIX 3HaueHuH (Tap apryMmeHT—(yHKLWs),
e,i=1,2,...,N—ocraTky,

€ _ cpesiHee 3HAUEHHe OCTAaTKOB.

OcTaTKy pacCYMTHIBAIOTCS 110 hopmyrie

e Zf/i - y,i=12,..,N,

=L2,...N .
rae Vool > — paccuMTaHHble 3HAYeHUs1 MOJie/Tu (MOZEeIbHOW OL|€HKH),
Vi, I = 1,2,...,N — 3a/laHHble 3HaueHUs1 QYHKI[UH.
CPEAHEE 3HaueHHe OCTATKOB BBIUMCJIETCS TI0 (hopmyJie

:_Ze

Hucnepcusi GyHKIMU BBIYUC/ISIETCS KaK

2 =L 3, - 5)
Y N pu i >

rae Y — cpefHee 3HaueHMe QyHKLH.
CpenHee 3HaueHue (PyHKLMWA PACCUMTHIBAETCS 10 hopMyIie

_ 1 g
y‘ﬁ%'yi'

B ucrounukax npu 3anucy Gopmysibl KOG ULMeHTa jeTepMUHALMU YaCTO OMYyCKArT MHOXKUTEH
1/ N B BeIpakKeHUsIX [JIs1 AUCIIEPCUM, TTI03TOMY B UMC/IMTEIe U 3HaMeHare/ie BTOpPOro C/laraeMoro
TOMeIIIat0T TOJILKO COOTBETCTBYIOLIME KBaJpaThl.

WcnipaBneHHbIN KO3 ULIMEHT leTepMUHaL[UU
2
R —1]- O (adj)
(adj) 2 >
Y (adj)

Or s
rae £ — ycnpapneHHas JUCTIEPCHUsT OCTATKOB,
2

o5
Yad) — ycripaBneHHas aucrepcus QyHKIWK.
I/ICHpaBIIEHHaH ,qncnepcnﬁ OCTaTKOB BBIUMC/ISIETCS KaK

2
e = Z G, - Y,
(N k)=
e k — KoMuecTBO OL[eHMBAeMbIX ITAPAMETPOB MOJIE/IH.
I/ICHpaBHeHHaﬂ 'E[I/ICHEPCI/IH CbYHK]_II/II/I BBIUNC/IAETCA KaK

2
Oy (adjy — (N - 1)21' Ji T y)2
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Uem Gsike BbIUMC/IEHHOE 3HaueHue Ko3¢duiiveHTa JeTepMUHaLMU WA UCTIPaB/IeHHOTO
Ko3(duIeHTa feTepMUHaLIMK K 1, TeM Jiyullle MOJie/ib arfpOKCUMUPYeT Mpe/iCTaB/IeHHbIe
3KCIlepUMeHTa/IbHble JaHHble. V1 Ha000poT, yeM MeHbIlle 1 BbIUKC/IEHHOE 3HaueHue, TeM XyKe
annpoKCUMUpPYHoL{asi PyHKLMsI COOTBETCTBYET Mpe/iCTaB/IeHHbIM /JaHHbIM.
[1711 npoBepKy 3HaUMMOCTH KO3(p(pULieHTa JeTepMUHALIMKA PACCUMTBIBAETCS CTaTUCTHUKA

_ Rk

(1- R/N-k-1)

rJe k — 41c/o oLleHMBaeMbIX [lapaMeTpOB MO/|eJIu.
Cratuctrka noguuHsercs F—pacripesienenuto ¢ napamerpamu k u N — k — 1.
[1715 IpOBEpPKY aBTOKOPPEJISIIUM OCTATKOB ITPUMEHSIETCSI CTaTUCTHKA [lapOuHa—YoTcoHa

Zn:(ei - ei—1)2

d:i:2

P .

B rpy6om npubnvkeHUr aBTOKOpPpPeJISILUS OTCyTCTBYeT rpu 1,5 < d < 2,5.

9.2.2. PerpecCMOHHbIW aHaNn3

OCHOBHBbI€ 33/laur perpecCMOHHOI0 aHaau3a:
1. BbiOop Hauyuleid perpecCMOHHON MozenH (DyHKI[UH) [J1s 3alaHHOro Habopa
9KCTIepUMeHTa/bHbBIX [JaHHBIX (He3aBUCUMOM TepeMeHHOM — BbIXOZla SKCIIePUMEHTa).
2. Bbluncienue onTUMabHBIX TTapaMeTpoB Mojiesid. Hanbosiee momysisipHbIM [11st
paccMaTpuBaeMOro TUIIA 3a/jau SIB/ISIeTCSl MeTO/, HAUMEHbIIIUX KBa/lpaToB.
3. OrieHKa 3HaUMMOCTH U BBIYMC/IEHHE JOBEePUTETbHBIX HHTEPBa/IOB TapAMeTPOB MOZEH.
4. O1leHKa 3HAYMMOCTHU Y BbIUKC/IEHHE [JOBePUTE/IbHBIX MHTEPBA/IOB BbIX0/la MOJIEJIH.
PeliieHue 1iepBO#i 3a/1auy MHOT/Ia HAXOAUTCS BHE BBIUMC/IUTE/TBHBIX MeToz10B. K popmympoBke
JAaHHOM 3a/jaudl MOT'YT TIPUBECTU MaTeMaThuyeCcKoe MO/ie/TMPOBaHKEe WU MPOCTO UHTYULIUS
uccieoBaresist. Takyke MOYKHO TIPe/ITIONIOXKUTD BUJL, alilPOKCUMUPYHOILel QyHKIH, UCXO/s U3 BUa
rpaduka, IOCTPOEHHOTO TI0 pe3y/bTaTaM 3KcriepuMeHTa. [1is pellieHrsl BTOPOM 3a/jauu
WCTIO/Ib3YFOTCSI METO/IbI anmpoKCUMaliuu (6e3 CTaTUCTUUeCKUX OLIeHOK). PerieHue TpeTbeii U
YyeTBepPTOM 3a/jauy TIPOM3BOJIUTCS C TIOMOIL[BIO a/ITOPUTMOB MPUK/IAaAHON CTaTUCTUKU. [Ipy 3TOM
OTITUMaJTbHbIe OL[eHKH IMapaMeTPOB MOJE/H Y Ke MoJTyueHbl TIPU pellieHuH TpeTbel 3a/iauu.
CraHzapTHbIe OTK/IOHEHUsI BLIYUC/IEHHBIX OL[eHOK TapaMeTPOB MO/e/n

SE(6) z\/diag

rae P(.,.) — MaTpulja 4YaCTHBIX MPOM3BOAHBIX MO/Ie/TU 10 MapaMeTpaw,

(o7 (x.6)p(x.6)) MSE

2

0 _ BEKTOP OLIeHOK ITapaMeTpoB,
X — 3a/1aHHBIN BEKTOP apryMeHTOB,
MSE — cpepHsisi KBaJpaTiyHasi olubKa (Jucrepcust OMOKY perpeccun).
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Marpuija 4aCTHBIX NPOM3BOJHBIX (DYHKLIMM MO/Ie/! 110 apaMeTpaM (OMycKasi HoOMep UTeparjin)
IMeeT BUJ

(H(0) F 0 Y 0)]

06, 00, 00,

o (x,,0) O (x,,0) o (x,,0)
P(X,0)=| a6 o0, 086, |
F0) F .0 (.0
| 06 00, a6, |
rae x;, i = 1,2,...,N — 5/1eMeHTbI BeKTOpa apryMeHTa,

f(.,0)— BbIXOZ MOZe/TH, TO/TYYaOILIMIACS TIO[CTAHOBKOM B (PYHKILIMIO MO/Ie/IU 3a/IaHHOTO apryMeHTa,
1py (PUKCUPOBAHHOM 3HaU€HWM BEKTOPA MapaMeTpOoB.

[TpakTHYeCKH MPOU3BOJHBIE BBIUUC/ISIOTCS TMO0 METO/IOM KOHEUHBIX pa3HOCTeH (eC/iv BUJ, MOJe/N
3apaHee HeHM3BeCTeH), MO0 3a/1al0TCs B SBHOM BHIe (€C/IM BU/T MOJE/A 3a/jaH).

[ucniepcust OIMOKYM perpeccuy BBIYUCIISETCS TI0 popMyrie

1 < ) A\y 2
MSE _—N- k%(yi S(x,0))".

Tax>ke BBIBOJSITCSI ZIOBEPUTE/IbHBIE HHTEPBA/IbI OL[eHOK ITapaMeTpPOB, KOTOPbIe BLIUKC/ISIFOTCS 110
(dhopmyrie, omycKasi MHJEKCHhI,

I, =|0- w1+ p)/2) SE0):0+W((1+p)/2) -SED))

rae W(.) — obparHasi GyHKIMSI CTaHJAapPTHOTO HOPMaIbHOTO pacIipe/ieNieHus,

B — moBepuUTe/bHBINA YPOBEHb, BBIPAYKEHHBIH B IO/ISX.

[loronHrTebHO BBIBOASTCS 3HAUEHUS t-CTaTUCTUKM (TIPU MPOBEPKe TMIOTe3bl O PABEHCTBE HYIII0)
U P—3HaueHUs OL[eHOK [1apaMeTpOB.

b, =f(x,,0),i =12,..,N
[JoBeputesbHble MHTEPBaJbl OL|EHOK MOZe/IN Vi =1 (x,0), e

WH/EKChI, A
Iy=[y -¥((I+$)/2)-SD(y); y +¥((1+$)/2)-SD(y) ]

BBIUUC/IAKOTCS KdK, OITyCKas

rae SD(.) — cTaHZapTHOE OTK/IOHEHHWe OIIMOKU perpeccuu — KOpeHb KBaJIpaTHBIN U3 IUCITEPCUU
OILIMOKY perpeccuy.

[loronHrTenbHO BBIBOASTCS 3HAUEHUS t-CTaTUCTUKM (TIPU MPOBEPKe TMIOTe3bl O PABEHCTBE HYIII0)
1 P—3HaueHUs CTaHJapTHU30BaHHBIX OCTATKOB OLIeHOK MOjie/ii. P—3HaueHusi, He TpeBbIlIatoIue
0,05, oTMeuaroTCsi KpaCHBIM 1[BETOM, UTOOBI CUTHATM3UPOBATh 10J/Ib30BATEII0 O BO3SMOXKHOM
BhIOpOCE.

Cwm. MmoHorpaduu AiiBa3siHa c coaBT., [Tonnapza, Joyreptu, ®@epcrepa ¢ coaBT., CeprueHKo C
coaBr., Paitana (Ryan), bopoauua.

9.2.3. MeToA4 HaMMEHbLLUNX KBaApPaToOB

[Tycts 3anucaH (yHKIMOHAI MeTo/la HauMeHblKx KBaZpaToB (method of least squares)
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FO)=3 0~ f(x.0)),

rae yi, i = 1,2,...,N — 3a[jJaHHOe 3KCIIepUMeHTa/IbHOe 3HaueHWe, COOTBETCTBYHOIIee 3HAUEHHUIO
abcruccel x;, i = 1,2,...,N,
f(.,.), i =1,2,...,N,— MoJie/ibHO€e 3HaueHHe, PACCUUTAHHOE 10 TEOPETUUECKOH GopMyIie, 3aZIaHHOM C

TOUHOCTBIO /10 TTapamMeTpoB 0,
N — yKcsio nap 3KCIepuMeHTa/IbHbIX 3HaUeHHH,

0 — BeKTOp rapamMeTpOB, COCTOSIIIMMI U3 TIO/|/IEeXKAILUX OrpeeeH|I0 KOMITIOHeHT 0;, i = 1,2,...,1,
I — 4KCJI0 TIapaMeTpOB, 3aBUCsILLiee OT BU/ja TeOPETUUEeCKO (pOpMYy/IbI.
Munumusanus ¢yHkiuoHana F(8) no Bekropy nmapametpos 8;, i = 1,2,...,r,
F(6)— min
4

TIPUBOJIUT K CUCTEMe I anrebpanyeCcKuX ypaBHEHUH:
aF(0) .
——=0,j =1,2,...,r,

o0,

J
T7ie B JIEBOW UaCTU ypaBHeHUsI HaXO/ATCS YaCTHbIe Mpou3BoAHbIe dyHKIMoHaMa F(0) mo
napametpam 8;, i = 1,2,...,r.
PellyB noy4yeHHY0 TMHEeHHYI0 WA HeJIMHEMHYI0 CUCTeMY a/reOpanyecKuX YpaBHEHUH, MOTyUUM
VICKOMBIM ONTUMa/bHBIN BEKTOP ITapaMeTpOB.

9.2.4. NMonnHomMunasnibHble Mmogenu

Mopernb TipeicTaB/ieHa B BU/ie TIOJIMHOMA:
r
— J
z(6,x) —Z 0,x’,
Jj=0

rae 0;, i =0,1,...,r — K03 dULMEHTbI TOTMHOMA,

X — 3a/1aHHast abcrumcca,

I — CTelleHb [10JIMHOMa.

AHanviTuuecky BbIpasvB YacTHbIE POM3BO/IHbIe GyHKIMOHAMA F(B) o nmapameTpam, nosyudaem 6,
i=0,1,...,r, cucremy r + 1 anrebpanueckux ypaBHeHUH, TMHEHHBIX OTHOCHUTE/ILHO TIapAMEeTPOB:

Zr'(ﬁjﬁ'xi”k) zgyl.xik,k =0,L,...,r.
j=0 =l i=l

MoskeT pematbcsi 6omee o01iast 3a1aua: HapsAy CO CTETeHbIO MOJTMHOMA MOXKHO YKa3aTh
MUHUMa/bHOE 3HaueHue CTeleHy Y/ieHa MoAUHOoMa U (TI0 YMOTUYaHUI0 PaBHO HYIIO):

z(6,x) ZZ Hjxj,
J=u

Marpuiia 4aCTHBIX TTPOU3BOJHBIX (DYHKIIMK MOJIe/H T10 TlTapaMeTpaM B 0011eM ciydae OyzieT
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x4 X
[T e r
X, X X
2-v2 2
P(X,6)=
i xn L X

9.2.5. AKCNoHeHLUnaNIbHO-CTeneHHasa annpokcnmauus

OKCMOHeHIMaAbHOM (PyHKLMel Ha3bIBaeTCsl 3aBUCUMOCTb
— 6,x
z(x) =6,e™",
rae 0, i = 1,2 — mapameTpsl,
X — 3a/jaHHas abciucca.
Martpuija YaCTHBIX IPOM3BOAHBIX (DYHKLIMM MOZEJIH TI0 TlapameTpam Oyzet

egz)ﬁ 6lxleﬁzx1
0,%, 0%,
e Ox,e
P(X,0) = o
2
egsz ﬁlxNe 2XN
CreneHHoM GyHKIMEH Ha3bIBAeTCSI 3aBUCUMOCTh
z(x) =l9lx52 ,x >0,
rae 0;, i = 1,2 — mapameTpsl,
X — 3aJjaHHas abciucca.
Marpuiia 4aCTHBIX TTPOU3BOJHBIX (DYHKLIMK MOZIe/ U TI0 TlapameTpam OyzeT

0. 0,-1
X 6,0,x°
6, 6y-1
X, 6,0,x,°
P(X,0)=|"7 "7 .
0. 0,-1
xy G0,xy
I'urep6oroi Ha3bIBaeTCsl 3aBUCUMOCTb
z(x) =0x"" +6,,x #0,
rae 0;, i = 1,2 — mapameTpel,
X — 3a/laHHas1 abcrucca.
Marpwuria 4aCcTHBIX MMPOM3BOAHBIX (PYHKLIMK MOZIe/H TI0 TIapaMeTpam OyzeT

-1
x 1

SKCHOHeHHHaHBHO—CTEHEHHOﬁ Ha3bIBA€TCA 3dBUCHUMOCTD
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z(x) =e"*x”,x >0,

rge 0;, i = 1,2 — mapamMeTphl.

Marpuiia 4aCTHBIX TIPOU3BOHBIX (DYHKIIMK MOJIe/H TI0 TlapaMmeTpam OyzeT
O,x; .6, +1 O,x; .60,-1

ellxlz Hze“xlz
O,x, 0, +1 Oxy 0,-1

elzx22 Hzelzxzz

P(X,0) =

Oyx, 6, +1 O, x 6,-1
eVxy B,e"Vxy

[Tpy 3HaueHMSAX aprymMeHTa, BBIXOZSIMX 3a YKa3aHHbIe OrPaHUYeHus], COOTBETCTBYIOLMe (DyHKIIUU

MOT'YT BbIJJaBaTh OIIMOKY THUIA Jie/leHUs Ha HyJTb WM BBIXO/Ia 3HaUeHUI 13 [I0MyCcTUMOM obactu
orpe/ienieHusl.

9.2.6. lorapucpmuueckas pyHKUunA

Jlorapudmuueckoit ¢hyHKI[HMel Ha3bIBaeTCsl 3aBUCHUMOCTD

z(x) =6, + 0,x + 6, In(x),x >0,

rae 0;, i = 1,2,3 — mapameTphl,

X — 3aJjaHHas abcuucca.

Marp#iia 4aCTHBIX TTPOM3BOHBIX (DYHKIIMK MOJIE/H TI0 TlapaMeTpam OyzeT
I x, In(x))
1 x, In(x

1 x, In(x,)
HpI/I 3HaAYE€HUAX apryMeHTa, BbIXOAAIIKWX 3d YKd3dHHbIE€ OIrPAaHUY€HNs, IIpeACTaB/I€eHHaA Cl)YHKL[I/IH
MOXeT Bbl/1dBdTb OU.II/I6Ky BbIXO/Ja 3HAUeHUH U3 AOHYCTHMOﬁ obnactu oripeesjieHusd.

9.2.7. loructuyecKkmum aHanums

[TycTb aprymMeHT X 03HauaeT BPeMsi W/ BeJIMUMHY pacTyliero o0beKTa, BUSIOIIEero Ha pa3mep y
HabsrojaeMoro siByieHus1. Torga CKOpOCTb POCTa MOXKET ObITh OXapaKTepu30BaHa
JuddepeHLaIbLHBIM YpaBHEHHEM

=rn

B uactHOM C/1ydae BBeJeHHasd 3aBUCMMOCTb MOXET UMETb BU[]

dy _
it (y)g(X).

AHaHI/ITI/IquKI/I MO>XHO HO]Iy‘H/ITb paBJII/IquIe HPI/IMepr KpI/IBbIX pOCTa, HaHpI/IMep
- 1
Z(JC) :61 [1 + 6492 +63x] ,

rae 0;, i = 1,2,3 — mapameTpbl, OTpe/ieisitolIye XapakTep KpHUBOM,
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X — 3aj1aHHas abciucca.
Marpuiia 4aCTHBIX TIPOU3BOHBIX (DYHKIIMK MOJIe/H TI0 TlapaMmeTpam OyzeT

1+ % *0m . 0.0 |1 4 o020 2 Ox.e® 40| 4 o0 [
L A 1 g 1
6,+65x, [T _ 0, +0;x, 0, +03x, [ 2 _ 0, +0,x, 6, +0;x, [
P(X,0) = l+e | - 0Be l+e O x,e l+e
6, +03xy [1_ 0, +05xy 0, +05x ) ] 2 0, +05xy [ 0, +05xy ] 2
[1+e Oe l+e O, x e l+e

9.2.8. Nonb3oBartesnibcKasa PyHKUMNA

TpeboBaHMS K TI0/Ib30BATETBCKON (YHKIMH:

* JlomyCTUMOCTb C TOYKM 3pEHUS] MalllMHb] BbIUNC/IEHUM.

*  DyHKLYS MOXeT COZiep>KaTh NIPOM3BOJIbHOE YHC/I0 MlapaMeTPOB U CTaHZAPTHBIX
3/1eMeHTapHbIX (PyHKLMM.

* AprymeHT B 00/1aCTH []OTTyCTUMBIX 3HaUeHHUA. HekoTopble BApHaHTHI 110JTb30BaTeIbCKUX
(hyHKLIMI MOT'YT COZiep>kaTb KOppeKTHbIe ()OPMYJIbl, HO TIPY HEKOTOPBIX 3HAUEHUSIX
aprymeHTa MOT'YT OBITh ITO/Ty4eHb! OIIMOKY BpeMeH! BBITIOJTHEHUS THIIA Jle/IeHNsI Ha HyJb,
TeperoHeHusI.

[17151 annpokcumaliyy Mosib30BaTebCKOU (DYHKLIMel MPUMeHsIIOTCS:

* MeTtoj nepeMeHHOW MeTPHKH.

* Mertopg I'aycca— HeroToHa.

CpaBHUBas1 laHHbIe METO/IbI, 3aMETHUM, UTO WHOT/Ia METO/IbI TTepeMeHHON MeTPUKHU TPeOyroT
MeHbllIee YMC/I0 UTepaljuii, HO BpeMsl UCTIO/IHEHUSI KaXK/I0i UTepaliiM Cyll|eCTBEHHO BbIIlle (3a cyeT
BbIUMC/IEHUS] ONITUMAaJ/IbHOTO [1lapameTpa 111ara urepanuii). JlocToMHCTBOM MeTo/ja lepeMeHHOU
METPHKH SIB/IsieTCs Oosiee MpoKasi 00/1acTb CXOAUMOCTH (T. €. HayasIbHbIe 3HaYeHUsI [TapaMeTpPOB
MOYKHO 3a/1aTh Oo/iee ylaneHHbIMUA OT UCTUHHBIX WX 3HauUeHUi), ec/iu pellieHue yaaeTcs MoTyunTh
B00O111e, mprueM MeTof, ["aycca— HproTOHa /17151 TEX JKe caMbIX JIaHHBIX MHOT/IA [IaeT pellieHue.
[TosTOMy /151 KayKAOTO HabOpa AaHHBIX M KaXK/J0H MO/Ie/T! MOXKET OKa3aThCsl ONTUMAJTBHBIM CBOM
MeToZ. MoxKeT TakKe BCTPeTUTBCS C/lydal, KOrja pelleHre He YacTCs TIOYyUYUTb HU OJHUM U3
TIpe/iCTaB/IeHHbIX METOZ0B.

9.2.8.1. Metog bpongeHa—®netuepa—Tongdapba—LLaHHO

[IpuMmeHsieTcs OAUH U3 BapUaHTOB MeTOZa IepeMeHHOW MeTPUKH, 8 UMEeHHO, MeTo/, bpoiizeHa—
®netuepa—Tongdapba—IllanHo (Metoa BFGS). CornacHo cxeme MeTo/ia, ouepeiHOe TpUO/KeHre
HMCKOMOTO0 BeKTopa 0 pellieHrst HeJTMHeMHOM CUCTeMbl MO>KHO HAUTH Kak

0" =6" + pd,,i =0,1,2,...,

rge i, i = 0,1,2,... — HOMep UTepaLuu,

pi — TapameTp Lliara uTepaLuu,

d; — HaripaB/ieHVe aHTUTpa/iveHTa (FpajueHTOM Ha3bIBalOT BEKTOP, MTOKA3bIBAIOILIMIM HarlpaBieHUe
HanOOJIbIIIero pocTa CKaasIpHON QYHKIUM N TTepeMeHHbBIX ), BLIUMC/IsIEMOe KaK
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di =" AivF(e(i))’

rae A; — CMMMeTpUUeCKas T0JI0OKUTENIbHO Orpe/ie/ieHHasi MaTpuLia, alfpoKCUMUPYOLLas MaTpuLLy,

wron)
obpatHyto K Marpurie ['ecce cucTeMsl VF(©6") ,

F(8) — kBagpaTUuHbIi (YHKI[MOHA/T HEBSI30K, TTIOCTPOEHHbIM Ha OCHOBE BBIX0/]a
9KCTIepUMEeHTabHBIX U MO/Ie/TbHbIX 3HaUeHUM 3a/laHHOM T0Jib30BaTesieM (hyHKIUU.

Bxopsimiye B BbIpaykeHHe TPa/iMeHTa TIPOU3BO/HbIE BHIUMCISIOTCS METOJOM KOHEUHBIX Pa3HOCTeM.
[TapameTp p; oripefienisieTcsi U3 yCA0BUS MUHUMYyMa

g(p) =F (0" + pd,).
[ns pellieHus 3a/jaud MUHUMU3aL[U1
@(p)— min

0

WCII0/Ib30BaH MeTO/ JieJIeHUs1 OTpe3Ka IoIo/1aM.
Cnepytoliiee pubnmkeHue obpailjeHHOM MaTpuLibl ['ecce BeIuuc/sieTcs 1o popmyrie

T T
y _A7+Viri _ 488 4
i+l T T T4 ’
7 8 8 4,8,
7 :e(i”) _ H(i) .
rae — Pa3HOCTb NIPUOJTHIKEHUH,

_ Gi+1)y _ (i)
g =VF (""" - VF(6") — Pa3HOCTb IPajieHTOB.

— (0)
HauanbHble 3HaUeHHsT BXOAAIUX B (hOPMYJIbI TIePeMEeHHBIX 0epyTcs Kak 8 =VF(0 ), Ao=1,a0®

3a/]laHo I0JIb30BaTesIeM.

BbIunicsieHust pekpaliaroTcsi, ec/ii eBK/IKM0Ba HOpMa MpHUpallleHusi ouepeJHOro MpubIKeHu s
BeKTOpa NapaMeTpPOB MeHbllle HeKOTOPOrO 3apaHee 3a/JaHHOrO Masioro MOJIOKUTE/IbHOIO YMC/IA €.
MeTozvKa 1 yKc/ieHHble TIPUMephl TIpeJcTaBieHbl B MoHOrpaguu Hocaua.

9.2.8.2. Metop Naycca— HbloTOHA

Mertop Naycca— HbroTOHa SIB/ISIETCSL OJHUM U3 TIOTY/ISIPHBIX KBa3WHBIOTOHOBCKUX METO/IOB.
CoracHO cxeMe MeTO/ia, OuepeHOe TPUOIMKeHHe HCKOMOT0 BeKTopa 0 pellieHHs] HeJTMHeHHOM
CUCTeMbI MOXXHO HalTH Kak

69 =6 +|PT(X,0)P(X,0)[ PT(X,0)(Y - f(X,07),i =0,1.2,...,

rge i, i = 0,1,2,... — HOMep UTepaLuy,

Pi(.,.), i=0,1,2,... — MaTpHlLia YaCTHbIX MPOM3BOAHBIX MO/l 110 TTapaMeTpaM,

X — 3a/laHHbIY BeKTOP He3aBUCUMOW IepeMeHHOM (aprymeHTa),

Y — 3apanHbIl BeKTOp (YHKLIMU BbIX0/]a SKCTIepUMEHTa,

f(.,.) — BeKTOp BbIX0/ja MOZIeJTH, MOTyYarOIIUACs TI0[CTaHOBKOM B PYHKILIMIO MO/Ie/NIN 3a/IaHHOTO
BeKTOpa aprymeHTa, Npy (PMKCHPOBAHHOM 3HAaYeHUM BEKTOpa MapameTpoB.

HauaneHoe 3Hauenue 0 3a1aH0 nosib3oBaresiem.

BbIunicsieHust peKpariaTcsl, eC/Ti eBK/IMZ0Ba HOpMa MpHUpAIleHus: OuepeJHOTo MPUOIKeHu s
BEeKTOpa MapaMeTPOB MeHbllle HeKOTOPOro 3apaHee 3aJlaHHOTO MaJioro MOJI0)KUTeTbHOTO UKC/Ia €.
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[TpakTHYeCcKy MaTpPHIia YaCTHBIX IMPOM3BO/IHBIX BHIUMCISIETCS METOJJOM KOHEUHBIX Pa3HOCTeM, T. K.
BU/J| MOJle/Id 3apaHee Her3BeCTeH.

MeTo/¥Ka 1 UMCIeHHbIe TIPUMepHI TIpe/icTaBaeHbl B MOHorpadun Hocaua. SddekTuBHbIe Hjen
naHbl B KHUrax [IsHHuca (Dennis) c coaBr., petinepa (Draper) ¢ coaBr.

9.2.9. KycouHO-nMHeHasa annpokcumauus

Mogenb nipeficTaB/ieHa (MIHTePIOIUPOBaHa) B BUJie KYCOUHO—TMHENHON QyHKLIUU
a, +bx,x, <x <x,,

a, +byx,x, <x <x,,

z(x) =

ay., +by x,x\ ., <x <x,,
rae a;, i = 1,2,...,N — 1 — MacCHMB BBIUMC/IEHHBIX CBOOO/JHBIX U/IEHOB,
b, i=1,2,...,N — 1 — MaccuB BbIYMC/IEHHBIX KO3 (DHUIIEeHTOB.

g x < x; ¥ [ X > Xy MOZie/ib He oripejiesieHa.
Borunciienust K03¢GuI[eHTOB Ha OCHOBe TIPe/ICTaB/IeHHBIX OMbITHBIX JaHHBIX TIPOU3BOSATCS TI0
dbopmynam:

_y'x'+1 - y'+1x' ;o—
q =2m = Vi j 15 N-1,
Xis1 = X

p=2m =i i1 N-1.
Xien = X

OueBHIHO, UTO BLIYMC/IEHHUS TIPOU3BOASITCSA «TOUYHO», TI03TOMY BBIBOJ, CTATUCTUUECKUX
XapaKTepPUCTHK JJIs1 I]AHHOU MOZIeJTH 1oj00HO TOMY, KaK 3TO C/Ie/IaHO /IS APYTHUX MOZesiel, He
VMeeT CMBIC/IA.
B nipuno)keHUsIX MHOT/Ia BO3HUKAET HeOOX0JUMOCTh BBIUMC/IEHHST 3HAUeHUsT OPIVMHATHI T10
obpartieHHOM Mogenu. [ pacueta TpeOyemMoro 3HaueHusi C/ielyeT BOCIIO/Ib30BaThCs KyCOUHOH
dhopmynoii
Y- aq

bl

y-a,
x(y)=1 b,

9y1 Sy SyZa

9y2 Sy Sy.%
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FnaBa 10. KoppenAaunoHHbIW aHaNu3

10.1. BBegeHue

Vccnenyetcst KoppessiLiys U CBSI3U TUIA KOPPeJIsLu:
*  KOIWYeCTBEHHBIX MPH3HAKOB,
*  TOPSAKOBBIX PU3HAKOB,
*  HOMUHAa/bHbIX IPU3HAKOB,
*  CMelllaHHbIX [TPU3HAKOB,
*  Ppa3’HOPOJHBIX NTPU3HAKOB.
Takrke BBINO/HSAETCS KAHOHWUECKUM KOPPeJISLIMOHHBIN aHa/Iu3.

10.2. TeopeTnueckoe o60cHoBaHuNe

B mpakTHueckux HaO/MIOeHUSIX YacTo ObIBAIOT C/Tyyau, KOrjja 3aBUCUMOCTU HE UMEIOT
(hyHKIIMOHAIbHOTO XapakTepa — paBHOMEPHOMY MU3MeHEeHUI0 O/IHOTO MPHU3HAKa COOTBETCTBYET
v3MeHeHHe BeJIMUMHBI PYTroro Npyu3Haka B cpefiHeM. Takou BUJ, COOTHOLLIEHHWN Ha3bIBaeTCsl
KOpPeJISILMOHHOM 3aBUCHMOCTBIO, UK KoppeJsitueil. KoppensiroHHbIM aHaIn30M Ha3bIBaeTCs
COBOKYITHOCTb METO/IOB 0OHAPY>KeHHsI KOPPEe/ISLIMOHHON 3aBUCUMOCTU MEXY CTydYaliHbIMU
Be/IMUMHaMU WK TIpu3Hakamu. CunMTaeTcsi, UTO UCC/Ie[j0BaHe B3aUMHOM 3aBUCHMOCTH MPUBOJUT K
TeOpUM KOPPpeJIsILIY, TOT/Ia KaK M3ydeHre 3aBUCUMOCTU BefleT K TEOPUM pPerpecCum.

BriensieTcsi Takxke cyuail (yHKUMOHA/NIBHOM 3aBUCUMOCTU MeXXYy BelTMUMHaMU, U3MepeHust
KOTOPBIX, BO3MOXKHO, TIO/IBEP>KEHBI OIITMOKaM Hab/mofeHui nimu usmepenui. [Tog GpyHKIMOHATBHOM
CBSI3bI0 TIOHUMAETCSI TAKOUW POJi COOTHOILIEHUS] MeXK/y TBYMSI IIPHU3HaKaMH, KOrza Trbomy
3Ha4YeHHI0 OJIHOTO MPU3HAaKa BCerJa COOTBETCTBYeT OIpe/ie/IeHHOe OJJHO U TO JKe 3HayeHHe Jpyroro.
@dyHKILMOHaNIbHAsA 3aBUCUMOCTb OTpaXkaeT (hr3uuecKre B3auMOCBSI3H M3yuaeMoro sIBJIeHUS U
MOYKET U3y4aThCsl METOZAMH MaTeMaTHUeCKOro MozieTMpoBaHusi. [1opoOHee JaHHBIE BOIIPOCHI
PacCMaTpUBAOTCS B IV1aBe «PerpecCroHHbBIN aHa/IN3».

I[MpexmnomnaraeTcs, 4To 0OBEKTHI PACIIOIAraloTCs M0 CTOJIOLAaM /1eKTPOHHOM Tabnmiiel. ITo cTpokam
pacIiosiararoTcs apaMeTphbl, OMUCHIBAIOIe 00bEeKThI. TO CYIIeCTBEHHO /IJ11 MHOTOMEPHBIX
METO/IOB, OTIEPUPYIOILIUX MAaTPULIAMH UCXOJHBIX AaHHBIX. Ecu TpeOyeTcst MOBECTH UCC/Ie0BaHHe
TPAHCIIOHMPOBAaHHOM MaTPHI[bl UCXOJHBIX JJaHHBIX, /I/Is1 OBICTPOTO BHITIONTHEHUS JAHHOM OTeparjiu
MOJKHO BOCII0/Ib30BaThCsl METO/IOM T/IaBbl «MarpuuHasi U JiuHeliHasi anrebpay.

OTMeTUM, UTO BO3MOXXHOCTb BbIUMC/IEHUS KOPPEJISLIMOHHOW MaTpHL{bl, B TOM YKCJIe /17151 PHU3HAKOB
Pa3/InYHbIX U CMelIaHHBIX THUIIOB, O3BOJIIET UCIOIb30BaTh KOPPEJISLIMOHHYIO MaTpULLy /s
(hakTOpHOTO aHaM3a yKa3aHHbIX TUIIOB MPHU3HAKOB, PeaJu30BaHHOTIO B 171aBe «DaKTOPHBIN
aHau3».

10.2.1. Koppensuyus KosinyecTBEHHbIX NMPU3HaKOB

B maHHOM pa3fesie mpeiCcTaB/IeHbl METO/[bI UCC/IIOBAHMS KOPPEJISALIUN KOJTUUe CTBEHHBIX
TIPH3HAKOB:

@ o @ Copyright © 2017 Igor Gaidyshev
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*  K03((dULMeHT KoppesLMOHHOro OTHOIIeHUs [TMpcoHa, MpuMeHsieMbli /i1 U3MepeHUst
TeCHOTBHI CBSI3W NIPU NPSIMOJIMHENMHOM KOPPeJIsiLivHY,

*  ko3¢duLmeHT Koppensiuu PexHepa.
[ornomHUTeNbHO MpejocTaBaeHa BOSMOXKHOCTb pacyeTa KOBapyaljii ¥ KOBapyUaljMOHHOW MaTpULIbI.
[aHHBI TI0Ka3aTesib MOXKeT ObITb He0OX0UM [i7Is IPUMEeHeHUs B IPYTUX MeToJaX, Haripumep, /s
«PYUYHOIO» pacyeTa KpuTepusl YWIKCa, ONIMCAHHOIO B IVIaBe «/]MCrepCroHHbIN aHa/Inu3».
KoadduiieHTbI paHroBOM KOppPeJIsILiMY, KOTOPble UCC/IeAYIOT KOPPe/IsLUIO TTOPSAKOBBIX TPU3HAKOB
(paHroB), MyCTb ¥ MOJyUYeHHbIX U3 TIPU3HAKOB KOJIMUECTBEHHBIX (IyTeM NpUMeHeHHsl orlepaLyuu
TIPUCBOEHHST PAHIOB), TIOMeIIleHbI B pa3/en «Koppessius MopsAKOBbIX TIPU3HAKOBY.
[TonyyeHHbIe B pe3y/abTaTe IPUMeHeHUsl TMHeHHbIX MeTO/I0B KOPPeJISIMOHHOT0 aHa/in3a BbIBOZbI
MOTYT MOJATBEPAWUTb WIH OMPOBEPTHYTh TMIIOTE3Y O CyIleCTBOBaHMH JIMHEMHOW 3aBUCUMOCTH
MeJK/1y psiflaMH, HO He CBSI3U JIPYTOTo THMA. BBIBOJ B 9TOM CiTy4ae Takow: uem OJvKe BBIUMC/IEHHAsT
BeJIMYMHA KOPPeJSLIMOHHOTO OTHOIIeH s K 0, TeM cabee cusia JIMHEMHOM CBSI3U MEXY PsijaMH,
yeM O/vbKe BBIYMC/IEHHAsSI BeJTMUMHA K 3HAUeHHI0 +1 (TI0/THast TTOJI0KUTe bHAs KOPPeJTSLHs) UK K
3HaueHuto —1 (To/IHasi OTpULiaTe/ibHasi KOpPpeJisilivsl), TeM CU/IbHee Cula IMHeWHOM CBsI3U.

10.2.1. KoahpmumneHT KoppensaunmoHHOro oTHoweHus NMupcoHa

KoabdurmeHT KoppesisiiuoHHOTro oTHOIIeHus [TupcoHa (ko3 dUIMeHT KOppessiiiy, BIOOPOUHBIH
K03 bULIMeHT Koppensiuy, Ko3duiueHT Koppensiiuu bpaBatica — [TupcoHa) u3mMepsieT CUny
JTMHEWHOW KOPPEJIALMOHHOM CBSI3Y KOIMUeCTBEHHBIX MMPU3HAKOB. BBIOOpOUHast OIjeHKa

K03 duieHTa Koppe/siliy BLIYMCIISeTCs 1o (popmyre

Zn'(xi'fxyi'y)
Zn'(xi'f)z Zn'(yi')_’)z

~N>
I

x,i =L2,..,n

rae — BapUaHTHI NepBOY KOMITIOHEHTHI 2—MepHO# BLIOOPKH,
X — COOTBETCTBYIOLIlee Cpe/iHee 3HayeHue,
Vi =L2,..,n

— BapUaHThI BTOPOM KOMITOHEHThI 2—MePHOH BbIOOPKH,

Y — cooTBeTCTByIOIEE CpeiHee 3HaUeHHe,

N — YUC/IeHHOCTh 2—MepHOU BLIOOPKHU.

WHaue k03HUIMEHT KOPpesSMY MOXKET 0Ka3aThbCsl YZ[00HbIM BBIUMCIUTE KaK
Cov(X,X)Cov(Y,Y)

A Cov(X,Y)

rie X — riepBast KOMIIOHEHTa,
Y — BTOpas KOMIIOHEeHTa,
CoV(.,.)— BbIDOpOYHAsT KOBapUaIusi.
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Vcnionb3oBaHue ko3 duieHTa KOppesisiuy OrpaB/iaHo JIUIIb TOT/[a, KOT/ja COBMECTHOe
pacripe/iesieHre Tlapbl KOJTMUECTBEHHBIX TIPU3HAKOB COOTBETCTBYET 2—MePHOMY HOPMa/IbHOMY
pacnpezenenuro. YacToii rpyOoii omrOKol B yO/IMKaLUsX SIB/ISIETCS UTHOPUPOBAHHUE 3TOM
TIPeToChUTKYA IPUMEHEHHsT paCCMaTPUBAaEeMOr0 TI0Ka3aTeJisi, [I03TOMY T1epe/] BBIUUCIEHHEM
ko3 duienra [TupcoHa ciiefyeT MPOBepUThL HOPMA/IbHOCTh 2—MEePHOM BBIOOPKHU C TIOMOIIIBIO
MeTOo/|0B U3 I71aBbl «[IpoBepKa HOPMaIbHOCTH paciipe/ieIeHusI».

7l <1

[Tpu BBIUMC/ISIETCS ellje psiJ| TapaMeTpoB. JloBepuTe/IbHbIN HHTePBasl OLIeHHBaeMOTro
k03¢ duLeHTa Koppe/siiid HOpMa/ibHOM JIByMepHOM reHepaibHOW COBOKYITHOCTH BBIUMC/ISIETCS
Kak

N, N
(I+p)/2 A (1+p)/2

——— |;tanh| z(7) + —=

Vn-3 n-3

rae r — MCTMHHOE 3HaueHue KOBCI)(i)I/IL[I/IEHTa KOoppeJidaiuy,

N (1+p)/2
)2 — KBAHTW/Ib HOPMAJ/ILHOTO pacrpe/iesieHus,

D — CTaH/lapTHOe 3HaueHHe JI0BePUTEIbHOTO YPOBHH,
z(.) — z—ipeobpa3oBaHyre BbIOOPOUHOT0 K03((UIeHTa KOppesIsLvK.
Hopwmanusytoiiiee z—ipeobpa3oBaHue BbIOOPOYHOT0 K03(duiieHTa Koppensiliiy BbIUUC/SeTCs KakK
runepbo/TMue CKUid apKTaHTeHC JIeMCTBUTEILHOU TIepeMeHHOM 110 (popmyrie
=(F) = Arth(7) =~ 1n T <1

2 =7 mnipu .
KosddurmeHT Koppensiun MoKeT IPUMEeHSIThCS /151 IPOBEPKY TUIOTe3bl He3aBUCHMOCTH
TIPM3HAKOB (HEKOPPeJMPOBAHHOCTH, 3HAYMMOCTH CBSI3U) CJlelyIoIMM obpa3oM. ['uroresa o
HEe3aBHCHMOCTH MTPU3HAKOB OTBEPraeTcsi Ha BBIODAaHHOM YPOBHe 3HAYMMOCTH, €C/TH BBIYHMC/IEHHOE
TI0 OTILITHBIM JJAaHHBIM 3HaueHue Ko3(dduieHTa KoppesLyy MPeBoCXoJUT (TI0 MOAYJIIO)
KpUTHYecKoe. B ciyuae HOpManbHOTO pacIipeZiesieHusi NUCXO/IHBIX JAHHBIX BeJIMUYMHA BEIOOPOUHOTO
K03 duIeHTa KOppesisiiui CUMTaeTCsl 3HAUMMO OTIMYHOM OT HYJIsl, €C/TA BBITTO/THSETCS
HEepaBeHCTBO

r? >[l+(n- 2)/t§}_1’

r € |tanh| z(7) -

t
re @ — KpUTHUecKoe 3HaueHue t—pacripe/iesieHust C n — 2 CTerieHssMUA CBOOO/BbI.
WNHaue rosops, BelMuriHa

n-2
A
UMeeT t—pacrpe/iesieHHe C N — 2 CTeNeHsIMUA CBOOOZbI.
PacnipesienieHrie BeJTMUMHBI Z(1') yoKe TIPH HeOOBIINUX 3HAUEHUSIX N TIPUOJTKAeTCsl HOpMa/IbHbIM
pacripefiejieHleM C MaTeMaTUueCKHUM O)KUJJaHheM, PaBHBIM

Mzzlln1+r S
2 1-r 2n-1
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U ucriepcuent
1
Dz =
n-3
b
r7le OMylleHbl c1araeMble, Masble 0 CPaBHEHHIO C OCTaB/IeHHBIMU C/laraeMbIMU.

CrnyuaiiHas BeJIMUMHA
z(r)- Mz

Dz

pacnpe/esieHa IpUOIKEeHHO 110 CTaHJApTHOMY HOpManbHOMY 3akoHY N(0,1).

[1pu uccnenoBaHUY MHOTOMEPHOM COBOKYITHOCTH C/Ty4alHbIX BeJTMUUH U3 KOI(PPUIMEeHTOB
KOppeJIsLMH, BbIUMCIEHHBIX MTOMIApPHO MEXXY C/1yuaiiHbIMU BeJIMUMHAMU, COCTaB/IsSIeTCS KBaJipaTHast
CUMMeTpUYecKasi KOppessIiMOHHAast MaTpHLia C eJUHULIAMH Ha TJIaBHOM JiMaroHasiy, KOTopasi CJTyKUT
OCHOBHBIM 3/IeMEHTOM I1pU MTOCTPOEHWH MHOTHUX aJTOPUTMOB MHOT'OMEPHOM CTaTUCTHKHY,
Haripumep, B (paKTOPHOM aHa/IM3e.

+...

BriBoz cM. B yue6HOM rocobuu JIbBoBCKoro. O BeIUMCIeHUH KO3 dULIeHTa KOPPeJISILvU, BK/IFoUast
JIOBEpUTE/IbHbIE MHTEPBAJIbI, CM. MOHOTpaduio AliBa3siHa C COaBT., paboTbl AsbTMaHa (Altman) ¢
CoaBT., Tabnuiipl bosbiiieBa ¢ coaBT., Mtosiepa ¢ coaBT. O MpoBepKe 3HAUMMOCTH CM. TaKXKe
MoHorpaduu @epcrepa ¢ coaBT. O cpaBHeHHH KO3(h(ULIMEeHTOB KOPPeJISALMY ABYX He3aBUCUMbIX
COBOKYTTHOCTel CM. Takke MOHorpaduy Mrossiepa ¢ coaBT., PoiroHOBa, a Takke paboThl YiuibsiMca
(Williams), Bonbde (Wolfe), Jlemeiiiko ¢ coaBT.

10.2.1.2. KoadhdomumeHT Koppensunmn dexHepa

Koadduiment koppensitiuu @exHepa (hexHepoBCKui KO3(PPUIMEeHT KOppessIiLiuM, UHIeKC
dexHepa) ObUT TIPeIJIOXKEH /IJIs1 U3yUeHHUsT KOPPEJISI[UM KOJTMUe CTBeHHBIX TIPHU3HAKOB. [1pu
BbIUMC/IEHUU KO3 DULMeHTa MPOUCXOAUT TTIOHMWKeHHe KOTMUeCTBeHHOM I1IKa/lbl 10 HOMUHATbHOU
IIKasbl. B pacyeTax yyacTBYIOT TOIbKO KOTMUeCTBEHHbIE TIPU3HAKH (T10 HUM BBIUYMC/ISIOTCS
Cpe/iHre 3HaYeHHs1), TI03TOMY MeTO/] TIpeZiCTaB/IeH B pas/iesie, MOCBSILeHHOM KOJTHUe CTBeHHBIM
TipU3HaKaM. BeiuncieHus: IPOX3BOASTCS 110 opmysie

C-H
Ve =———

C+H ,
rae C — 4KC/I0 COBMa/ieHUi 3HaKOB OTK/IOHEHH BapUAHT OT COOTBETCTBYIOIIUX CPeJHUX 3HAUeHU,
H — uncio HeCOBMaIarol[UX 3HAKOB.
Koadduiment koppesisitjuu dexHepa ¢ yCriexoM NMPUMeHSIeTCST TaKXKe U [I7IsT U3yUeHUs: Koppesiliuu
«UHMCTO» HOMHMHAJILHBIX TIPU3HAKOB. B 3TOM C/lydae, B COOTBETCTBYIOL[UX 0003HAUEHUSIX,
TipuBeZieHHast popMy/ia MOXKET ObITh 3arycaHa Kak
_a+d-b-c

atb+c+d

rae a, b, ¢, d — 3HaueHUs B K/IeTKaxX TaO/MuIIbl 2 X 2.

Copyright © 2017 Igor Gaidyshev
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KoadduryenT koppesnsiun dexHepa MoKeT IPUMEHSTHCS A1 IPOBEPKU TUIIOTe3bl
He3aBHCHMOCTH NIPU3HAKOB (HEKOPPeIMPOBAaHHOCTH, 3HAYMMOCTHU CBsA31). B 3TOM citydae MOXKHO
TIPOM3BECTH BBIUKC/IEHHE T10 (hopMysie

_a+d-b-c-1_rmn-1

d _\/a+b+c+d B \/;

rnen=a+b+c+d.

Kputnueckue 3HaueHHs1 CTaTUCTUKY tp IPUOIVKEHHO pacripe/iesieHbl 10 CTaHAAPTHOMY
HOpMaJibHOMY 3akoHy N(0,1).

CmM. moHorpaduu JlakunHa, ®epcrepa ¢ COaBT.

b

10.2.1.3. KoBapunauus

KoBapuanus (covariance) — ynciioBasi XapakKTepUCTHKa COBMECTHOTO pacripefie/ieHusl IByX
C/ly4arHbIX BeMurH X U Y. VIHOrja rOBOpAT 0 2—MepHOM C/Iy4aliHOM BeJIMuMHe, IIpuueM 1oz X
TOHWMaIOT NePBYI0 KOMIIOHEHTY, a T0f, Y — BTOPYIO0 KOMIIOHEHTY YKa3aHHOW CTy4allHOM BeTUYMHBI.
KoBapuarus onpeziesnsiercst opmysion

Cov(X,Y) = E|(X - EX)(Y - EY)|,

rae E — cMMBOJI MaTeMaTrhyeCcKoro 0)KUjaHUsl.

3Hauenue Cov(X,X) 1o orpezie/ieHUIO SIBJISIETCS AUCTIePCUel ClyyaiiHOW BeJIMUKHBI X.
Bri6opouHast KoBapraLys BBIYMC/ISETCS KaK

Cov(X,Y) :ﬁ Z ;- )= ¥),

x.,i =12,....n . o
i (I @™ _ BapyaHThI TTePBOM KOMITOHEHTHI 2—MepHOM BBIOOPKH,
X — COOTBETCTBYIOLIIEe CpeJjHee 3HaUeHue,

i =12,...,n o o
Yio >Z>"" _ BapUaHTBI BTOPOU KOMITOHEHTHI 2—MepHOM BBIOOPKH,

Y — cooTBeTCTBYyIOMIEE Cpe/iHee 3HAUEHNe,

N — YHMC/IEHHOCTb 2—MePHOU BBIOODKH.

KoBapuariusi He MOXKeT C/Ty)KUTb B KaueCTBe IoKa3aTeJisi TUTla KOppesisiLivy, T. K. He ob/a/jaet
CBOMCTBaMH JIaHHOTO TIOKa3aressi. B uacTHOCTH, KOBapHaLus He siBjisieTcsi 6e3pa3MepHOi
BeMUMHOU. Ee MakcuMasibHOe 3HaueHre He OrPaHUUMBaeTCs elMHULIEH.

KoBapwuarusi ipefjiaraeTcsi 37ieCh M3—3a TEXHUUECKOTo yo00cTBa BerurcieHus. HeobxogumocTsb
BbIUMC/IEHUS] KOBapHallMy BbI3BaHa TeM, UTO B psiJie pa3HOBUJHOCTE MHOKECTBEHHOTO
CTaTHCTUYECKOTo aHa/n3a (AUCIIepCUOHHBIN aHanmu3, (aKTOPHbIN aHa/INW3) HAaXOUT MpUMeHeHue
KOBapHal|MOHHAasl MaTpuL{a, 37ileMeHTaMH KOTOPOU C/Ty)KaT MorapHble KOBapyal[ii KOMIIOHEHT
CJIy4aliHOT'O BEeKTopa.

Teopetuueckoe o6ocHOBaHUWe cM. Y BaH fiep BapaeHa.

@ o @ Copyright © 2017 Igor Gaidyshev
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10.2.2. Koppenauua nopsaaKoBbIX NPU3HAKOB

B pmaHHOM pa3fiesie pacCMOTpPeHbI METO/[bI MCC/IeIOBaHUs CBSI3W TUTIA KOPPEJISLIAU TTPU3HAKOB,
M3MEPEHHbIX B MOPSAKOBOM I1IKajie, MO0 MPU3HAKOB, TIPUBEIEHHBIX K ITOPSIKOBOM IIIKase,
(paHroBoii Koppensiuun):

* TIOKa3are/b paHTOBOU Koppessiuyu CriupmMaHa,

* k03¢ duLMeHT paHTOBOM Koppessaiuu KeHpasnina.
0630p K03(hhUIMEHTOB PAHTOBOM KOppesiyy (BK/I0Uast TPOBEPKY 3HAUMMOCTH) CM. B paboTax
dunnepa (Fieller) c coabr.

10.2.2.1. MNokasatesib paHroBoi koppensaumm CnnpmaHa

[Toka3zaTesib paHroBoit Koppensiuu CripMaHa (ToKa3aTesib Koppesisiyiy paHroB CiipmaHa,
K03 bHULIMeHT KOppessiliiy PaHroB, Ko3dduiueHT Koppessiuu CriipmsHa, Ko3hduieHT
paHroBo# KoppeJsisiliuu p, Spearman rank correlation) puMeHsieTcst B ciiyuae, eC/id U3y4yaeTcst
JMHeWHasi CBSI3b MEX/y PsilaMH, TIpeJiCTaB/IeHHbBIMU B KOJTMUeCTBEHHOU WM TIOPSIIKOBOM 1ITKaste.
CnenyeT 3aMeTUTh, UTO TPHU aHa/IKM3€e KOJTMUeCTBeHHbIX TTPU3HAKOB MPUMEHSTh IT0Ka3aTe/b
CriupM3Ha BMeCTO KO3 duiireHTa KOppessiMOHHOTO OTHOIIeH!Us [TMpcoHa He ciiefiyeT, ecid st
3TOTO He CyIlleCTByeT BeCKMX OCHOBAHHWM, TaK KaK MPU ero BIUKMCIeHUU TIPOMCXOJUT MOHMKeHHe
KO/TMUe CTBEeHHOM IIIKaJIbI ZI0 TIOPSIIKOBOM ITKasibl. [To3ToMy HanboJiee IMpPOKOe IPUMeHeHHe
roka3aTesib CripMaHa Halllesl Py aHa/iu3e KOppessiLiiy TTOPsJKOBbIX PU3HAKOB.
PacueT BEIOOPOUHO OLI€HKH ITOKa3aTesisi pAHTOBOM KOPPEJISILINY Be/IeTCs 110 popmMyiie
. . 6(S,+B +B)  { s
ps =1- ; S, =2 (1= s)
i=
)

n-n
r,s.,i =12,...n
rae 7 — MaCCHBbI PAaHTOB aHA/TM3UPYEeMbIX PSIZIOB,
N — YKCJI0 TIap BapUaHT UCC/IeyeMbIX PSJIOB,

BB, _ TIOTIPABKU Ha 00beZIMHEHHE PAHTOB B COOTBETCTBYIOIIUX PsifiaX, BEIUKC/IIEMBIE 110
dhopmyrne

1 & )
B=—>n(n -1
' 12%’(1 )

I7le m — 4nC/Io rpynn o6beJUHEeHHBIX PaHTOB B PSALY,

n,i=12,..,m -
e > — YHCI0 paHroB B [—0H I'pyIIIe.

[loBepuTebHBIN UHTEPBAJI OL|eHHBaeMOro roka3saresisi CriMpMaHa BBIUMC/ISIETCS] aHa/IOTMUHO
ko3¢ durmenty [Tupcona.

[Tokasarenb paHroBoi koppessitiuy CrpMaHa MOXKET ITPUMEHSTHCS /151 [IPOBEPKU TUTIOTe3bl
He3aBHCHMOCTH NIPU3HAKOB (HEKOPPeIMPOBaHHOCTH, 3HAYMMOCTH CBSI3M) CJIeJ[yIOI{UM 00pa3oM.
I'nroresa o He3aBUCUMOCTY MIPU3HAKOB OTBEpPraeTcs Ha BbIODAaHHOM ypOBHE 3HaUMMOCTH, eCJIU
BBIUKC/IEHHOE TIO OTBITHBIM JJaHHBIM 3HaueHue K03 duijeHTa KoppesLyy NpeBoCcxoquT (1o
MOZy/I0) KpUTHUeckoe. MO)KHO Takyke IIPOM3BeCTU BbIUMC/IeHUe T0 hopMyrie
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t, =losl |— L
,OS

i3 KpI/ITI/IquKI/Ie 3HauYeHUs! CTaTUCTUKY t, UMEIOT t—pacripefiesieHue C n — 2 CTereHsMu CBOOOABI.

Cwm. 1. 2 CripaBouHUKa 1of, pef. 3. JInoiiaa u fp., MoHorpaduu depcrepa ¢ coaBr., JIakuHa,

Marnerta c coaBT., cTatbto ApTy3u (Artusi) c coaBT.

10.2.2.2. KoahdpuuymeHT paHroBoii koppensauun KeHganna

KoadduumeHnTt panrosoii koppensiuu Kenzgania (Ko3@uijueHT Koppesisiiui paHroB, paHTOBbIN
K03 puLeHT Koppesisilyu, KoadduiueHT koppensiyu Kenzana, 1 Kenpanna, Kendall rank
correlation) npezsiHa3HayeH JJ151 BBIYUC/IEHUS] CUJIbI KOPPEJISILIMOHHOMW CBSI3U MeXy JBYyMs psiilaMu
TIpU TeX >Ke YCI0BUSIX, UTO U paCCMOTPEeHHbIH Bblllle Noka3aresnb CriupmsHa. KosddurmeHnt
Kenpgasia cunraercsi 60siee CTPOroii OLI€HKOM TI0 CPABHEHUIO C TI0Ka3aTesieM PAHTOBOM KOPPeJISLN
CninpmaHa.

Bce ocHOBHbIe 3aMeuaHus1, JaHHbIe [TPU ONMCaHuM Noka3aresnss CriMpMaHa, CripaBe/l/IvBbl U B
OTHoOLIeHMH Ko3(duirenTa Kenzanna.

PacueT BBIOOPOYHOM OLIEHKH KO3(HLIMeHTa paHTOBOW KOPPeJISILIMU BeAeTcs 1o (hopmyiie

. S,
T =
-1 -1
n(n-1) Bx] 1) By S, ZZSzgn(r -S;)
2 2 i= j=+1
r,s.,i =12,..,n
roe 07 — MaCCHBbI DAHTOB aHaIU3UPYEMBbIX PSiZIOB,

N — 4rCJIo Map BAPUAHT UCC/IeyeMbIX PAA0B,

B ,B
¥y — rorpaBKY Ha 00beJUHEeHNe PAaHTOB B COOTBETCTBYIOIMX PsAZaX, BEIUUC/ISIEMbBIE 10

dhopmyrne
B.=~3nn-1)
2735

b

T7ie M — YKC/I0 TPyl 00beJUHEHHBIX PaHTOB B PSAY,

n,i =12,..m -
— UKCJI0 PAHTOB B i—0M rpyTre.

[loBepuTe/bHBIN UHTEPBaJ OljeHrBaeMoro kKosdduiueHTa KeHjania MoxeT BBIYUC/SATHCS pa3HbIMU
MeToZaMU. JloBepUTe/bHBIN MHTEPBas BbluMc/sieTcs 1o ¢popmyrne Hétepa
. 20¥(-(1-p)/2) . 20¥(1-(1- p)/2
s 20w0- - p)2) 2090 (- p)/2)

n(n-1) n(n-1)
rae W(.) — dyHkwms, obpaTHast GYHKIMU CTaHAAPTHOTO HOPMAaJTbHOTO pacrpe/iesieHus],
p — CTaHJapTHOe 3HaueHue JI0BepUTe/TbHOTO YPOBHS,
0 — BeJIMUKHa, orpejiesisieMast U3 (OpMyJib:

9 9
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_4202 ¥ - 223 ZC
i= (l’l 1)
C,l=1,2,

rope ! >’ — BCIIoMoOrare/ibHbIe BeJIMUUHbBI, BEIUHUC/IIeMblIe Kak

C, ZZé(r ¥58:58 ;)0 =1,2,..

i*'jo

i#]
rae 6(.,.,.,.) — BEJIMUYMHBI, BEIUKC/IsIEMbIe 110 (hopMyIie
L(a- b)(c-d)>0,
d(a,b,c,d) =
0,(a- b)(c-d)<0O.
[TpobGneMa, o/lHAKO, 3aK/TFOYAETCSI B TOM, UTO /I/I1 HEKOTOPBIX HAOOPOB ZIAHHBIX BeJIMUMHA 02,
paccuMTaHHasl 110 TT0Ka3aHHOM BblIllie opMyJie, MOXKeT 0Ka3aThCsl OTpHUliaTe/lbHOU. [TprMep Takux

JdaHHBIX:

1,059 1,242
1,091 1,237
1,849 1,11
1,943 2,691
2,416 1,352
5,134 5,705
5,29 4,055
7,344 3,257
7,435 3,772

B sTom ClIydyae MeTOo[ HéTepa OKd3bIBdeTCA HeCOCTOATe/IbHBIM U ,E[OBepI/ITEJILHbIﬁ HNHTEPpBaJI
BBIUMC/IA€TCA KdK

o
a+py /2 1 (1+58)/2 ],
An An

rJie 0 — CTaH/JapTHOe OTKJ/IOHEeHHe,

ta +py/2 — 3HaUeHUe obparHoM GyHKUWY t—pacripegesieHus CTbiofieHTa  lapametpamu n— 1 u (1 +
B)/2,

B — moBepuUTe/bHBINA YPOBEHb, BbIDA)KEHHBIN B JOJISX.

[Tpu 3TOM CTaHAApTHOE OTK/IOHEHWe CUMTAeTCs Kak

_ [202n+5)

A\ 9nn-1)°
KoadduiveHT paHroBoii Koppensiiuu KeHzasia MoyKeT IPUMEHSIThCS J71s1 IPOBEPKU TUTIOTe3bl
HEe3aBUCUMOCTH TPU3HAKOB (HEKOPPEMPOBAaHHOCTH, 3HAUMMOCTH CBSI3H) CIeAYIOIIUM 06pa3oMm.
T'uriores3a o He3aBUCUMOCTH IMPH3HAKOB OTBEPraeTCs Ha BbI6paHHOM ypOBHe 3HAYMMOCTH, eC/ivk

BBIUKC/IEHHOE TI0 OTIBITHBIM JJaHHBIM 3HaueHre Ko3(hduiirieHTa KOppessiliu MpeBOCXoAuT (110
MOZY/T0) KpUTHUecKoe. B cityuae 60/b1IHMX BEIOOPOK MOYKHO TIPOM3BECTH BhIUKC/IeHHe T10 (hopMmyrie

Copyright © 2017 Igor Gaidyshev
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On(n-1)
2(2n+5)

I7ie KpUTUYeCcKue 3HaueHus1 CTaTUCTUKY t, IPUOJIM)KeHHO pacripe/ieieHbl 10 CTaHZAPTHOMY
HOpManbHOMY 3akoHy N(0,1).

Cwm. 1. 2 CripaBoyHUMKa 11of, pef. 3. JInoliga u ap., MoHorpaguu XoJsieHjepa C COaBT., CTaTbIo
Camapa (Samara) c coaBT.

t, 3|

10.2.3. Koppenauua HOMUHa/IbHbIX NPU3HaKoOB

B naHHOM paspesne npezicTaB/ieHbl METO/bI UCC/IeI0BaHUs CBSI3W TUIIA KOPPEJISILIUM [/ IPU3HAKOB,
M3MepeHHBIX B HOMMHA/IbHOM IIIKaste 00 MprBe/IeHHbIX K HOMUHAIBHOM 11Kajie. Ocobo oTMeTum
BBe/IEHHYO BhIIIIe TIOTIPAaBKY «THIIa KOPPeJSILUN», T. K. 00bIUHasi KOpPesSIUs Jis HOMHUHATBHBIX
TIPU3HAKOB He Orpe/iesieHa.
Paccmotpens! kK03 duireHTsI (TTOKa3aTe iy Tofo0us)

¢ Paccena—Pao,

* bpagaiica.
KoaddurmeHTs! npefiHa3HaueHsbl /151 OLEHKH CBSI3U MEX/Y AMXOTOMUUeCKUMH (HOMUHA/IbHBIMU C
YMCJIOM IpaJialivid, paBHbIM /IByM, MHaue KaueCTBEHHbIMU) NIPHM3HaKaMU. DTH U JpyTrue MoKasaTeau
HaxoJAT IIMPOKOe NpYMeHeHe B KI1aCTePHOM aHaslv3e, T7ie OHU UMEeHYIOTCS TaKKe MepamMu
CXo/CTBa TWMa Koppesnsiuu. [ToagpobHee cM. maBy «KacTepHblii aHamm3».
[lns nccnenoBaHus KOppessiLiiy NIPU3HAKOB, U3MepPeHHbIX B HOMMHA/IBHOU LIKajie C YUC/IOM
rpa/jaLivii MPU3HAKoOB OoJiblile BYX (KaTeropu3MpOBaHHbBIX JaHHbIX), UCTIOB3YIOTCS METO/bI
aHa/M3a AByMEePHBIX Tab/IvL] COTPS’KeHHOCTH (KPOCCTAOY/ISILIMK), BBITIO/IHSIEMOTO C TTOMOILIBIO
MeTo/10B I71aBbl «Kpocctabynsiusi». [IpecTaBieHHble MoKa3aTeay MPUHSATO UMEHOBATh MepaMu
CBSI3U.
[Tpeanonaraetcs, 4YTo JUXOTOMUYECKast lepeMeHHast MOKeT [IPUHUMaTh TO/IbKO 3HaueHust 1
(BepxHUMH ypoBeHb) 1 0 (HWKHUM ypOBeHb). 3HaUeHKe BapHUaHThI BHIOOPKH, paBHOe (), yKa3bIBaeT Ha
OTCYTCTBHe IlepeMeHHOM WM NPU3HaKa, 3HaueHue, paBHoe 1 — Ha Haimuue. Harpumep, B siueliky
(K/1eTKy) a 3ammcaHoO YMCJIO Map 3/1eMeHTOB MacCUBOB 1 U 2, OIHOBPEMeHHO UMEeIINX NPU3HaK,
paBHbI 1. B sueliKy ¢ 3amicaHo UMc/Io Tap 3/1eMeHTOB MacCHMBOB 1 U 2, B KOTOPBIX 3HauUeHue
71eMeHTa MaccuBa 1 paBHO 1, a 3HaueHue 3/1eMeHTa MaccrBa 2 paBHO 0 u T. 1. OTMeTHUM, YTO NIpU
BBIUMC/IEHUU TIpe/ICTaB/IeHHbIX [10Ka3aTesiel MyTaHuLa Mexy suelikamu b U ¢ He BefleT K KaKUM—
00 HerpUSATHOCTSIM.

10.2.3.1. KoadpdhmumeHT Paccena—Pao

Koadbdurnment Paccena—Pao (moka3satesns mogobusi Paccena—Pao) Beruncsiercs 1o hopmysie
a

y =
atb+c+d
rae a, b, ¢, d — 3HaUeHUs B K/IeTKax TaO/IULIBI 2 X 2.

@ o @ Copyright © 2017 Igor Gaidyshev
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Koaddument Paccena—Pao Mo)keT MpUMeHSITbCS J/1s1 IPOBEPKU TMTIOTe3bl He3aBUCUMOCTH
MPU3HAKOB (3HAUMMOCTH CBsI3M). B 3TOM cilyuae cTaTucTUKa
_rn-1
t = ,
Jn
raen =a + b + ¢ + d- cymma Tabnuiibl,
nipUOJTPKeHHO pacripesiesieHa 1o CTaHJapTHOMY HopManbHOMY 3akoHy N(0,1).

10.2.3.2. KoahdomumeHT conpsikeHHocTu BpaBaiica

CrierjuanbHasi popma ko3 duiiieHTa Koppesisiiyuy — Ko3puiieHT conpsbkeHHOCTH bpagatica (o—
k03¢ duieHT accorualy [TupcoHa, ko3hdULIMEHT KOHTUHTeHIuM [TupcoHa, TeTpaxopyuue CKui
ToKa3aresb CBSI3W) — paCCUMTHIBAeTCs 10 hopmyrie
_ ad - bc- 0,5 n
Y G bYa+cXd +bXd +c)
)

rae a, b, ¢, d — 3HaueHUs B K/IeTKaxX Tab/uiibl 2 X 2.

0,5 - n — rorpaBKa Ha HerpepLIBHOCTH M3iiTca,

n=a+b+c+d-cymma Tabnuipl,

B nutepaType BCTpeuaroTCsi U UHbIe, SKBUBaeHTHBIe, (HOPMYITMPOBKYA pacCMaTpUBaeMOro
ko3 duLrenTa. Haripumep, nokasaHHast (popmyna pakThuecku coBrnazaet ¢ hopmysnon

n
rge x* — CTaTUCTUKa Xu—KBazpar ITupcona.

Kos¢dduiment conpspkeHHOCTH bpaBaiica MOXKeT NPUMEeHSITHCS /1J151 IPOBEPKY TUIIOTe3bl
He3aBHCUMOCTH MPU3HAKOB (3HAYMMOCTH CBsI3M). B 3TOM ciyyae cratucTrka

n-2

1- ¢°

npubIKeHHO UMeeT t—pacripefiesieHue ¢ n — 2 CTelleHsIMU CBOOO/BI.

CmM. moHorpaduu Jlakuna, ®@epcrepa ¢ coaBT., Masera ¢ COaBT.

t, =|¢]

10.2.4. Koppensiuusi NpM3HaKoB, N3MEePEHHbIX B Pas/IMUYHbIX LKa1ax

Hacrosiuii paszen NocesiiieH UCCIe[0BaHUI0 KOPPesIsiLiMY NIPU3HAKOB, U3MEePeHHbIX B Pa3/IMYHbIX
(cMeraHHBIX) LIKanax. PaccMoTpeHst:
* ko3¢ duuuentT 'ayspa,
* TOueuyHO—OHMCepUasbHas KOpPeJIsLHs, TI03BOJISIOLasi UCC/Ie/[0BaTh KOPPEeJISILIUI0 B
HEKOTOPBIX YaCTHBIX C/Iydasix.
VHTepecHOM BO3MOXXHOCTBIO SIBJISIETCSI MCCI/IeZl0BaHKe KOPPe/IsILiMM Pa3HOPOAHBIX NTPU3HAKOB.

@ o @ Copyright © 2017 Igor Gaidyshev
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10.2.4.1. KoadpdomumeHT Mayapa

Koaddunment 'ayapa fomyckaeT ofHOBpeMeHHOe UCI0/Th30BaHUe MPU3HAKOB, N3MEPEeHHbBIX B
IKaJIaX: KOJTMUeCTBEHHOM, TIOPS/IKOBOH M IMXOTOMHUECKOH. MOT'yT aHaTM3UPOBAThCS BHIOOPKH
(HampuMep, OTMChIBaOIIIMe TIapaMeTphl MallieHTa), cofiepsKallye B cebe MpU3HAKKU Pa3/IMYHbIX
TUNOB. Tak, 4aCTh MapaMeTPOB MOXKET OBbITh KOIMUeCTBEHHOM (HAarTpuMep, pe3y/IbTaThl
WHCTPYMEeHTa/IbHbIX U3MepeHUH), UaCTb — MOPSIKOBOM (Haripumep, pe3y/bTaThl UCCel0BaHUMN B
Oasiax), yacTb — JUXOTOMHUUECKOM (HarpyuMep, HaJTHure WM OTCYTCTBUE HEKOTOPBIX CUMITTOMOB).
BbiuniciieHre 3/1eMeHTa MaTpUILIbl CXO/ICTBA, IOCTPOEHHOM Ha 0CcHOBe Ko3dduireHTa ["ayapa,
TIPOM3BOAUTCS TI0 popmyrie:

2
2. Su

— kp:l ,i=12,..,n,j =1,2,...,n,
2 Wi
k=

rae Sk, i = 1,2,...,n; j = 1,2,...,n; k = 1,2,...,p — BK/Ia/Jl IPU3HaKa B CXOZICTBO OOBEKTOB,
Wi, 1 = 1,2,...,n; j = 1,2,...,n; k = 1,2,...,p — BecoBasi TlepeMeHHasl TIpU3HaKa,

P — UMCJI0 TIPU3HAKOB, XapaKTepH3YIOIINX 00BEKT,

n — 4ncio 0OLeKTOB.

i

10.2.4.1. PacueT BK/1aga Npu3HaKkoB

® ,Z[J'IH JAUXOTOMHNYECKUX IMPU3HAKOB a/ITOPUTM IIOACUETA BKJ/Ida[d ITPHU3HAKA U B3ATHA B€COBBIX
rnepeMeHHbIX COBIId4adeT C KOBCl)d)I/IL[I/IeHTOM )KaKKapa
a

—3
a+b+c

rae a, b, c — 3HaueHHs B K/IeTKax TaOIUIbI 2 X 2.

e JI71s1 HOPSIIKOBBIX TIPU3HAKOB aJITOPHUTM BBIUMC/IEHHS BK/IaZia IPU3HAKA COBIA/IAEeT C
XeMMHHT'OBBIM PacCTOSIHUEM, €CJTA TI0C/IeIHee MBICJIEHHO 0000IIUTh Ha MOPSJKOBbIE
riepeMeHHbIe, a BeCOBbIe TlepeMeHHble 0epyTCsi paBHBIMU 1 /7151 Ka>K0TO Y4aCTBYIOIIEro B
pacueTe MOPsIKOBOTO TIpU3HaKa.

H=a+d,
r7ie a, b — 3HaueHus B K/IeTKax Tabmuier 2 X 2.
e JI71s1 KOMMUeCTBEHHBIX MPHU3HAKOB
[ - %
S, =1- u,

k

TIe Xi ¥ Xjx — 3HaueHUs k—i mepeMeHHOM /it OOBeKTOB i U j,

Ry — pa3max k-To mpr3HaKa, BBIYUCIEHHBIN TI0 BCeM 00BeKTaM,

a BeCOBBbIe TilepeMeHHbIe OepyTCsi aHaJIOTUUHO C/Ty4Yaro TIOPSiIKOBBIX TIPU3HAKOB.
Koadduiment 'ayspa peasr3oBaH TOMBKO /1Jisi MeTofla «Marpuiia», O3TOMY B pacCMaTpruBaeMoM
cjlyuyae Ce[lyeT BbIZIeJTUTh MaTPHULYy UCXOJHBIX JAHHBIX B BH/Ie CTOJIOLIOB PaBHOW YMC/IEHHOCTH.
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10.2.4.2. ToyeyHO—bOUCEpUanbHasa Koppenaums

Eciv ogHa nepemMeHHasi IMXOTOMU3MPOBaHa, a /ipyras u3MepeHa B KOIMUeCTBEHHOM I1IKase,
BBIUHC/IIETCS TOUEUHO—OHCepranbHbIN K03(DMOUITUEHT KOPPeLUY (TOUeUHbIN BYXCEPUMHBIN
K03 dHLIMeHT Koppensiyn). VIMeroT MeCTo HeCKOJIbKO 9KBUBA/IEHTHBIX ()OpMYJ/T BEIUUC/IEHHUS
BbIOOPOUHOM O1[eHKU KO3 duiieHTa, Harpumep,
A _()_Cl - )_Co) VM
Fop = ,

s, n

e X1 — cpesjHee BapHaHT KO/IMUeCTBEHHOW BHIOOPKH, COOTBETCTBYIOLIMX COOBITHSM BePXHEr0
YPOBHSI TUXOTOMHUECKOW BBIOOPKH,

%0 _ cpejjHee BapHaHT KOMUECTBEHHOMN BHIBOPKH, COOTBETCTBYIOIIMX COBBITHSIM HIDKHETO YPOBHSI
JIVXOTOMHUYECKOM BHIOOPKH,

S» — Cpe/iHee KBaJlpaTUUHOe 3HaueHue KoIMyeCTBeHHOW BbIOODKHY,

Ny — YACTI0 COOBITHI BEPXHETO YPOBHS,

No — YAC/I0 COOBITUI HI)KHETO YPOBHSI.

CpeJHue 3HaueHUs BBIUMCIISAIOTCS IO GOpMyJiaM, COOTBETCTBEHHO,

1 ¢ 1 ¢
X :_in Xo =— L Xi»

ny = ny i
a; 3 " a;=0
e x;, i = 1,2,...,n — Ko/JlMueCTBeHHast BLIOOPKaA,
ai, i = 1,2,...,n — IUXoTOMUUeCKast BLIOOPKa,

n =n; + Ny — UNCJIEHHOCTh Tap aHaIM3UPYeMbIX BbIOODOK.

[Tpeamnonaraetcs, 4yTo JUXOTOMUYECKast lepeMeHHast MOKeT [IPUHUMaTh TO/IbKO 3HaueHus1 1
(BepxHMi ypoBeHb) U 0 (HWKHUM YPOBEHb).

BribopouHoe cpefjHee KBa/[paTUYHOE OTK/IOHEHHE BBIUMC/ISIETCs 110 (hopmyrie

<1

T

[Tpu BBIUMC/ISIETCA ellle psiJ TapaMeTpoB. [loBepuTe/IbHbIN HHTEPBasl OLleHHBaeMOM
TOUeuHO—OMcepranbHOro Ko3(duirieHTa Koppesisiliiy BhIYHC/ISeTCs Kak

N(1+p)/2 N(1+p)/2

Jn-3 Jn-3

rae Na + p)/2 — KBAHTWIb HOPMa/IbHOTO pacripe/iesieHus,
D — CTaHJjapTHOe 3HaueHHe [J0BepUTEebHOTO YPOBHS,
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7(.) — z—TipeoOpa3oBaHue BIOOPOUHOTr0 Ko3(UiieHTa KOppesiiiu.
Hopwmasnusytoiiiee z—ipeobpa3oBaHye BEIDOPOYHOTO TOUEUHO—OHCEepHaTbHOTO KO3hdUIeHTa
KOPPeJISILIUN BBIUHC/ISIeTCS KaK rurep0o/iiuecKyii apKTaHIeHC JeHCTBUTe/TbHOM ITepeMeHHOH 110

dhopmyrne
2(F,,) = Arth(#,) :%mr'#
"o rpu
ToueuHo—OHCepranbHBIA KO3hGUIMEHT KOPPEJISI[UA MOXKET TTPUMEHSIThCS /1J151 IPOBEPKH THUTIOTE3bI
He3aBUCUMOCTHU TIPU3HAKOB (HEKOPPETMPOBaHHOCTH, 3HAUUMOCTH CBSI3H) C/IeAYIOLMM 00pa3oM.
I'uroTe3a 0 He3aBUCUMOCTHU TIPU3HAKOB OTBEPraeTCsi Ha BEIOpaHHOM YPOBHE 3HAUMMOCTH, eCJ/TH
BBIYHMC/IEHHOE T10 OITBITHBIM JdHHBIM 3HdU€HHE KO3(1)(1)I/IL[I/IGHTEI KOPPEJ'IHL[I/H/I HPEBOCXOAI/IT (HO
MOZY/TI0) KpUTHUecKoe. B ciryyae HOpMasibHOTO pacrpe/iesieHHst UCXOAHbIX JaHHBIX BeJTMUMHA
BbI6OpOLIH01"O KOB(i)(i)I/IL[I/IeHTa KOppe]'[HL[I/II/I CUUTAeTCd 3HAUNUMO OT]'[H‘-IHOﬁ oT HYJ'[H, ec/in

BBITTIO/THAETCA HepaBEHCTBO
2 7 -1
r s e (- 2]
b

A

T <1

rJe t, — KpUTHUeCKoe 3HaueHue t—pacrpesiesieHus C N — 2 CTereHs MU CBOOO/IBI.
WHaue roBopsi, BeIMUMHA

n-2

2

1-r,
MMeeT t—pacripe/iesieHue C n — 2 cTelieHsIMUA CBOOOBI.

OTMeTHM, UTO pe3y/bTaThl BEIUNC/IEHUS TOUeUHO—OHCepraibHOTO KO3hhUIeHTa KOPPeJIsSIuy 1
ko3 duiieHTa KOoppessiuuu [IupcoHa, XoTd ¥ IIpU pa3/IMUHBIX UCXOAHBIX MPEATNOChLIKax, B CyJae
(hopManbHOM TTOACTAaHOBKY B (JOPMYJTy MOC/IEIHET0 TeX >Ke UMCIOBBIX JaHHBIX, COBIA/AIOT.

Cwm. moHorpacduu JlakuHa, Mak—Hemapa (McNemar).

tr :trpb|

10.2.5. Koppensuyua pasHoOpoAHbIX NPU3HAKOB

[n1st viicciefoBaHUsT KOPPeJISILY TIPU3HAKOB, M3MEPEHHBIX B CMEIIaHHBIX LTKasiaX (0JuH 00beKT
OIUCHIBAETCS BEKTOPOM JlaHHbIX, TIPUHA//IeKaIKX K pa3/IMYHbIM LIKaaaM), TPUMeHsIeTCs
ko3¢ durimenT I"ayapa. MeTos npuMeHsieTcst 171s1 UCCief0BaHUsI Koppessiiiy 00bekToB. He MeHee
4yacTo BO3HMKaeT 3ajjaya UCC/le/loBaHNsl KOPpesIsLiMi pa3HOPOJHbIX NIPU3HAKOB, /1JIS1 pellleHus]
KOTOPBIX TIpe/iHa3HaueHa OIMMChbIBaeMasi HUKe OTTLIMSL.
[Tpy nocTpoeHnH KOppessILiIMOHHOM MaTpHLibl Pa3HOPOJHBIX [JeMCTBYIOT C/le/lytolle IpaBuia
BbIUMC/IeHUs KO3((PULIMEeHTOB KOppeJIsLiU:
* [Ipu BbIUMC/IEHUM KOPPEJISLMY ABYX KOTMYEeCTBEHHBIX [1apaMeTPOB — KO3((ULeHT
ITupcona.
* [Ipu BbIUMC/IEHUM KOPPEJISLMY TOPSIAKOBBIX/KOJINUeCTBEHHBIX U MOPSJKOBbIX [TapaMeTpPOB —
k03¢ duLeHT paHroBoii Koppesnsinuu Kenzanna.
*  [Ipu BbIUMC/IEHUM KOPPEJISLMU ABYX AUXOTOMUYECKUX NIPHU3HAKOB — KO3(duLieHT
conpsbkeHHOCTH bpagatica.
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* [lpu BbIUMC/IEHUU KOPPEJISILIMK KO/TMUeCTBEHHBIX/TIOPSIKOBBIX U JUXOTOMUUE CKUX
TIPU3HAKOB — TOUEUHO—OHcepranbHast KOppesisiusl.
V3 BeIUMC/IEHHBIX KOppersiuyi ¢popMupyetcst o01iasi KoppesiLiioOHHast MaTpULia.

10.2.6. KaHOHUYeCKNiA KOppensLNOHHbIN aHaIU3

KaHoHMueckuil KoppessLiMOHHbINA aHa/IU3 BBITIO/IHSIETCSI MEX/Y BYMsI COBOKYITHOCTSIMU
(rpyrimamy) BbIOOPOK | TIpeZiHa3HayeH /ijisl OTpe/iesieH st IMHeHHOM (DYHKL[UM OT TepBbIX p
KOMITOHEHT Y JIMHEHHOHN (PyHKLIMM OT OCTa/IbHBIX § KOMIIOHEHT TakK, UTOObI KO3 dHLIMeHT
KOPpeJISILY MeXX/ly STUMH JIMHeHHbIMU (YHKLUSMU TTPUHST HauOosIbIlee 13 BO3MOXKHBIX
3HaueHUH. YucieHHOCTH rpymr (KoJIM4eCcTBO BHIOOPOK B MIepBOM M BTOPOM TpyIinax, 06003HaueHbl
Kak p ¥ q) MOTYT pPa3/IMuaThCsi, OJHAKO HeoOX0MMBIM TpeOOBaHKEM SIB/ISIETCS] pABHOE KOTMYeCTBO
BapHaHT BO BCEX BBIOOPKAX, COCTABJISIOIIMX 00e TPynibl. MaTpuiia B3aMMHOM KOPPeJISILIK [IBYX
TPpyIIn BEIODOPOK MMeeT BU/,

— Rll R12
le; R22

b

rzie Ry — Marpuija B3aMMHOM KOPPEJISLU p TiepeMeHHbIX 1—ii TPyTIbl, pa3mMep p X p,
R, — MaTpuIja B3aMMHOU KOPPEJSIUY q TIepeMeHHbBIX 2—i TPyMIibl, pa3mep g X g,

R1» — MaTpuIla B3aUMHOM KOPPeJISLIUY ITepeMeHHBIX 1—¥ U 2—ii TPyIibl, pa3mMep p X q.
Perienue 3a/jaun CBOAUTCS K 0000111eHHOM TTpo0/ieMe COOCTBEHHBIX 3HAUEHUH

R1T2R1-11R12 V=A-R, v

)
r7ie A — BeKTOp q COOCTBEHHBIX 3HAYEHH.

Tak Ha3bIBaeMble KAHOHUYeCKHe KOPPeISIY TIPeACTaB/ISIIOT 000l KBaZipaTHbIe KODHU U3
COOCTBEHHBIX 3HaueHWH. BbIBOASTCS 3HaUeHUs1 KpuTepust X2 (MacCHB JIJTMHOM q) U
COOTBETCTBYIOIIIME CTereHn CBOOObI (MaCCUB [IJTMHOM (), a Takke KO3 ULMeHThI MpaBoii (MacCHB
pa3MepoM g X q) 1 JieBoi (MacCHB pa3MepoM @ X p) CTOPOHBI.

Cwm. COoopHHK Hay4HBIX rTporpamMM Ha ®opTtpane, rmasy 10 moHorpaduu Vtona (Eaton).

NnaBa 11. ®akTOPHbI aHANN3

11.1. BBegeHue

MeTo/bl (PaKTOPHOTO aHa/IM3a:
*  MeTo/ ITIaBHbIX (PAKTOPOB (eC/IU KOppesisliMOHHas MaTpUlia He PeyLIUpYyeTCsi — MeTO/,
T7IaBHBIX KOMITOHEHT WM KOMITOHEHTHbBIW aHaJTu3),
*  MeTO/i MaKCMMa/IbHOTO TPaB/OI000Us.

11.2. TeopeTnyeckoe 060cHOBaHue

MeTO,ELaMI/I CbaKTOpHOFO dHa/I1i3a pelldroTCda TP OCHOBHBIX BH/d 3a/idy:
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*  OTbICKaHMe CKPBITBIX, HO TMpe/iroJiaraeMbIX 3aKOHOMePHOCTel, KOTOpble OIpe/ie/isitoTCs
BO3/lefiCTBYeM BHYTPEHHHUX W/ BHEIIHUX MTPUYMH ((PaKTOPOB) Ha U3ydyaeMblii TIPOLiecc;

*  BbIsIB/IEHUE U U3y4YeHHe CTaTUCTUYECKOW CBSI3U MPU3HAKOB C (hakTopaMy MW T7IaBHbIMU
KOMITOHEHTaMU;

* oKarue uH(GOpMaLUY TTyTeM OMMCAHKS TIPOoLiecca TP MOMOIIM 001X (aKTOPOB WU
I7IaBHBIX KOMIIOHEHT, UHMC/I0 KOTOPBIX MeHbIlle KOJIMUeCTBa [epPBOHaYa/IbHO B3SThIX
TIPU3HAKOB (TlapaMeTpPOB), OFHAKO C TOW W/TM MHOM CTEIeHbI0 TOUHOCTU 00eCITeunBaroIux
BOCIIPOU3BOAMMOCTb KOPPe/SLIMOHHON MaTpHLbl.

CnenyeT MOSICHUTD, UTO B (JaKTOPHOM aHa/v3e MOHUMaeTCs NoJ, ckatueM UH@opmauuu. Jleo B
TOM, UTO KOPpeJISILIMOHHAs MaTpHLia IMoJTy4YaeTcs myTeM 00paboTKH MCXOJHOTO MacCHBa JaHHBIX.
KoppensiyonHasi MmaTpuiia o6pa3oBaHa U3 MOMapHbIX KO3 (ULIMEeHTOB KOPPesISLi KOMITOHEHT
c/ry4yaliHOTO BeKTopa. IIpermonaraeTcs, uTo Ta ke camasi KOppeJIsiiMOHHAs MaTpPHLIa MOXKeT ObITh
TIO/TyYeHa C UCTI0Ib30BaHHEM TeX >Ke 00beKTOB, HO ONMCaHHBIX MEHBILIUM UHC/IOM TlapaMeTpOB.
$IkoOBI MPOMCXOAUT YMeHbIIIeHHe Pa3MePHOCTH 3a/jaui, XOTs Ha CaMOM JieJie 3TO He TakK. JTO He
CKaTve UHPOpMaL[uK B OOIIIeNPUHSATOM CMbIC/Ie — BOCCTAHOBUTDH UCXO/[HbIE IaHHbIe TI0
KOPPeJIILIMOHHOM MaTpuLie HeJlb3s.

OcHoBHOe TpeboBaHHWe K UCXOAHBIM JAaHHBIM /Ijis1 )aKTOPHOTO aHaJiki3a — 3TO TO, UYTO OHU JIO/KHBI
TIOYMHSATHCSI MHOTOMEPHOMY HOPMaJTbHOMY pacripezienienuto. [1o kpaiiHeli Mepe, 10/DKHO ObITh
C/lesIaHo JioMyllleHre 0 MHOTOMEePHOM HOpPMaJIbHOM pacrpe/ie/ieHuy COBOKYNMHOCTH. HopmanbHOCTh
pacnpe/iesieHUst MO>KET OBITh TIPOBEepPeHa C TIOMOIIBI0 MEeTO/IOB, TIPe/ICTaB/IEHHBIX B T/IaBe
«[IpoBepka HOpManbHOCTH pacIpesie/IeHUsI».

OCHOBHBIM 00BEKTOM MCC/IeZ0BaHMS MeTOlaMH ()aKTOPHOTO aHa/n3a SIB/ISIeTCsT KOpPesIsLUOHHasT
MaTpulia, MOCTPOeHHasl C UCI0J/Ib30BaHUEM Ko3(duijeHTa Koppesiiuu (Koppe/sliiOHHOTO
otHoteHwust) [TupcoHa, pa3paboTaHHOTO /i/1s1 KOJIMYeCTBEeHHBIX MPU3HAKOB. HartoMHuMm, uto

K03 dUIMeHTOM KOppesisiLiuy Ha3bIBaeTcsi 6e3pa3mMepHasi UMC/IOBast XapaKTePUCTHKA COBMECTHOTO
pacnpe/iesieHUs IByX CTy4aliHbIX BeJIMUMH, BBIPAXKAIOIIask X B3aUMOCBs3b. UeM Omke

K03 dureHT Koppesisiuu K 1 i —1, TeM cuibHee 3Ta B3auMOCBsi3b. Uem Oimike K 0, TeM
B3aUMOCBsI3b ciiabee. [ToapobOHee cM. raBy «KoppensiiiMOHHbIN aHaIU3».

HekoTopsle aBTOpHI Npe/jiararT UCO0Ib30BaTh A/1s1 ()aKTOPHOTO aHaM3a AUCIepCUOHHO—
KOBapHUaL[MOHHY0 MaTpuLly, IOCTPOEHHY0 U3 iMcriepcuii—koBapyaLuii. JlrcrnepcroHHO—
KOBapHal[MoHHasi (KoBapHalLlMOHHas) MaTpuiia o6pa3oBaHa U3 MOMAapHBIX KOBapUaLiii KOMITOHEHT
cylyuaiiHoro BekTopa. KoBapualiys cjryuaiiHOM BeJTMUMHBI cama ¢ COO0M, Kak U3BeCTHO, SIB/ISIETCS
nucriepcueit. B otmune ot Ko3duiiieHTa Koppessiiiiy, orpeziesisieMoro uepe3 KoBapUaiuio,
TIOCTIeIHSIS He sIB/IsieTCst Oe3pa3MepHOl BeJTMUMHOM, TI03TOMY MeHee y00Ha /1711 IpUMeHeHUs B
(hakTopHOM aHanu3e. B panbHeNIMX pacCyXKAeHusX, 3a UCKII0UeHMEM HEKOTOPbIX MOMEHTOB
(Harpumep, Tpo6sIeMbI 0OIIHOCTH), TOBOPST O KOpPPeJIsLuH, OyzieM UMeTh B BUJY TaKKe U
KOBapHaLuIio.

B nureparype nipezjiaraeTcsi Tak)ke UCIOIb30BaHUe JPYTryX K03(h(ULMEHTOB TUMA KOPPesLIUY,
Tipe/jHa3HaueHHbIX /1J151 TOPSZIKOBBIX, KAueCTBEHHBIX M CMellaHHbIX MPH3HaKOB. Hy>kKHO TOMbKO
paccuMTaTh 3apaHee KOPpeJIsiMOHHY0 MaTpULy C ITOMOILL[bI0 METO/|0B, PeaTu30BaHHbIX B I71aBe
«Koppe/isLiMoHHbIN aHamu3». [anbHelIii aHaau3 — CTaH1apTHBIM.
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OCHOBHBIM TpebOBaHHEM K TIOCTPOEHHOM MaTpuLie SIB/ISIeTCS ee TI0I0KUTe /TbHast
nojyoripe/ie/ieHHOCTh. CBOWCTBA MaTpHI] IMOJPOOHO PaCCMOTPEHBI B COOTBETCTBYHOIIUX
WCTOUHUKAX. V3 CBOMCTBA MOMOKUTE/TLHOM TIOTyoTpeZie/IeHHOCTU CeAlyeT HeoTPULIaTe/TbHOCTh
BCeX COOCTBEHHBIX 3HAYEHUI.

KoaddurmeHTs KOppersiLiyiy, COCTAB/ISIOIINE KOPPeISLMOHHYI0 MaTPHLLY, TI0 YMOTUaHHI0
BBIUMCJISIOTCSI MEXK/Iy TTapaMeTpaMu (MpU3HaKaMu, TeCTaMu), a He MeXXy 00beKTaMu
(MHAVBUyyMaMH, JIUL[AMU), TIO9TOMY pPa3MepHOCTb KOPPesLIMOHHOW MaTpPHILIbl paBHA UHCTY
rapamMeTpoB. JTO TakK Ha3biBaeMast TeXHHKa R. OfHaKO MOXKET ObITh, HalIpUMep, U3ydyeHa
KOppessLys MeXXay 00beKTaMH (TouHee, UX COCTOSIHUSIMH, OMMChIBAeMbIMUA BeKTOPaMU
rapaMeTpoB). JTa MeTO/MKA Ha3biBaeTCsi TexHUKOM Q. [IpoBesieHre (hakKTOPHOTO aHaIM3a TeXHUKOM
Q 000CHOBAHO TeM, UTO COCTOSIHUSI 0OBEKTOB MOTYT UMeTh OOIIYI0 MOOYAUTeTbHYIO PUUUHY
(mpuuwnHBI), KoTOpasi (KOTOPbIe) MOXKET ObITh BhISIB/IEHA C TIOMOIIBIO (JAKTOPHOTO aHa/TH3a.
Cyl1iecTByeT Tak)Ke TexHUKa P, riperonararoiiasi akTOpHbINA aHa|3 pe3y/IbTaToB
9KCTIepUMeHTabHbIX UCC/IeIOBaHUM, BBITIOJTHEHHBIX HAa OJJHOM U TOM ke UHAUBUIyyMe B
pa3/IMUHbIe POMEXKYTKH BpeMeHH («00beKThbI» — OIMH U TOT >Ke UHUBHAYYM B pa3/IMuHbIe
TIPOMEXXYTKHA BpeMeHU), IPUUYeM U3Y4aroTCsi KOPPesSiLiuU MeXXAy COCTOSTHUSIMU UHUBUAYyMa.
Amnarnor TexHUKH Q ZJisl TIOC/IeJHEro cjiyuasi COCTaB/IsIeT MpeMeT UCciefoBaHust TeXHUKHU O.
[Tpumenenue TexHUKH R (P) umm texuuku Q (O) umm Bbibop TexHukH R (Q) wmm P (O)
OCYIL[eCTBJISFOTCS C TIOMOIL[BIO OFHUX U TeX K€ aJITOPUTMOB.

[TonyueHue MaTpuilbl (HaKTOPHOTO OTOOPa’KeHUsI B TIPUHITUIIE SIBJISIETCS 11€JTbI0 (haKTOPHOTO
aHanu3a. Ee cTpoku nipeicTaBsitoT c000M KOOPAMHATHI KOHLIOB BEKTOPOB, COOTBETCTBYHOLIUX M
repeMeHHbIM B r—MepHOM (DaKTOPHOM TPOCTpaHCTBe. B/IM30CTh KOHIIOB 3TUX BEKTOPOB JlaeT
Tripe/iCTaB/ieHle 0 B3aMMHOM 3aBUCUMOCTHU repeMeHHbIX. KaXk/iblli BEKTOP B CKAaTOM,
KOHLIEHTPUPOBaHHOM (hopMe HeceT UH(POPMALIUIO O Tipoljecce. bin30CTh 3TUX BEKTOPOB /laeT
TipeZicTaB/ieHre O B3aUMHOM 3aBUCUMOCTH NepeMeHHbIX. [l0ToTHUTe/IbHO, eC/TA YHUCTI0
BbI/[e/IeHHBIX (DAKTOPOB OOJIbIIIE €JMHULILI, TPOU3BOAUTCS BpaIlleHe MaTpULlbl (DaKTOPHOTO
0TOOpa)keHUsI C L|e/IbI0 TIOTyUeHHs TaK Ha3bIBaeMOU MPOCTOM CTPYKTYPHI.

Iyt HAarISIAHOCTH Pe3yJIbTaThl MOXKHO M300pa3uTh rpadyuyecku, UTo, OJJHAKO, TPOOIeMaTUUHO /IJIst
Tpex u Oosee BbIZe/IeHHbIX (haKTOpOB. [103TOMY /1at0T U300pakeHHe r—MepHOTOo (haKTOPHOTO
TIPOCTPAHCTBA B IBYMEPHbIX Cpe3ax.

[Tpu perienyy 3a/iaur GaKTOPHOTO aHa/IM3a BO3MOXKHA CUTYalUsl, KOT/la BeKTOpAa UCXOAHBIX JAHHBIX
KOJUTMHeapHbI (TlapaMeTpbl JIMHeHHO 3aBUCUMbI). HarloMHMM, UTO /1Ba BeKTOpA Ha3bIBaHOTCS
KOJUTMHeapHBIMH, eC/TM OHU Jie)KaT Ha Tapasule/ibHbIX TIPSIMBIX WK Ha OFHOM rpsiMoii. B Takom
CJlyuae TpY peleH| BO3MOXKHO TTO/TyUeHHe Pa3/IMUHbIX BIUYMCTUTETBHBIX TIPOOIEM.
KoppensiliyioHHasi MaTpuLia /i/1si TAKUX JJaHHBIX MOYKET 0Ka3aThCsl BHIPOXKAEHHOU. [IprMeHsieMbIii
JUISL OTIpe/ie/IeHUs] COOCTBEHHBIX 3HAUEHUM METO/] IaeT PellieHre U B 3TOM ciiydae. [Ipu 3Tom uacTb
coOCTBeHHBIX 3HaUeHUH, PaBHasi Pa3HOCTH TOPsiZIKa MaTPULIbI U ee paHra, Oy/ieT Hy/ieBoil B
BBIUMCJ/IUTE/TBHOM CMBIC/IE, UTO /le/IaéT METO/, IJIaBHbIX (haKTOPOB 00Jiee YCTOHUMBBLIM K TaKUM
«HEXOPOIINM» JJaHHBIM, YeM MeTO/, MaKCUMyMa TipaBzornofoous. OfHakKo MeTo/, IJIaBHbIX
(haKTOPOB yCTyIaeT MeTO/ly MaKCUMYyMa IPaB/OoII0[001sI B TOM, UTO OH He M03BOJISIET TIOTYUUTh
TOYHOM OLIeHKH OOIIHOCTH.
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7151 BeIsSIB/IEHUsI MY/IBTUKOJIZTMHEADHOCTHU CTeliaabHO pa3paboTaHbl 3QQeKTUBHbIE CTaTUCTUUECKHE
MeTO/Ibl, TTI03BOJISIOLLKE BbISIBUTh, [IPU €e Ha/IMYMK, KOJJIMHeapHOCTb BeKTOPOB UCXOHbIX JJAHHBIX.
[Tocsie o6Hapy>KeHUs TAKUX IMapaMeTPOB PeKOMEeH/IyeTCsl OCTaBUTh B UCXOAHBIX JAHHBIX TOJIBKO
OJJIH W3 IPYIIIbI IMHEWHO 3aBUCUMBIX NTapaMeTpPOB.

JIyummm pyKOBOJCTBOM M0 (DaKTOPHOMY aHa/u3y siB/sieTcsi MOHorpacdus XapmaHa. [Ipumep
ripuMeHeHUst (PAKTOPHOTO aHasM3a JIJisi UCXOJHbBIX JaHHBIX, U3MEPeHHBIX He B KOJIMYeCTBeHHOU
11Kase, cM. B pabote KarianHa.

11.2.1. MeTopA rnaBHbIX haKTOpPOB

PaccmoTpuM nozipo6Hee MeTo I71aBHBIX KOMITOHEHT (KOMITOHEeHTHBIHM aHanu3, principal
components analysis), KOTOpBIii 110 onpezesieHno JIoy/u ¢ coaBT. npefcTaBsieT cO00M BApHaHT
MeTo/ja I7IaBHbIX (pakTOpOB (KOTZa KoppessilMOHHasl MaTpUlia He peJyLIupyeTcsi), a 3aTeM cam
MeTo/, I71aBHbIX (pakTopoB (principal factor analysis). B MeToze r/1aBHbIX KOMITIOHEHT B KaueCTBe
MCXO/IHOTO 3/IeMeHTa aHa/ii3a MOXKeT ObITh UCI0/Tb30BaHa KaK KOPpeJIsL{MOHHasi, TaK 1
JMCIIepCOHHO—KOBapHallMOHHAs MaTpHUL{a, IPUYeM BbIBO/BI TI0 pe3y/ibTaTaM aHa/In3a

TOX/1e CTBEHHBI.

11.2.1. KOMMOHEHTHbIN aHaIn3

OcHOBHast MOJieJ/Tb MeTO/[a IJIaBHBIX KOMIIOHEHT XOTeJVIMHTa 3alHChIBAeTCS B MAaTPUYHOM BH/IE
CJIe/[ytoLM obpasom:
Z=AP,
e Z — MaTpulia CTaHJapTU30BaHHBIX UCXOJHBIX JAHHBIX, ee pa3Mep m X n,
A — marpuiia (akTopHOTO 0TOOpaXkKeHHsl, ee pa3Mep m X r,
P — marpuiia 3HaueHU# $aKTOPOB, ee pa3Mep r X n,
m — KOJIMYeCTBO TlepeMeHHbIX (BEKTOPOB /JaHHBIX),
N — KOJIMUeCTBO UHAWBUAYYMOB (3/1eMEHTOB OJHOTO BEKTODA),
I, I < m— KOJIMYeCTBO BbI/Ie/IeHHBIX (DaKTOPOB.
Kak BUIHO U3 NPUBEJIeHHOTO BbIllie BbIpa)KeHHsl, MO/ie/Tb KOMITOHEHTHOT'O aHa/r3a COZepIKUT
TOMBKO 001I[Me /11 UMEFOIXCSI BEKTOPOB (DaKTOPBI.
Marpuiia CTaHJapTU30BaHHBIX UCXOAHBIX JAHHBIX OMpeZessieTCs U3 MaTPULIbI UCXOAHBIX JaHHBIX Y
(ee pasmep m X n) 1o Gopmyrie
2 =2 =12 m, =12,
Si
I7ie y;j — S7IeMeHT MaTpPHLbl UCXOHBIX JAHHBIX,

Vi _ CcpefiHee 3HaueHue,

S; — CTaHJAPTHOe OTK/IOHEHHeE.

17151 KOppesiALIMOHHOW MaTpUL[bl UMeeT MeCTO COOTHOIIIEHUE:
1

n-1

r7e R — KoppessalMOHHas MaTpHIia, ee pa3Mep m X m,
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' — CHUMBOJI TPAaHCITOHUPOBaHMUSI.
Ha rnaBHOM AraroHanu MaTtpuiibl R CTOST 3HaueHus, paBHble 1. DTU 3HaUeHHWsI Ha3bIBAKOTCS

0OIIHOCTAMU ¥ 00603HAYAIOTCS KaK hiz, SIBJISISICH MEPOU TOJIHOM AUCTIePCUU TTepeMeHHOU. [list
MeTo/a I/1aBHbIX ()aKTOPOB OOIIHOCTH OTIMYHBI OT 1 ¥ BBIUMC/ISIOTCS OMpe/ie/leHHbIM 00pa3oM.
HewnsBecTHbIMU SIB/ISTIOTCS MaTpuiibl A U P. Matpuiia A MOXKeT ObITb HaliZileHa U3 OCHOBHOM
TeopeMbl (PAKTOPHOT0 aHa/M3a
R =ACA,
rie C — Koppe/sLMOHHasl MaTpULia, OTpakarollasi CBsI3b MeXy (pakTopamH.
Ecmu C = I, To roBopsT 00 OpTOrOHa/IBHBIX (hakTopax, eciv Marpuija C He paBHa I, roBOpST 0
KOCOYTO/IbHBIX (pakTopax. 3ech I — eMHAYHAsL MaTpULia.
st marpuubl C cripaBef/IMBO COOTHOLLIEHUE

! PP’ =C.
n-1
Hamu paccmaTpuBaeTcsi TO/IBKO CTydali OpTOrOHaIbHbIX ()aKTOPOB, [i/1s1 KOTOPBIX
R =AA"
Mogesnb K/accuueckoro (hakTOPHOTO aHa/Ik3a COJePXKUT psifi 061X (GaKTOPOB U IO OFAHOMY
XapakTepHOMY (haKTOpy Ha KaXK/[yt0 repeMeHHY!0. UHC/I0 I71aBHbIX KOMIIOHEHT BCer/ia MeHbliie
160 paBHO UMC/TY TIepeMeHHbIX.

11.2.1.2. ®aKTOpPHbIA aHaIM3 METOAOM [/1laBHbIX (pakTopoB

[To yTBep>kaeHHI0 XapMaHa, «I10/] MeTOZIOM IVIaBHbIX ()aKTOPOB MOHKMMAIOT MPUIOKEHHEe MeToZa
I7IaBHBIX KOMIIOHEHT K PeJyLMPOBAaHHON KOpPe/sLIMOHHON MaTpuLie (T. e. K MaTpuLie, y KOTOPOU Ha
IJIaBHOM /JMaroHaM BMECTO eIMHUL] CTOSAT 3HaueHUs oOIHocTel)». [l MeTo/a I1aBHbIX (hakKTOpoB
(pakTopHOrO aHanM3a MeTO[0M I7IaBHbIX akTOpoB ToOMCOHa) OCHOBHAst MOZe/ib 3alMChIBAeTCs B
BUJle

Z =FP",

rae F — nonHast hakTopHasi MaTpulia, ee pasmep m X (r + m),

P" _ Marpuija 3HaueHnii haKTOPOB, BKJIOUas 3HaUeHHs XapaKTePHBIX (haKTOpOB, ee pasmep (I + m)
X .

Marpura F MoxeT ObITh Mpe/icTaB/ieHa B BH/le CyMMbI /IByX MaTpHL]

F=A+U,

r7ie A — Marpulja Harpy3oK o0Imyx (hakTopoB.,

U — MaTpulia Harpy30K XapakTepHbIX (paKTOpOB.

OueBygHO, uTo MatpuLpl A U U nmetrot pasmep mMarpulipl F. Marpuiia A (a IMeHHO ee 4acTb
pasmMepoM m X I, OCTa/IbHasi Ke ee 4aCTb pa3MepoM m X m sIB/IsIeTCsl Hy/IeBOM) IOHUMaeTCsl Kak
Marpuija (haKTOpHOTO OTOOpaXkKeHUsl.

[MonHas gucTiepcysi epeMeHHO! CKJlaIbIBaeTCst U3 OOIIHOCTH hiz, 3HaueHHe KOTOPOU MeHblile MO0
paBHO 1 ¥ 03HaUaeT yacThb MOHOM AUCTIePCUM TTepeMeHHOM, TIPUX0/slelicsl Ha T/iaBHbIe (haKTOpHI,
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2
1 XapakKTepPHOCTH, 0003HauaeMoii Kak % , mpuxofsiteiics Ha XxapakTepHble (JaKTOPBI.

CnenoBaTe/ibHO,

u’ =1- h’.

YacTte pasmepoM m x r Matpulibl U siBAsieTCs HY/1eBOM, OCTa/IbHasI ee YacThb (pa3MepoM m X m)
TIpeZicTaB/IsieT CoOOM AMaroHaIbHYI0 MaTPHIly C KBaJJpaTHBIMHM KOPHSIMM M3 XapaKTePHOCTEeH Ha
I7IaBHOM JJaroHa/y, KOTOpPbIe yKe BBIUMC/IeHbI U3 00IHOCTel. TakuM 06pa3oM, MOXeT ObITh
orpefiesieHa Marputia U, a ciiefioBaTe/ibHO, U MaTpuiia F, ec/iu W3BeCcTHa MaTpulia A.

Vicrionb3yst BBe/IeHHYHO BbIlle OCHOBHYIO TeOpeMy /Jisl C/lydasi OpPTOTOHAIbHBIX (JaKTOPOB, MOYKHO
3arucaTh

R =FF"
Pa3sBepHyB BbIpakeHue, TI0JIyYUM:
R =R, + U?

rje R — koppensiijuoHHasi MaTpulia C eAMHULIAMU Ha T7IaBHOW /JharoHalIy,

Ry, — KOppesIlioHHas MaTpHIja C OOII[HOCTSAMMU Ha TJIaBHOM IMaroHaH, orpezesiseMast
BbIpa’KeHWEM

Ry, =AA’,

U? o3Hauaet UU'.

11.2.1.3. MNpobnema 06uHOCTH

[yist MeToa I71aBHBIX (DAKTOPOB MMeeT MeCTO rmpobsieMa OOIITHOCTH, TO eCTh Ha TVIaBHOW AWaroHaIu
KOPPEe/ISLIMOHHOW MaTpHIIbl, B OT/IMUKE OT METO/]a IVIaBHBIX KOMITIOHEHT, He00X0AUMO TTPOCTaBHTh
3HaueHHsI OOITHOCTeH, YTOOBI TTOTYUUTh KOPPEISALIMOHHYI0 MaTPHULLy Rj.
[To ompesienenuto, 0OLHOCTL — CyMMa KBaJpaToB (aKTOPHBIX Harpy3oK. OOL[HOCTh JaHHOM
riepeMeHHOM — Ta YacTh ee AUCIIePCHH, KoTopasi 00yc/ioBieHa o0myMu akTopaMu. JTO BhITEKAaeT
W3 MPe/TI0/I0KEeHUs], UTO TI0JIHasl AVCIIePCHst CKIaZbIBAeTCs U3 001Lel Aucriepcru, 00y CI0B/IeHHOM
00IIMMU [I71sI BCeX TlepeMeHHbIX (haKTOpaMH, a Takxke CrieliuUIHOM JUCTiepcru, 00yC/I0B/IeHHOM
(hakTOpaMu, CrielfuUUHBIMU TOJILKO ZIJ1s1 JAHHOW TIepeMEeHHOM, U JUCTIEpCHH, 00y C/IOB/IEHHON
orOKor. MBI pacCMaTpHBaeM TOTBKO METO/IbI, OTIEPUPYIOLIHe OOIITHOCTSIMHU, He TTPeBbIIA0INMU
eIUHULLY.
Penykuueli (peayLypoBaHrieM) KOPpesiLJMOHHOM MaTpULIbI B MeTO/le T/IaBHbIX (DAKTOPOB
Ha3bIBAeTCs MPOLIeCC 3aMeHbl eJMHUL] Ha [VIaBHOW JjMaroHa v KOPPe/siIfMOHHON MaTpULIbI
HEKOTOPLIMU BeJTMYMHAMH, Ha3bIBaeMbIMU OOIITHOCTSIMU. Be3 peayKiyu, To eCTh C eAIMHUIIAMU Ha
T7IaBHOM AAMaroHa/ I KOPPeSILIMOHHOM MaTPHLIbI, MbI ITO/Ty4aeM IITMPOKO M3BeCTHbIN KOMITOHEeHTHBIN
aHanu3 (MeTo/, I/IaBHbIX KOMITOHEHT).
Crnioco06bl OL[eHKU 00I[HOCTeH:

1. Cnocob HaubomblIiel KoppesiLyu.

2. Ko3bduipeHT MHOXKe CTBEHHOM KOPPEJISIIUU, TIPH 3TOM OOIIHOCTH BBIUYMC/ISIOTCS C

TIOMOILIbIO BbIPA)KEHUS

e
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I7le B 3HaMeHareJie CTOUT IMaroHa/bHbIN 371leMeHT MaTpHLibl, 00paTHOM K MaTpuiie R, ITOT MeTof,
O/IHAKO, OCJIOXKHSIETCS TeM, UTO MOJIyUeHHasi B pe3y/ibTaTe pelyKLMY KOppe/sil[MOHHasl MaTpulia
MOXKeT He sIBJISITbCsI MaTpuLiel ['pama. 3aMeHa ke MaroHa/IbHBIX U/IeHOB OLleHKaMy OOIIHOCTel
CUMTAETCs I0MYCTUMOM, TOJTBKO eC/TM COXPAaHSIFOTCS CBOMCTBa MaTpuiibl ['pama. HarmomauMm, uTo
OpMUTOBA MaTpHlia Ha3bIBaeTCs MO0KUTEBHO MoTyonpeaeneHHoNW (MaTpulieii I'pama), eciiu Bce
ee [VilaBHble MUHOPBI HEOTpULIaTe/IbHBI.

3. Cpegnue 1o CTOMOIy KOPPEIALMOHHONW MaTPHUIbI KOIPOHUITMEHTHI KOPPeSI|H.

4. Mertog Tpuaz,.

11.2.1.4. Npobnema hakTopos

Marpuiia ¢hakTOpHOTO 0TOOPaXkKeHHs1 OTIpe/iesisieTCs J7ist KOMITOHEHTHOTO aHa/lv3a Wi JIJisl MeToZa
T7IaBHBIX (PAKTOPOB MeTOZI0OM MHOXUTe el JlarpaHka (MakcuMu3atys GyHKI[UM, CBs3aHHasI C
JIOTIOJTHUTeTbHBIMU yCJIOBUSIMHU) U3 pellieHHs TPo06/ieMbl COOCTBEHHBIX 3HaU€HUM MaTpUIbl R vmm
Ry. 1715 IPOCTOTHI 3aMMCU 3HAYOK h /lajiee oryckaem, uMesi B BUAy R wiu R;, B 3aBUCUMOCTH OT
TIpUMeHsIeMOl Pa3HOBHUHOCTH MeTo/ia (haKTOPHOTO aHa/k3a.

dakTophI IPONOPLIMOHAIBHBI COOCTBEHHBIM BeKTOpaM Matpuiibl R. CTaHgapTHast mpobieMa
CcOOCTBeHHBIX 3HaUeHUM MaTPUIlbl R 3arvchiBaeTCs B BU/IE:

(R—AI) =0,

rae A, [ = 1,2,...,m — l-e cobcTBeHHOe 3HaUeHHe MaTpHIbI R,

[ — HOMep cOOCTBEHHOTO 3HAUEHMSI.

Pe3synbratoM pacueta OyzeT MaTpuiia (pakTOpHOTO OTOOpa>keHust A pa3MepoM m X r, m —
KOJTMUECTBO TlepeMeHHbBIX (BEKTOPOB JJaHHbIX), I, I' < M — KOJTMUeCTBO BbI/|e/IeHHbIX (DaKTOPOB.
[aHHast MaTpuija COCTOUT U3 37IeMeHTOB (BEeKTOPOB AJiuHON m) a;, | = 1,2,....,r; r <m —
COOTBETCTBYIOIIUX |-My COOCTBEHHOMY 3HAUE€HHIO COOCTBEHHBIX BEKTOPOB MaTpHIIbI R.

3ajiaua yrmpolaeTcs TeM, UTo MaTpuiia R siB/isieTCsl JeMCTBUTEIbHOM U CUMMeTPHUYeCKOM, TI03TOMY
JUTs peltieHnst Ipo6ieMbl COOCTBEHHBIX 3HAUEHU TIPUMEHUMBI XOPOIIO pa3paboTaHHbIe

3¢ deKTUBHbIE YCTOWUMBBIE a/ITOPUTMBI.

11.2.1.5. '3amepeHune chakTopoBs

OrleHKa 3HaueHHH (aKTOpOB (Tak Ha3bIBaeMoe M3MepeHue (PaKTOPOB) He SIBSIETCS He0OX0AUMOM
[UIsl UHTePIIpeTaliy pe3y/bTaToB MpoLeAypoil. OCTaHOBUMCS Ha Hel /IJIsl TIOJTHOThI U3/IOKeHUSI.
Crioco0 M3MepeHust IJIaBHbIX KOMITOHEHT OCHOBAH Ha IPUMEHeHUH OCHOBHOM Mozie/i (haKTOPHOTO
aHasm3a:

Z = AP.

YMHOXUB 00e uacTy paBeHCTBa Ha A', a 3aTeM Ha (A'A)’, moTyuYum

P=A"Z,

roe A" — MaTpuiia, oripe/esisieMasi 1o Gpopmyrie

A"=(AA)A"

Criocob n3MepeHus I71aBHBIX (DaKTOPOB OCHOBaH MHOKeCTBEHHOM PerpeCcCHOHHOM aHajm3e (CM.
rnaBy «Pacrio3HaBaHUe 00pa3oB C 00yueHUeM» ).
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11.2.2. MeToa, MakcuMyma npaBgonoaoouns

B (akTOopHOM aHanM3e MoXKeT IPUMEHSITbCSI MeTO/], MaKCHUMyMa MpaBornof00us (MeToz
MaKCUMasbHOTO TpaBaorooous Jloymu, maximum-likelihood solution). B MeToze makcumyma
TIPaBZOIOA00Us B KaueCTBe UCXOAHOTO 1eMeHTa aHa/li3a MOXKeT ObITh UCI0J/Ib30BaHa
KOpPpeJIILIMOHHAsA, HO He UCIIepCUOHHO—KOBapral[OHHasi MaTpHULia, XOTsI Mbl ITpe/j0CTaBUINA
T10J1b30BaTe/IIM BO3MOKHOCTb MO3KCIIePUMEHTUPOBATh.

OueHka 00IIHOCTeH 10 MPUMeHeHHsT MeTo/la He TIPOM3BOJMTCS — eCJTM UCC/IeJOBaTe/lb OTMETHUT
JAHHYIO OTILIO, JTall PeAyLUPOBaHUsl KOPPeILIMOHHOW MaTpHIIbl Oy/ieT MPOUTrHOPHPOBaH.
OOIIHOCTH HaXOAATCS B pe3y/bTare BHIUMC/IEHUH U3 yCIOBUS TTOTHOM BOCIIPOM3BOAUMOCTH, C
TOYHOCTBIO [I0 OIIMOKK BEIUMC/IEHUH, pelyIIUpOBaHHON KOPPeJISIMOHHON MaTpHIIbl (He MyTaTh C
BOCIIPOM3BOAMMOCTBIO0 MaTPHL{bl UCXOJHBIX JaHHBIX!), TpUUeM NpoLecC peAyKLUU U COCTaB/IsIeT
eCTh UTepaLjMOHHOrO TpoLiecca MeToja. B 3ToM 3ak/rouyaeTcsi 0CHOBHOe MPeMMYILeCTBO MeTOZ,a
MaKCHMyMa TIpaBoIIo[00us Tiepe/; MeTO/[OM IVIaBHBIX (PaKTOPOB.

Bce ocHOBHBIe BBIK/Ia[JKW pacCMaTpUBaeMOro MeTo/ia BbIO/IHeHb! JIoynn, OHaKo Mbl jaiuM
OCHOBHBIE 111aT! aArOpyUTMa TaK, KaK OHHU IpeJCTaB/ieHbl XapMaHOM:

1. MeTomoM r7IaBHBIX KOMIIOHEHT BBIUMC/ISIETCS MaTpHlja (PaKTOPHOTO OTOOpaXkeHust
(YzeprkvBaroTCs 3a/jlaHHOe T10J1b30BaTe/IeM KOJIMUeCTBO IVIaBHBIX KOMITIOHEHT), KOTOpasi B
cxeMe ajroputMa ob60o3HaueHa A, TIPUUEM UHZEKC UMeeT CMbIC/T TOJIBKO yA0OHOTO
0003HaueHUsT MAaTPULIbI B UT€PAL[IOHHOM TIpOLIecce.

2. BbrumcsisieTcs AuaroHasibHas Matpuiia xapakrepHocreid D2 = diag(l — Ai-Ai_w"), rae i =
1,2,... HoMep uTepauuy, I — eMHAYHAS MaTPULIa.

3. Brouncaserca matpuua Ji iy = Ai_»'Di*A;_ v, IpeiBapUTe/IbHO MaTpHULia XapaKTepHOCTeil
obOparriaetcs.

4. BeruncnsieTcs quaroHanbHas Matpuiia J; = Q;'Ji.Q;, IpuMeHsis MeToZ, BpaitieHus SIkobwu, rie

Qi — marpulLia BpaleHus.
BoiuncnsieTcsi haktopHasi MaTpulia A; = Ai- Q..

6. Bblunc/sieTcs Cieyrolee npro/mKeHre MaTpuiibl (pakKTOpHOro oToOpaxkenus A; .= (RD;?
— DAJ, npegBapuTensHO Matpuria J; o0palraeTcs.

7. VlTeparyuy MOBTOPSIFOTCs, HAUMHAS C II1ara 2, TIoKa He OyZieT BBITIOTHEHO YC/IOBUE |A; 41— A;_
| < €, Tle € — 3apaHee 3a/laHHOe MaJloe TI0JIOKUTe/IbHOe UMciio, Hanpumep, 0,001.

Eciu 3agath uncio GpakTopoB paBHBIM YKCITy TTapaMeTPOB, TO OLEHKH OOIIHOCTH OyAyT COBIa/aTh
C OOIIHOCTSIMU HepeAyLMPOBAHHOM KOPPeSILIMOHHON MaTpHIbl, TO eCTh OyAyT paBHbI eUHMULIE. 3a
CueT UTepaLIOHHOTO TI0100pa 00IHOCTeH /Tt000e 3a/JaHHOe TI0/Tb30BaTe/ieM YHCI0 (haKTOPOB
o0ecrieunT TMoTHOe BhiZiesieHre AucTiepcuii. MakcuMabHOe YHC/IO yAep>KUBaeMbIX (DaKTOPOB
MO>KHO TIPUOTM3UTE/TBHO YCTaHOBUTH U3 aHa/IM3a TIPOLIeHTA AUCTIEPCUU [Tt KaXKI0ro (hakTopa.
OCHOBHOM He/JOCTaTOK pacCMaTpUBaeMOro MeTo/ja — HEYCTOMUMBOCTD K JaHHBIM, COZeprKalliiM
COBTA/IAIOII[Me WK JIMHEHHO 3aBUCHMbIe BEIOOPKH (KOJI/TMHEeapHble BEKTOPa MCXOAHBIX JaHHBIX). C
TOYKH 3PeHUs] MHOTOMEPHOM CTaTUCTUKHU (B ILIMPOKOM CMBIC/Ie) TIpobieMa 3aK/HouaeTcsi B TOM, UTO
B [IJAHHOM CJly4ae, la)ke eC/IM UCXOZHbIE JaHHbIe [T0Ka3bIBalOT MHOIOMEPHOE HOPMaJIbHOe
pacripeiesieHue (CM. T71aBy «IIpoBepKa HOpMa/JIbHOCTU PacIipeZiesieHNsi» ), OHO Oyzet
BBIDOKZEeHHBIM. C TOUKM 3peHust aKTOPHOTO aHasm3a (B Y3KOM CMbIC/IE), Oy/ieT BBIPOXKIAeHHOH
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MaTpulia XapakTepHocTel. Bpsiz i1 MOXXHO n36e)XaTh YMC/IeHHON HeYyCTOMYMBOCTH B JAHHOM
C/lyyae /10 TOTO, Kak OyzieT ycTpaHeHa My/IbTHKO/UTMHeapHOCTh. OO0 ncciiejoBaHUN
MY/IETUKOJIZTMHeAPHOCTU PAcCKa3aHO B OJHOMMEHHOM pa3jiesie T/1aBbl «MaTpruuHasi ¥ InHelHast
anrebpa».

CwMm. ucrounuku: Jlonr (Dong) u ge JIbto (de Leeuw).

11.2.3. NMpob6nema BpaleHuUs

Ocu KoopiMHAT, COOTBETCTBYHOIIIME BblZle/IeHHbIM (pakTOpaM, OPTOrOHaJ/IbHBI, U MX HarlpaB/leHus
yCTaHaBJ/IMBAaOTCS NOC/Ie[0BaTe/bHO, 10 MaKCUMYMy OCTaBlueucs gucrepcud. Ho nosmydeHHsle
KOOpZMHAaTHbIe 0CH 00JIbllIel YacTbi0 COoZiepyKaTesIbHO He UHTepIipeTHpytoTcs. [ToaToMy mosyyaroT
OoJsiee pe/IMIOUTHTETBHOE TIONIO)KEHHE CUCTeMbI KOOPAWHAT MyTeM BpallleHHsI TOW CUCTeMbI BOKPYT
ee Hayasia. [IpocTpaHcTBeHHast KOH(UTrypaL|si BEKTOPOB B pe3y/bTare IPUMeHeHUs 3TOU
IIpOLielyPbI OCTaeTC sl Heu3MeHHOU. Lenbro BpalljeHus SB/IsieTCs Hax0KeHre OfHOU U3 BO3MOXKHBIX
CUCTeM KOOPZMHAT Ji/1s1 T0JIyYeHHsl TaK Ha3bIBaeMOW MPOCTOMN (PaKTOPHOM CTPYKTYphL. IIpriMeHstoT
Metoz, BpaijeHuss VARIMAX.
Pe3ynibTaToM pacuera siB/isieTCst MaTpuiia (haKTOPHOTO 0TOOpaXKeHUsI A pa3MepoM m X r, m —
KO/TMYEeCTBO TMepeMeHHBIX (BEKTOPOB [JaHHBIX), I, I' < M — KOJIMUeCTBO Bbl/|e/IeHHbIX (DaKTOPOB.
[aHHasi MaTpulija COCTOUT U3 37IeMeHTOB (BEeKTOPOB AJiuHOM m) a;, | = 1,2,....,r; r <m —
COOTBETCTBYIOIL[MX [-My COOCTBEHHOMY 3HaueHHIO0 COOCTBEHHBIX BEKTOPOB MaTpHLibl R. B
JaMbHENIINX paccykaeHusx bosee y00HbIM 0003HauUeHWEM /1IeMEeHTOB MaTpPUIIbI (haKTOPHOTO
oToOpakeHus1 OyzieT mossieMeHTHas 3aruch ay, i = 1,2,....m; j = 1,2,....r.
Metozn VARIMAX BbINO/THSIET OPTOrOHAIbHOE BpalljeHHe MaTpULbl ()aKTOPHOTO 0TOOpaXKeHwsl,
yTOOBI YZIOB/IETBOPUTE BhIpayKeHHe (HOpMaslbHbIN Kputepuid Kaiizepa, BApUMakC—KpUTEPUiA)

s i a% ? us a% ’
VZZmZh—g -Zh—’é — max,

=1 j = i i=l i
rae aj, i = 1,2,...,m; j = 1,2,...,r — (paKTOpHbIE Harpy3KH,
hiz’i =1.2,..m, _ CcyMMapHas (pakTopHas Harpy3Ka, BbIuMc/semas 1o opmysie

)

P
hl.2 ZZa;,i =1,2,...,m.

j =1

PesynsraTrom pabotel MeToga VARIMAX OyzieT Tak Ha3biBaemasi IIoBepHyTast MaTpuija (hakTopHOTro
0TOOpakKeHusi, OTVINYAIOIIASICS OT UCXOJHOM MPOCTPAHCTBEHHOM KOH(UTyparuy repeMeHHbIX B
TIPOCTPAHCTBe BbI/le/IEHHBIX (DAKTOPOB TEM, UTO «T'PO3/bs» TOUEK, OMMMChIBAEMbIX MaTpULieH, OyayT
pacriosnararbcsi 6/vke K 0CsiM (haKTOPHOTO ITPOCTPAHCTBA, COXPaHsisi CBOe B3aMHOe
pacnosiokeHue. CunuTaeTcs, YTO Takoe BpallleHre [IoMoraeT y/Iy4lluTb UHTepPIIPeTUPyeMOoCThb
peleHusl.

[MoapobHoe ormicanue Metoza VARIMAX riprBOAWTCS B TT€PBOM BbITTyCKe « COOPHUKA HayYHBIX
nporpamMMm Ha ®optpaHe» 1 B MmoHorpaguu XapmaHa. Metog, VARIMAX nipuMeHsieTCsl Takke B
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MHOTOMEPHOM LIIKa/TMPOBaHUH, TIPeZICTaB/IeHHOM B OAHOMMEHHOM I71aBe, B TOM CMBICJIe, UTO PeUb
TaM UZIeT He O MPOCTPaHCTBe (PAaKTOPOB, a O TIPOCTPAHCTBE LIKAaJI.

11.2.4. Kputepun MmakCMMasibHOro uncna pakropos

Cy1iecTByeT HECKO/IBKO KPUTEPHUEB OLIeHKW MaKCHUMasbHOIO YMCJ/a yZep>KUBaeMbIX (3HaUMMBbIX)
(hakTOpoB. DD PeKTHBHBIE KDUTEPUH, OCHOBAHHBIE HA BeJIMUMHE COOCTBEHHBIX 3HAUEHUH
KOPPeJIILIMOHHOM MaTpULibl, B KOHEUHOM CueTe, IIPUBOAAT K aHa/IM3y NPOLIeHTa AUCIIePCUH,
BbIJIe/IeHHOW (akTopamu. Bce o01ijue (hakToOphbl, UUCI0 KOTOPBIX PABHO YHCITy TapaMeTpOB,
Bogenst0T 100% aucriepcuu. [laHHOe yTBep>K/ieHUe CIIpaBeZJIMBO /11 BCeX MeTOJ0B (haKTOPHOI'O
aHa/m3a. Ecim cymMa 1ipoLieHToB gucrniepcuu npesbliaeT BeaMurHy 100%, To 3T0 03HavyaeT: 1pu
BBIYMC/IEHUM COOCTBEHHBIX 3HaU€HUH KOPPEe/ISILIMOHHON MaTpHLIbI ObUIN MOJ/Ty4YeHbl OTPHULaTe/IbHbIe
coOCTBeHHbIE 3HAUYEHUSI U, KaK CJIe/[CTBUEe, KOMIIEKCHbIE COOCTBEHHBIE BEKTOPA, UTO MOXKET
03HauyaTb HEKOPPEKTHYIO PefyKL1I0 UCXOLHOW KOPPeJIILIMOHHON MaTpHLbL.

11.2.4.1. AgekBaTHOCTb MeTofa rnaBHbIX (pakTopoB

115 MeToJ0B CceMeliCTBa I71aBHbIX (PAKTOPOB MaKCHMMa/bHOE YHUC/IO0 yAep>KUBaeMbIX (PaKTOPOB
MO>KHO TIPUO/IM3WTE/TFHO YCTaHOBUTh M3 aHa/IM3a TPOLIeHTa IMCTIePCHH, BbIJaBaeMoM [I/ist KayKZ0To
(bakTopa. Pe3stoMupys ckazaHHOe, peKOMeH/yeM TaKoM MOPSA0K JeNCTBUM:
*  CHaua’sa MoJib30BaTesIb IPOBOJIUT «Pa3Be/lOYHbI» (DaKTOPHBIN aHaMM3 06e3 yKa3aHHs
MaKCHMa/IbHOI'O YMC/la (pakToOpoB,
* 3aTeM I10 BeJIMUYMHE [JUCIIEPCUH PUOIM3UTE/TFHO OLleHUBaeT Heo0X0qUMOoe YK CIIo
(hakTOpOB,
* 3a/aBas yMc/I0 (DaKTOPOB, MPOBOAUT MOBTOPHBINM aHa/IN3, UCII0/Ib3Ysl ero pe3y/ibTaThl Kak
OKOHYaTeJbHBbIE.

11.2.4.2. 3Ha4MMOCTb Yncna pakTopos MeToga MakcMmyma npasgonogobus

711 MeTo/la MaKCUMYyMa TPaBOIIO[00MS C 1[e/IbI0 OLIEHKU 3HAUMMOCTH UHC/Ia BbIe/IeHHBIX
(hakTOpOB TIpe/IJIO’KeH KPUTEPHI YU/TKCA, CTATUCTHKA KOTOPOTO BBIUKC/ISETCS 110 hopMyie:
U, =n lnﬂ,

| R, |
rje |R| — oripesiesiviTe/Tb KOPPeISILMOHHON MaTPULIbl C eIMHUIIAMU Ha TJIaBHOM /IMaroHasIy,
|Ry| — omipefiesTuTe NTh KOPPEJISIIMOHHON MaTPHULIBI C OOIIHOCTSMH Ha T/IaBHOM /IaroHasIy,
N — KOJIMYeCTBO UHAUBHUAYYMOB (3/1EMEHTOB OJJHOTO BEKTOpA).
V3—3a HeOOXOAMMOCTH 3HaHUS KOJIMUECTBA MHUBUIYYMOB CTaTUCTHKA YH/IKCA BBIUMC/ISIETCS
TOJILKO B TOM C/Ty4ae, eC/TM UCXO/HbIe JaHHbIe TIPeCTAB/ISAIOT OO0 MmepBHUYHbBIE BEIOOPKH, a He
3apaHee BbIYMC/IEHHYIO KOPPeSIIMOHHYI0 MaTpUILY.
PacripeiesieHre CTaTUCTUKUA YHUTKCA TPH OOJIBIITMX 3HAUEHUSIX N CTPEMUTCS K pacIipe/ieIeHHIo X2 C
YKCJIOM CTereHel CBOOO/Ibl, paBHOM
v=[(m-r2+m-r]/2,
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rJie m — KOJInueCTBO TlepeMeHHbIX (BeKTOPOB /IaHHBIX ),

r, r < m — KOJIMYeCTBO BbiZIeJIeHHBIX (WM Ha3HaUeHHbBIX M0/Ib30BaTesieM) haKTOpOB.

Kputepuii Yuikca mpuMeHsIeTCs TaK)Ke B MeTOZle MUHUMAJ/IbHBIX OCTaTKOB, IMOJPOOHO OMMCAaHHOM
XapMaHOM.

naBa 12. KnactepHbi aHanns3

12.1. BBegeHue

PaccmarprBaroTCsi MeTOZBI K/IaCTEPHOTO aHa/M3a, OTHOCSIIHMEeCs K KaTerOPHUM MeTO/IOB 00yueHust
6e3 yuuTesisi (aBTOMaTHUeCKOM K/1aCCU(DUKALUH).

12.2. TeopeTnyeckoe o60cHoBaHue

MeToaMH K/ITaCTEpHOTO aHa/IM3a pellaeTcs 3a/1aua pa3orenus (Knaccu(HKaruu, KiacTepr3ariin)
MHOXXeCTBa 00BEKTOB, UTOOBI BCe 00BEKTHI, TPUHAJIEXAIIe OJHOMY KacTepy (K/accy, TPyTIIe)
ObuTH GOoJTee TTOXOXKH JIPYT Ha /IpyTa, ueM Ha 00beKThI APYTUX KaacTepoB. B oTeuecTBeHHOM
JUTepaType CHHOHUMOM TepMHHA «K/IaCTepHBIM aHau3» SIBJISeTCS TEPMUH «TaKCOHOMUs». B
WHOCTPAHHOU JIUTepaType Tof, TAKCOHOMUEH TPaIMIMOHHO TTOHUMAaeTC st K/lacCU(UKaI[|s BUJIOB
>KUBOTHBIX U PACTEeHUH.
Hamu paccMaTpuBarOTCs CIeAyIOIIe MeTO/Ibl KJITaCTePHOTO aHa/In3a:
* lepapxuuecKkrie MeTO/bI:
* MeToJ, cpefHeli cBsA3u KuHra,
* MeToOZ Yopza.
* VTepaTvBHBIE METOABI IPYTIITUPOBKH:
* Mmetof k—cpeguux Mak—KyuHa.
KnaccudurppyeMbiMy MOTYT OBITh Kak TIapaMeTphbl, TaK U 00beKThI, TIO3TOMY TI0 XOZY U3/I0KEeHHUSI
Tam, TJe WIeT peub O KlacCU(pUKALMH 00LEKTOB, BIIOIHE MO>KHO FTOBOPHThH O K/IaCCU(UKALIAN
rapaMeTpoB, U HA0O0POT.
MephbI pa3uuust HaK/IaZbIBalOT XKeCTKHe OrpaHUUeHUst Ha TIPUMeHsieMble MeTO/[bI K/IaCTePHOTO
aHanu3a:
*  MeTOj CcpefHel CBsi3u KUHra MO>KHO TTPUMEHSITh [I7Is TPU3HAKOB JIFOOBIX THIIOB:
KOJ/TMUe CTBEHHBIX, MOPSAKOBBIX, HOMUHA/IbHBIX (KaK YaCTHBIN C/Tyuail — SKCIIepTHBIX
PaH>KUPOBOK) U CMelllaHHBIX TIPU3HAKOB
* MeTOZ Yop/ia MO>KHO TIPUMEHSITh TOJIBKO [I7Isl KOJTUe CTBEHHBIX TIPHU3HAKOB, T. K. B €70 CXeMe
TIPUMEHSIETCSI TOJIBKO €BKJ/IMJI0OBO PACCTOSIHUE
* Metop k—cpeaHux Mak—KyrHa MOXXHO ITPUMEHSITh TOJIBKO /IJIs1 KOJINUe CTBEHHBIX TTPU3HAKOB.
1711 ¥icTio/ib30BaHUs MeTO/Ia C 11eJ1bI0 K/lacCU(UKaLMY JAHHBIX B ITIKaIaX, OTIMYHON OT
KO/TMUeCTBeHHOU, TpebyeTcst MoaudUKaius MeToza.
[TpumeHsist popmanbHO MeTO/], He COOTBETCTBYIOLUHM TUIY AAHHBIX, TIO/Tb30BaTe/Tb PUCKYeT
TIOJTYYUTD Pe3y/IbTaThl, TUILIEHHbIE CMBIC/IA.
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12.2.1. Mepbl pasnnyus

Bubl Mcrosnib3yeMbixX B K/IaCTEPHOM aHaslv3e Mep CXO/ICTBAa U pa3/nuus MepeKInKarTcs C
(dunocodckoil JUIEeMMOI: «HUIIUTe CXOCTBO» WU «UILKTE pa3inune». Mepbl fjis K/1aCTePHOTO
aHa/iM3a MOTYT OBITh CJ/IeIVIOIIUX BUJOB:

* Mepa cxozcTBa TUMA paccTossHUs ((PyHKLMK PacCTOsTHYSA), Ha3biBaeMasi Takke Mepoit
pa3nuurs. B 3ToM ciiydae 00beKThbl CUMTAIOTCS TeM OoJiee TIOXOXKUMH, UeM MeHbIIIe
paccTossHWe MeXXly HUMH, ITI03TOMY HEKOTOpble aBTOPbI Ha3bIBAKOT Mephl CXO/CTBa TUIIA
pacCTOsSIHUSI MepaMu pa3ninuusi. [1pu omnpeziesieHHBbIX YCIOBUSIX aHHasi Mepa Oyzet
MeTPUKOM.

* Mepa cxopacTBa TUMNa KOppesLvY, Ha3biBaemasi CBSI3bl0, SIBISIETCSI MEPOM, OMpeestoleit
TIOX0XKeCTh 00BEKTOB. B 3TOM C/Tyuae 00beKThI CUUTAIOTCSI TeM D0jiee TIOXOKUMU, UeM
OosibIlie CBSI3b MKy HUMU. JlaHHBIe Mephl C MIOMOIIIBIO /IeMeHTapHbIX TIpeobpa3oBaHUiA
MOTYT OBITh CBe/IeHbI K MepaM CXO/ICTBA THIIA PAaCCTOSTHUS C L[eJIbI0 eMH000pa3usl.

[TpuMeHSIOTCSI Mephl pa3/inuKs, B 3aBUCMMOCTH OT MPUHA/IJIEXXHOCTH NTapaMeTPOB, OMUCHIBAOIINX
00OBEKTBI B Pa3/TMUHBIX LITKa/ax U3MEPeHUSI:

1. /s KOTMYeCTBeHHBIX TTPU3HAKOB:

*  eBK/IMJI0OBO PacCTOSIHUE
* MaHXeTTeHCKOe pacCTOsIHUe,
*  CynmpeMyM—HODMa,
* paccrosiHie MaxanaHobOuca,
* paccrosinve [IupcoHa,
2. [71s1 IOPSIAKOBBIX MPH3HAKOB:
* paccrosiHve CiMpMaHa,
* paccrosinve KeHpasna,
3. /i1 HOMUHAIbHBIX TTPU3HAKOB:
* paccrosinve 7Kakkapa,
* paccrosinve Paccena—Pao,
* paccrosinve bpaBaiica,
* paccrosinve FOna,
4. [7sl CMellaHHBIX U MPOU3BOJIbHBIX JaHHBIX:
*  pacCTOsiHHe OTHOLIEHUH.
PaccMoTpeHHBIMH MepaMy MOTYT OTNIePUPOBATh Pa3/IMyHble METO/bI KJIaCTePHOT0 aHa/ln3a.
Cnepnyert, oHaKO, TOHMMaTh, YTO MepbI pa3/InuMs HaK/IaJblBaloT )KeCTKHe OrpaHUYeHUs Ha
TIpUMeHsieMble MeTO/Ibl K/IaCTePHOT'O aHaIn3a:

* [l IpU3HAKOB JTFOOBIX THITOB: KOJIMUECTBEHHBIX, TIOPS/IKOBBIX, HOMUHA/IbHBIX (KaK
YaCTHBIN C/lyyald — S9KCIIePTHBIX PAH)KUPOBOK) U CMeIIaHHbIX MOXKHO MIPUMEHSITh METO
cpenHel cBsi3u KuHra.

@ o @ Copyright © 2017 Igor Gaidyshev



(

@ The ME.com

*  TosbKO /1J151 KO/IMYeCTBEeHHbIX [TPU3HAKOB MOKHO IIPUMeHSTh MeTo/, k—cpeqHnx Mak—
Kyuna. [171s1 ucriosib30BaHMsl MeTO/a C 1ie/bl0 KaacCU(UKalMK JaHHBIX B LIKanax, OTTUYHON
OT KOJTMUeCTBEHHOM, TpebyeTcst MogubHKaI1s MeTo/a.
* Tonbko A1 KOMMUECTBEHHBIX IPU3HAKOB MOKHO NTPUMEHSTh MeTOZ, YOp/a, T. K. B €r0 cxeme
NIPUMeHSIeTCsl TOIBKO eBKJ/IU/I0BO PACCTOSTHUE.
[TpumeHsist popManbHO METO/, He COOTBETCTBYIOLLMI TUIY JAHHBIX, [10/1b30BaTe/Ib PUCKYeT
TIOJTYYUTh pe3y/IbTaThl, JULLIEHHbIE CMbIC/IA.
Mepa cxofcTBa TWIIa pacCTOSIHMSL Ha3bIBAETCS] METPUKOH, eC/IM OHA Y 0BJIeTBOPSIeT OIpe/ie/IeHHbIM
YCJIOBUSIM:
*  CHMMeTpHH,
*  HepaBeHCTBY TPeyroJibHUKa,
*  DPa3IMUMUMOCTU HETOX/eCTBEHHBIX OOBEKTOB,
*  Hepas/INYMMOCTH TOX/eCTBEHHbIX 0OBHEKTOB.
TepMuH «MeTpUKa» CiefyeT UCTO0/Ib30BaTh C YUETOM JIaHHBIX YC/IOBUMU.

12.2.1. EBKIMO0OBO paccTtosHne

Haubornee o611ieit Mepoii siB/isieTcsi MeTpUKa MUHKOBCKOTO

e Xij, Xjk, K = 1,2,...,n — BELIDOPOUHBIE COBOKYITHOCTH i U j, COOTBETCTBEHHO,

N — YUC/IEHHOCTh KaXKI0H BBIOODKH.

Ecmu B MmeTprKe MUHKOBCKOTO TTOJIOXKUTh I' = 2, Mbl TIOJIyYUM CTaHAAPTHOE eBK/IWJ0BO paCCTOSTHUE
(eBK/IMZIOBY METPUKY)

12.2.1.2. MaHXeTTeHCKOe paccTosHue

[Tpu r = 1 meTprKa MUHKOBCKOTO /lJaeT MaHXeTTeHCKOe paccTosiHie (MeTPUKY Topoja, city block,
Manhattan distance)

n
dij :Z‘xik T X
k=

/e Xij, Xjk, k = 1,2,...,n — BLIDOPOUYHbIE COBOKYITHOCTH i U j, COOTBETCTBEHHO,
N — YACTIEHHOCTh KaXK/10M BHIOOPKHU.

b

12.2.1.3. CynpeMymM—Hopma

[Tpu r — oo MeTprKa MHHKOBCKOTO /laeT METPUKY JJOMUHUPOBAHUS
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Jk =12,....n,

d; zml?x‘xik - X,

e Xij, Xjk, K = 1,2,...,n — BLIDOPOUHBIE COBOKYITHOCTH i U j, COOTBETCTBEHHO,
N — YUC/IEHHOCTh KaXKI0H BBIOOPKH.
YTO COBIIA/IaeT C CYTIpeMyM—HOPMOU (0o—HOPMOIA)

Jk =1,2,...,n.

d; :supuxik - Xy

12.2.1.4. PaccTtosaHne MaxanaHobuca

17151 pa3/MUHBIX KOBapUaLlMOHHBIX MaTpUL] B C/lyyae MPOX3BOJILHOTO pacrnpezeseHus A1uBepreHys,
OL|eHMBaIOIL{asi pacXOXKeHe MeX/y CTaTUCTUUeCKUMU pacripe/ie/leHUsIMU [ 1 j, BbIpakaeTcst
dhopmynoi
— p;(x)
J; = ﬂpi(x)- pj(x)]ln—dx.
X p_j (x)
WHaue fuBepreH1ys Ha3bIBaeTCs MOHOW cpefiHell MH(OPMAaLMOHHOM Mepo pa3mnuus AByX

KJIaCCOB WU/, O0Jiee KOPOTKO, CpeiHel pa3inuaroliei nHdopmariyei.
[TpakTUYeCKH JUBEPIeHI|s MOXKET ObITh BBIUKC/IEHA TI0 (hopMyJie

7, =tale - e Xer- e e tal e Xon, - m Yo, - m ),
2 J J 2 J J J

rae °/ — AUCIIepCHOHHO—KOBapUaLIMOHHbIE MaTPULIbI COBOKYTTHOCTeMH i U j,

m;,m

/ — BeKTopa Cpe/JHUX COBOKYITHOCTeH i U j.

Mepa MaxanaHobuca (paccrosinue MaxanoHo6uca, 06061eHHOe EBK/M0BO paccTosiHue,
000011IeHHOEe PacCTOsTHYE) SIB/ISIETCS TUBEPreHLIel B TIPe/TIoI0KeHNH, UTO KOBapHALMOHHbIE
MaTpHL{bl KIaCCOB PaBHbI

¢ =C; =23,

a MHOTOMepHasi COBOKYITHOCTb [TOJUMHSIeTCS] MHOTOMEDHOMY HOPMa/IbHOMY pacripe/ie/ieHHIO.
CooTBeTCTBHE COBOKYITHOCTH MHOTOMEPHOMY HOPMa/IbHOMY pacIipeZie/ieHHI0 MOXKeT ObITh
TIPOTECTUPOBAHO C TIOMOIL[bI0 METO/IOB I71aBbl «IIpoBepKa HOPMaIbHOCTH pacripe/eieHus», a
PaBeHCTBO KOBapHALIMOHHBIX MaTPUL] — C TIOMOIIbI0 METOZOB I7IaBbI «/[HCTIePCHOHHBIN aHATH3».
YKa3zaHHble yC/I0BYSI HaK/1a/JbIBalOT OrpaHUYeHus! Ha TPUMeHeHre paccMaTpyBaeMoil Mepbl
Pa3IMuMsi, YTO YacTO OLIMOOYHO He PUHUMAEeTCS BO BHUMaHKe MCC/Ie0BaTesIs MU, HO
HECOMHEHHO, [I0/DKHO YUUTHIBAThCs B MPaKTHUeCKUX pacueTax. [Tocse go/mKHBIX Tpeobpa3oBaHuii
noyurm, 4to Mepa MaxanaHoOrca BEIUMC/ISIETCST KaK

dy. :(Xl. - X].)’Z_l(Xi - X‘j),

e X — ob1jasi BHyTPUTPYIITIOBasi AUCIIepCUOHHO—KOBapHal[MOHHAasi MaTpHIia.
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12.2.1.5. PacctosiHne lNnpcoHa

KosddurmeHT koppesisiijuoHHOTo oTHOIeHus [TnpcoHa (ko3hduiieHT Koppesiijiuy, BLIOOPOUYHbII
K03 duLeHT KoppessLuy, Ko3dduiueHT Koppensuuu bpasaiica—[TupcoHa) usmepsiet cuny
JIUHEWHOM KOpPeJISILIMOHHOM CBSI3U KO/TMYeCTBeHHBIX MPH3HaKoB. KoadduiiveHT Koppensiun
BBIUUC/ISIETCS TI0 hopMyJie

Zn:(xi'fxyi'y)
Zn‘(xi'f)z Zn'(yi')_’)z’

rae rae X;, Vi, i = 1,2,...,n — BLIDOPOUHbIE COBOKYITHOCTH i M j, COOTBETCTBEHHO,

%Y _ cooTBeTcTBYyIOIMe BLIGOPOUHBIE CPejHUE 3HAUCHNS,

N — YUC/IEHHOCTh KaXKI0H BBIOODKH.

HUcnonb3oBaHue Ko3dduiieHTa Koppessiliiy B KaueCTBe Mephbl CBSI3U ONPaB/,aHO JIUIIb TOI/a, KOrja
COBMeCTHOE pacripe/iesieHre Mapbl IPU3HAKOB HOPMaJIbHO WK TIPUO/IM)KEHHO HOPMaJslbHO.
Paccrosinue ITvpcoHa Kak Mepa CX0[CTBa MOXKeT OBbITh I0/IyYeHO U3 PaCCMOTPEHHOT0
K03((u1LeHTa MyTeM OTHATHUS OT eUHHULIbL.

12.2.1.6. PaccTtosiHne CnupmaHa

[Toka3aresib paHroBoi Koppesisiiuu CriMpMaHa (ToKa3atesb Koppessiiiui paHroB CriMpMaHa,

KO3 PULIMEHT KOppesisiliii PaHroB, Ko3dduiiveHT Koppensiuu CrupMaHa, Ko3phUiiueHT
paHroBOM Koppessiiiuu p, Spearman rank correlation) nmpumeHsieTcsi B c/iyuae, eC/IM U3ydaeTcst
JIUHeWHast CBsI3b MEeXKYy PsZlaMU, TIpeJiCTaBIeHHbIMU B KOJIMUeCTBEHHOW WU TIOPSTKOBOM I1IKaJie.
[TpakTHYeCKH MpU aHaJli3e KOM4YeCTBeHHBIX MPU3HAKOB MPUMeHSTh TIoKa3aTtesib CrTupMIHa BMECTO
K03 puieHTa KOppesIsLIMOHHOTO OTHOILlIeHus: [TupcoHa He c/ieflyeT, TaK Kak IPU ero BLIYUCIeHUU
TIPOMCXO/IUT TOHWKeHNe KOM4YeCTBeHHOM IIKaJIbl 0 MOPsiKOBOM. [ToaToMy HanboJiee IIMpPOKOe
rpuMeHeHuUe TNoKa3aTesib CriMpMaHa Halllesl TPy aHaju3e KOppeJsiliuU MOPsi/IKOBbIX MPHU3HAKOB.
Pacuet BezietTcsi mo opmysne

5 6(S,+B.+B,) ‘ L
n"j._‘i:!_ lr : 'Sp: Z(rf'_""ijz
. i=1

Hj—ﬂ.'

b

rae ri, Si, i = 1,2,...,n — MaCCUBBLI PaHTOB BIOOPOUYHBIX COBOKYITHOCTEH,
N — YMCJIEHHOCTh KaXK/I0M BHIOOPKHU.
B;, B, — 1ionipaBKu Ha 00be/IiHeHHEe PAaHTOB B COOTBETCTBYIOIUX COBOKYITHOCTSIX, BBIUMC/ISIEMbIE 110

dhopmyrne
1 ¢ 2
B =—)>n(n -1),
TR

TJie M — YKCJ/I0 TPy 00beJUHEHHBIX PAaHTOB,
ni, i =1,2,...,m — YMCJI0 PAHTOB B i—OM T'pyIIIIe.
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Paccrostnre CriipM3Ha Kak Mepa CXO/ICTBa MOXKET ObITh IMO/yueHO U3 paCCMOTPEHHOT0
KO3 uieHTa MyTeM OTHSTUS OT eUHULIbIL.

12.2.1.7. PaccTtosaHne KeHganna

KoadduimeHnT panroBoii koppensiiuu Kenzanna (Ko3d@uijueHT KOppesisiiiui paHroB, paHTOBbIN
K03 uieHT Koppesisilyu, KoadduiueHT koppensiuu Kenzana, Kendall rank correlation)
Tipe/jHa3HaueH /1Jisl BbIUKMCIEHUs] CH/Tbl KOPPEJISIMOHHOM CBSI3U MEX/y BYMs PSiZIAMU TIPU TeX JKe
YCJIOBUSIX, UTO M paCCMOTPEeHHbIH BhIllIe ToKa3arenb CriupMaHa. Kosdduiment Kengania
curTaeTcst 6osiee CTPOTOM OI|EHKOM 110 CPABHEHMIO C TTOKa3aTe/ieM PAHTOBOM KOPpesiiH
CripMmaHa.

Bce ocHOBHbIe ONOXKeHYs ¥ 3aMeYaHusl, JaHHbIe TP OMKCaHKK Noka3aressi CiupMaHa,
CripaBe//IMBbI U B OTHOLIeHWH KospduiienTta Kenzpania. Pacyer BeseTcs o gpopmyre:

S n n .
T = 2 38, :Z ZSlg}’l(l”j - 8,)s
n(n-1) n(n-1) i =+
EETY R
rae ri, Si, i = 1,2,...,n — MaCCUBBLI PAaHTOB BIOOPOUYHBIX COBOKYITHOCTEH,

N — YUC/IEHHOCTh KaXKI0H BBIOOPKH.
B., B, — nmonpaBKu Ha 00be/[JUHEHNe PaHTOB B COOTBETCTBYIOLIUX COBOKYITHOCTSIX, BEIUKC/ISI€MbIE TI0

dhopmyrne
B :lzni(ni - 1),
23

I7le m — 4nc/o rpynn o6beJUHeHHbIX PaHTOB,

ni, i = 1,2,...,m — YUCJIO PAHTOB B i—OU TpYIIIIe.

Paccrosinve KeHJiasina Kak Mepa CX0O/ICTBa MOKET ObITh MOJyueHO U3 paCCMOTPEHHOTO
K03((u1LeHTa yTeM OTHATHUS OT eMHHULIbL.

12.2.1.8. PacctosiHne >Xakkapa

[Toka3zatesns Tiofo6us XKakkapa (ko3dduiieHT JKakkapa) BEIUKCISIETCS 110 popmyrie
J=a/(a+b+c),

rae a, b, c — 3HaueHHs B K/IeTKax TaO/UIbI 2 X 2.

PaccrostHre JKakkapa Kak Mepa CXOZICTBA MOYKET OBITh TIOTyYeHO U3 PACCMOTPEHHOTO
K03(duLIMeHTa IyTeM OTHSTUS OT eZUHULbI.

12.2.1.9. PaccTtosiHne Paccena—Pao

[MToka3zaresb iopobust Paccena u Pao BbuncisieTcs mo popmysie
J=a/(a+b+c+ad),
rae a, b, ¢, d — 3HaUeHUs B K/IeTKax TaO/IUI[bI 2 X 2.

Copyright © 2017 Igor Gaidyshev



@ The ME.com

Paccrosinve Paccena—Pao Kak Mepa CXOZICTBa MOKET OBITh TT0/TyUYeHO U3 paCCMOTPEHHOTO
KO3 uieHTa MyTeM OTHSTUS OT eUHULIbIL.

12.2.1.10. PaccTosiHue bpaBalica

CrnierianibHasi hopMa Ko3dduiieHTa Koppesiiuy — Ko3d@uiueHT conpsbkeHHOCTH bpasaiica (o—
K03 duirenT [TupcoHa) — paccuuThIBaeTcs 1o dpopmyse
C= ad - bc
Ja@+bXa+cXd +6Xd +¢))’
rae a, b, ¢, d — 3HaueHus B K/eTKax TabMLIbI 2 X 2.

PaccrostHue BpaBaiica Kak Mepa CX0[CTBa MOXKeT OBITh IO/Iy4eHO U3 PaCCMOTPEHHOTO
Ko3(duIieHTa [yTeM OTHSTUS OT eAUHULIbL.

12.2.1.11. PaccTtosiHne KOna

OpHEeHTUPOBOYHYIO OLIEHKY KOPPE/ISIIMOHHOM CBSI3U B C/Tydae UCC/Ie/JOBaHUS TaO/IuI]
COTIPSKEHHOCTH 2 X 2 MOXKeT JiaTh Ko3(duiyeHT accorualiuy FOsa. BeraucieHyst Mpou3BOASITCS

o gopmysne
_ad- bc
Q= ad +bc’

rrae a, b, ¢, d — 3HaUeHHs B KIeTKax TaOIuIbI 2 X 2.
Paccrostirie HOa Kak Mepa CX0/iCTBa MOXKeT ObITh MOJTyYeHO U3 paCCMOTPEHHOT0 Ko3dduiueHTa
TIyTeM OTHSITHS OT eJUHULIBI.

12.2.1.12. PaccTosiHMe OTHOLUEeHWI

PaccrosiHye oTHOIIeHH (PacCTOsTHUe MeXX/[y MaTPULIAMK OTHOIIIeHHH) TOCTPOeHO Ha pe3y/braTax
WICCJIe/JOBaHUSI B TEOPHU MHOKECTB M MOYKeT OBITh ITPUMEHeHO K 00beKTaM, U3MepeHHbIM B
Pa3/IMUHbBIX, B TOM UHMC/Ie CMeIIaHHbIX, IIKaiaxX. [[ppMepaMu Takoro pojja 00beKTOB MOTYT ObITh
5KCIepTHbIe paH)XUPOBKKU. CMelllaHHbIe JlaHHble YaCTO BO3HUKAIOT B MEJULIMHCKUX UCC/Ie[0BaHMSX,
KOT/Ia BEeKTOP, OMMCHIBAIOLIMI 00BEKT (TIal[ieHTa), MpeCTaBisieT CO00H COBOKYITHOCTh
KOTMYeCTBeHHBIX (pe3y/bTaThl MHCTPYMEHTaIbHBIX NCC/Ie/JOBaHUN) U KaueCTBEHHBIX (Ha/TMure—
OTCYTCTBHE CUMIITOMOB) JJaHHBIX.

PaccrosiHre oTHOIIeHUH Mexy o0bekTamu k v | onipefienisieTcsi o popmyiie

d(p.p) =) Y|\ - py’

i=l j=

b

Di=12,.,n; ) =12
P st —=L4,...,n,] =l,4,...,1, <
roe © Y — 3JIEMEHTBI MaTPpHIbl OTHOIIE€HUH YaCTUYHOI'O MOPsAAKad, KOTOPbIE

BBIUMC/ISIFOTCS HA OCHOBE MaTPHLIbI UCXOJHBIX JIaHHBIX (B 9KCIIEPTHBIX OLIeHKaX — MaTpPHUL{bl
0rpoca), Kak pacCMOTpeHO B r1aBe «O6paboTKa 3KCIePTHBIX OIIEHOK».
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[1pu Kcnonb30BaHNM NPe/CTaB/I€HHOW Mepbl U3 METOZ0B K/IaCTEPHOI0 aHa/M3a MOYKHO
WCII0J/1b30BaTh TOJIKO MeTo/| cpeiHel cBsa3u Kunra. MeTof, Yopza HermpuMeHHUM T10 TOHSITHOU
nipuurHe. MeTog, k—CcpeJHUX /i MCII0/Ib30BaHUs Mpe/jlaraeMoi Mepbl Hy)K/1aeTCsl B MOAU(PUKALK.
[Toapo6HO 0 JaHHOM Mepe paccka3aHo B KHuUTe JIuTBaka. O MpUMeHEeHUH HOBBIX pe3y/bTaToB
TeOpPUU MHOXKEeCTB B K/IaCTeDHOM aHasin3e cM. paboTkl [TeTpoBckoro.

12.2.2. MeTop cpepHein cBA3N KnHra

MeTtog, cpenneit cBsizu Kunra (King) siB/isieTcst OTHUM U3 BXKHEHUIIIMX HepapXUueCcKUuX
arJIoOMepaTUBHBIX METOZIOB K/IaCTepPHOTro aHasu3a. [Iporjecc Kinaccudukalyyg COCTOUT U3
3/IeMEeHTapHBIX I11aroB:
* Tlouck u oObeaMHEHUE IBYX Haubosee MOXMKUX 0OBEKTOB B MaTpPHLie CXOCTBA.
*  OcHOBaHUEM [|jisl TIOMeIIeHUs] 00beKTa B K/IaCTep sIBJISIETCST OJTU30CThb ZIByX 0ObEKTOB, B
3aBUCUMOCTH OT M€epPbI CXO/ICTBA.
* Ha xakom—100 3Tarie paHee 00beJUHEHHBIE B O/IMH K/IaCTeP 00BEKTHI CUMTAIOTCS OHUM
00BEKTOM C yCpeIHEHHBIMHU T10 K/IaCTepy TlapaMeTpamH.
* Ha cniepyroiem 3Tare HaXoAATCS jBa OUepeJHbIX Hanbosiee TIOXOKUX 00bEKTa, 1
nporieiypa MOBTOPSIETCS C 1m1ara 2 10 TI0JTHOTO MCYePITaHus MaTPHULIbI CXOZCTBA.
ITpu “Cronb30BaHUY MPEACTAB/IEHHOTO 3/1eCh METO/la He BO3HUKAEeT MPOo0/ieMbl BO3MOYKHOTO
HECOOTBETCTBUS IPUMEHSIEMOI MephblI U IKasIbl U3MepeHus, T. K. MeTO/] OTIePUPYeT He UCXOJHBIMHU
00BeKTaMu, a MOCTPOEHHOM MaTpULIEN CXOZICTBA, TI0 OTpe/Ie/IEHHIO SIBIISTIOIIEHCS KO/TMYeCTBeHHOM.
KoopiuHaThI 1IeHTpa TSHKECTU KacTepa BBIUMCISIFOTCS He 10 UCXOJHBIM JJAHHBIM — OHU SIBJISIFOTCS
TIPOYKTOM MaHMITY/ISLIUH C MaTPHULIEH CXO/CTBA.
B KauecTBe Mepbl Pa3/IMuus Jjis METO/Ia CpeiHel CBSI3U UCTIOJIb3YeTCs JIi00ast U3 MpeCTaBIeHHbIX
Mep, UeM U OMpe/ieNisieTCsl YHUBePCaTbHOCTh METO/IA /ISl JIF0OBIX THUIIOB JAHHBIX, B TOM UHC/IE JI/IS
CMeIlIaHHBIX JIaHHBIX.
O6bIuHO TTIOMUMO 00111el MHOPMaIK (UMCI0 0OBEKTOB, UHMCIIO TAPAMETPOB, THIT CBSI3H)
BBIBOZIMTCS TaO/TUI]a HOMEPOB 00beIMHEHHBIX 00BEKTOB U YPOBHEH COOTBETCTBYIOIIUX CBSI3eH.
[Tocne 0O6beHEHMs TIapbl 00BEKTOB BTOPOM 00BEKT KaXKJ0M Tapbl UCK/TFOUAETCSI U3 paCCMOTPEHUST
Y [leflaeTCsi epeHyMeparyst 0CTaJbHBIX 00BEKTOB.
Beigaercst Takke Tab/MLIa IPUHAZJIE)KHOCTH 00bEKTOB KiiactepaM. [laHHast Tabiuvija CTPOUTCS Ha
OCHOBe C/iefytolel uaen. Eciv B3sTh TOCTPOEHHYO 110 pe3y/ibTaTaM aHaju3a JeHporpaMmmy (CM.
HIKe pasgen «I'paduueckoe npecTaBieHre pe3y/IbTaToB KJIaCTEPHOTO aHa/I|3a» ), TO MBICTIEHHO
JiBUrasi BOOOpa)kaeMyt0 TOPU30HTA/TbHYO JIMHHIO OT CaMOT'0 BEPXHET0 3HaueHusi OpJJUHATHI,
COOTBETCTBYIOIIIETO MAaKCUMa/IbHOMY YPOBHIO CBSI3U, BHU3, MbI [TOC/IeZIOBaTe/IbHO MepecekaeM 1
(BepxHUI1 YPOBEHB), 2, 3, ... BePTUKAIbHBIX YaCTel TMHUHN, COeJUHSIOIUX 00beKThI. Kak TOMbKOo
MbI ZIOCTUTaeM 3a/JaHHOTO T10/Ib30BaTe/IeM UKC/Ia TiepeCceueHri, HauMHast C JaHHOTO YPOBHS CBSI3H,
MOXKHO «pa3MOTaTh» JIeHJpOrpaMmmy B 00paTHOM, HUCXO/SAIIIEM HalpaB/ieHuH (JeHporpaMmma
CTpOW/IaCh CHU3Y BBEPX) U YCTaHOBUTh, KAKKe 00bEKThI TPUHAJIEXKAT TOW UM UHOH BETBU.
['po3/bs JaHHBIX 0OBEKTOB U OyyT COCTAB/IAThH KIaCTePHI.
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12.2.3. Metop Yopga

Metog Yopaa (Ward) siBnsieTcsi ofHUM M3 MepapXvueCKUX arjioMepaTiBHBIX METOZIOB K/IaCTePHOTO
aHanu3a. [Iporecc Knaccupukalyy COCTOUT U3 31eMeHTapHbIX I11aroB:
* Tlouck u 06beHEHHE IBYX Haubosiee TTIOX0XKUX 00bEKTOB B MaTPHIle CXO/ICTBA.
*  OcHoBaHUeM /151 TIOMeIL[eHUsI 00beKTa B K/IacTep SB/ISeTCS MUHUMYM JIUCIIEPCUH BHYTPU
KJlacTepa TMpy TIOMeIleHUH B Hero TeKyIIero KjaaccuuipyeMoro ooObeKTa.
* Ha kakom—160 3Tare paHee 00beJUHEHHbIE B OAWH K/1aCcTep 00beKThl CUUTAFOTCS OJHUM
00BEKTOM C yCpeIHeHHBIMHU T10 K/IaCTepy TlapaMeTpaMH.
* Ha cnepyroiem 3Tare HaXoAATCS jBa OUepeJHbIX Hanbosiee TIOXOKUX 00bEKTa, 1
Tniporieiypa MOBTOPSIeTCS C 11ara 2 0 TI0JTHOTO MCUepIiaHusl MaTPHUL{bl CXOZCTBa.
B kauecTBe Mepbl pa3nuus [/ MeTozla YOp/a UCTOb3yeTCsl TOMbKO eBK/IN0BO PACCTOSTHUE.
[Tomumo o61mieit nHMOpMAIH (UHMC/IO 0OBEKTOB, UKC/IO TTapaMeTPOB) BbilaeTCsl TabMIja HOMEPOB
00BbeTMHeHHBIX 00BEKTOB 1 YPOBHElH COOTBETCTBYIOIMX CBsi3eid. [Tocie 0O6beauHeH s TTapbl
00BeKTOB BTOPOI 00BEKT KaXK/0# Mapbl MCK/TFOUAeTCsl U3 PACCMOTPEHUs U [1elaeTCst
riepeHyMeparLsi 0CTajbHBIX 00BHEKTOB.
Takske BbiZIaeTCst TabO/IUIIA TIPUHAZJIEXKHOCTU 00BbEKTOB KilacTepaMm. JlaHHasi Tabyiuiia CTPOUTCS Ha
OCHOBe crefytolei naen. Eciu B3sTb MOCTPOEHHYO 0 pe3y/ibTaTaM aHaau3a [ieHporpammy (CM.
HIKe paszien «[paduueckoe ripeicTaB/eHye pe3yabTaToB KIaCTEPHOTO aHa|3a» ), TO MBICJIEHHO
JBUrasi BOOOpaykaeMyt0 TOPHU30HTA/TBHYFO JIMHHIO OT CaMOT0 BePXHET0 3HaueHUsl OpPJMHATHI,
COOTBETCTBYIOIIIET0 MaKCUMa/IbHOMY YPOBHIO CBSI3U, BHU3, MbI [10C/IeZlOBaTeIbHO repecekaeM 1
(BepxHUI YPOBEHB), 2, 3, ... BePTUKA/IbHBIX YaCcTel JTMHUM, COeTUHSIONINX 00beKThl. Kak Tonmbko
MBI ZIOCTUTaeM 3a/JaHHOTO T10J/Ib30BaTe/IeM UKC/Ia TiepeceueHui, HaulHasi C JaHHOTO YPOBHSI CBSI3H,
MOXKHO «pa3MOTaTh» JIeHJpOorpaMmy B 00paTHOM, HUCXOZSIIIEM HalpaB/ieHnH (JeHaporpaMmma
CTpoU/Iach CHU3Y BBePX) U YCTaHOBUTh, KaKe 00beKThbI TPUHA/JIEXKAT TOU UM UHOM BETBU.
['po3apst JAHHBIX 0OBEKTOB U OYyT COCTAB/ISATH KIaCTephl.

12.2.4. Metopg k-cpegHux Mak-KyuHa

TeopeTtrueckoe o6ocHOBaHMe MeTofla k—cpeiHuX (k BHYTpUTPYIIOBLIX cpefHnx) Mak—KyuHa
(McQueen) cpaBHUTeHLHO MPOCTO, JIOTUYHO U MOKET ObITh HaliZileHO BO MHOTHUX MCTOUHHKAX.
[MpuHLMn K1accuUKaLuu CBOAUTCS K CIeYIOLIMM 3/1eMeHTapHbIM Liaram:

* HekoTopoe, BO3MOXXHO, CTy4aiiHoe, UCX04HOe pa3breHre MHOXKeCTBa 00bEeKTOB Ha
3aZlaHHOe YMCJIO KJ1acTepoB (K/1accoB, TPYII, MOMY/sALUM). PacyeT «1{eHTPOB TsHKeCTH»
K/IaCTepOoB.

* OTHeceHMe OCTa/IbHBIX 0OBEKTOB K OJIFKAMIINM KacTepaM.

* [lepecueT HOBBIX «LIEHTPOB TSKECTU» K1aCTEPOB.

* Ilepexop K mary 2, moka HOBbI€ «LI€eHTPbI TSDKeCTHU» K/1aCTePOB He NepeCTaHyT OT/INYarhCsl
OT CTapbIX.

* [lomyueHo onTUMabHOE pa3dueHwe.

B xauecTBe Mepbl pa3/nuus J/is MeTofia CpeJjHel CBsI3U UCII0/Ib3yeTcsl /it00ast U3 NpecTaBleHHbIX
Mep, Npe/jHa3HaueHHbIX /11 KOJIMYeCTBeHHBIX [JaHHbIX.
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[Tomumo o61tieit nHMOpMAaIK (UKMC/IO 0ObEKTOB, UKC/IO TTapaMeTPOB, THII CBSI3H) BbIZAIOT
KOOD/IMHATBI «1[€HTPOB TSHKECTH» K/IaCTEPOB U TaO/IUITY TIPUHA/I/IE)KHOCTH 0OBEKTOB K/IaCTEPAM.
OTMeTHM, UTO B pe3y/ibTaTe pacueTa MOKeT ObITh M0JIyUeHO, UTO YaCTh K/IaCTePOB OKaXKeTCsI
MyCTOW. ITO — C/IeICTBHE TOTO, UTO T0/Ib30BaTe/eM 3a/]JaHO CJIMIIKOM MHOT'O K/1aCTepoB, IIpUYeM
3TO UMCJIO TIPEBBIIIAeT eCTeCTBEHHOE KOJIMUeCTBO K/IaCTepOB, CYIeCTBYOLee B TIPeCTaB/IeHHbIX
HCXOZHBIX JIaHHBIX. Pe3y/bTaThl aHaM3a MOTYT ObITh UCTIOb30BaHbl, a MyCThIe K/IACTEPHI CIelyeT
TIPOCTO He TIPUHUMATh BO BHUMaHUe.

Pe3ynbTaThl pacueTa MOTYT OBbITh UCIIO/Ib30BaHbI [171s1 rpaduyeckoro oCTPOeHUsT
TIPOCTPAHCTBEHHBIX 3/UTUTICOM/IOB.

12.2.5. MogucmuympoBaHHbIii MeTog, k—cpeaHux

C 1e/1bI0 UCII0/Ib30BaHKMsI MeTOZa k—CpeHUX [J1s1 KJIACTEPHOTO aHau3a IaHHbIX, U3MEePEeHHbIX B
I1Ka/IaX, OTVINYHOW OT KOJIMUeCTBEHHOU, TpebyeTcst MoaudHKaLis MeTo/|a, 3aK/TF0YaroIIascs B
VICTI0/Tb30BaHUM B KaueCTBe LIeHTpa TsUKeCTH KacTepa He CpeJHero 3HauyeHUsl, BbIYUC/IeHUe
KOTOPOTO KOPPEKTHO MOYKET OBITb BBHITTOJTHEHO TOJIBKO [I/IsI KOJIMUeCTBEHHBIX JJAHHBIX, @ Me/JUaHBL.
YHUBepcanbHBIM pellieHreM MOXKeT ObITh Me/iiaHa MHOXKEeCTBa, MPeZCTaB/IeHHas! B I71aBe
«OrnucaresnbHas CTaTUCTHKA».

[TpuHLMI K/1acCU(pUKALMU CBOAUTCS K CJIeAYIOLIMM 3/1eMeHTapHbIM Laram:

1. HekoTopoe, BO3MOXXHO, C/Ty4aiiHOe, NCXO/IHOe pa3breHre MHOXKeCTBa 00BEKTOB Ha
3a/laHHO€e YMCJIO K/1acTepoB (K/1accoB, TPYIII, MOMY/IALMi). PacueT «1jeHTpOB TsKeCcTu»
K/IaCTepOB, B KaUeCTBe KOTOPBIX /Il CMeIIaHHbIX Y ITPOU3BOJIbHBIX IIIKAT MOXKET OBITh
rcrosib3oBaHa MefraHa Oiist (median Oja), 47151 JAHHBIX TUMA SKCMIEPTHBIX OLIEHOK MOXeT
OBITH MCIOMb30BaHO cpefHee Kemenu nnu meguana Kemenu, ripeictaB/ieHHbIE B I71aBe
«O0paboTKa KCIIePTHBIX OL[eHOK».

OTHeceHre OCTaIbHBIX 00BEKTOB K O/MKANIIIM K/lacTepam.
[TepecueT HOBBIX «L|EHTPOB TS)KECTH» KJ/1aCTEPOB.
4. Ilepexop K LIary 2, oKa HOBbIe «LIEHTPbI TSHKECTU» K/IaCTepOB He MepecTaHyT OT/INYaTbCs
OT CTaphbIX.

5. TlomyueHo onTUMasnbHOe pa3bHreHue.

B KauecTBe MepbI pa3/Mums i MeTO/la CpeJHel CBSI3U UCIIO/b3YeTCs Jito0ast U3 Mpe/CTaB/IeHHbIX a
TaK)Xe /laHHble, U3MepeHHbIe B CMelllaHHbIX IIKaJlax.

[Tomumo o6111elt nHGOpPMary (YMCI0 0OBEKTOB, YHC/IO TTapaMeTPOB, THIT CBSI3H) BBIAAIOT
KOOP/IMHATHI «L|eHTPOB TSHKeCTH» K/IaCTePOB U TaOJHLy MTPUHA/IEXHOCTH 0OBEKTOB KJlacTepaMm.
OTMeTuM, YTO B pe3y/bTaTe pacyeTa MOXKeT ObITh MOTyYeHO, UTO UaCTh K/IaCTEPOB OKaXKeTCst
IyCTOM. DTO — C/Ie[ICTBUE TOT'0, YTO I10/Ib30BaTe/IeM 3a/laH0 CJIUILIKOM MHOTO K/1aCTepOB, IPUYeM
3TO YMCJ/IO NPeBbIIAeT eCTeCTBEHHOE KOTMUeCTBO K/1aCTepOB, CYLeCTBYIOLee B MPe/CTaB/IeHHbIX
WCXO[HBIX JJaHHBIX. Pe3y/bTarhl aHam3a MOTyT ObITh UCIIO/TB30BaHbl, a MMyCThbIe KIacTephl CaeayeT
MIPOCTO He IPUHKMMAaTh BO BHUMaHUe.

whn
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12.2.6. N'pahnyeckoe npeacraBfieHne pe3ynbTaToB KNacTepHOro
aHanusa

Pe3ynbTaThl K/IaCTEPHOTO aHa/IM3a MOTYT ObITh O0siee HAIVISIAHBIMU, €CJ/IM UX TIPe/ICTaBUTh B BU/JE
rpaguKoB.

Pe3ynbTarhl pacyeTa MeTo[joM K—CpeJHUX MOTYT OBbITh OUeBHHO MCII0/Ib30BAHBI [jis TpadrueCcKoro
TIOCTPOEHHSI MPOCTPAaHCTBEHHBIX /TUTICOUAOB. [IJIs1 3TOT0 ZOCTATOUHO M300pa3uTh KOOPJUHATHI
00beKTOB B k-MepHOM TPOCTPaHCTBe (TIPU YUC/Ie «M3MepeHUl», TIPeBbIIIaroIIeM 2 Win 3, MOXKHO
1300pa3uTh 2 Uu 3-MepHbIe Cpe3bl JaHHOTO MPOCTPAHCTBA).

[To pe3ynbraTam pacyeTa nepapxuueCKUMU MeTOJAaMU MOXKHO TIOCTPOUTD CIieljiaibHbIi rpaQuK,
HasbIBaeMbll JleHporpaMMoit (geHzorpamMmmoi). Ilpeanonoxum, rnocie npuMeHeHHst OLHOTO 13
vepapxuueCcKUX MeTO/I0B T0/TyueHbl pe3y/bTaThl KJaCCU(PUKALIMU B BU/le BeJTMUKH CBSI3U IS Tap
00BbeKTOB. V15t MOCTpOeHUs eHAPOrpaMMbI COCTOUT B TOM, UTO TIapbl 00BEKTOB, OT/IOKEHHBIX T10
ocu abCIuCC, COeNHSIOTCS B COOTBETCTBUU C YPOBHEM CBSI3U, OT/IOXKEHHBIM T10 OCH OpZMHAT.
Hwke nokasaH rpumep feHporpaMmsl.

70
60

50
40

a0l L
20
10

12345678

'naBa 13. lHchopMmaLMOHHBLIVM aHaNU3

13.1. BBegeHune

PaccmarpriBaeTcs BbIUMC/IeHHE OCHOBHBIX IT0Ka3aTesiel pa3BejouHOro MH(OpMaLMOHHOIO aHalr3a.

13.2. TeopeTnyeckoe 060cHoBaHue

MeTo/ bl MHPOPMAL[MOHHOTO aHa/lM3a HaXOJsAT NTPUMeHeH e B Pa3/TMUHbIX HayYHO—TeXHUUeCKUX
obsacTsx (MpyMepbl MPUBOASTCS HIbKe). OCHOBHBIE TIOKa3aTe/iu MH()OPMaIIMOHHOTO aHa/In3a:
*  Yucsio K1accos.

*  Yucsio BapUaHT.

*  DHTpONUS.

e Jlucnepcust SHTPOIUU.

* MakcumMasbHas SHTPOIUSI.
* OrtHOCUTe/IbHAsA SHTPOIHUS.
*  V30bITOYHOCT®.

e Opranusayus.
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VicxoHBIMY JAaHHBIMU aHa/IM3a SIBJISTFOTCS JUCKPeTHBIN WM UHTePBasIbHbIN BapUal[MOHHBIE PS/bL.
Onu npefcTaBsitoT c000¥ TaOMULIBI pacripe/iesieHust KOMMYeCTB BAPUAHT 110 Klaccam U
pa3/IMYarTCsl TeM, UTO B TIEPBOM C/Tydae KOJIMYeCTBa OTHOCATCS K OTIpe/iesieHHbIM, BO3MOXKHO
HEeUHC/IOBbIM, 3HAUeHUSIM MPU3HAKOB, a BO BTOPOM CJlyuae — K MHTepBaJ/iaM u3MeHeHUsI Mpr3HaKa
(KmaccoBbIM MHTEPBasiaM). V3 MCXOIHOM SMITHPUYeCKOM BBIOOPKU BapUALIMOHHBIN Psifi yA0OHO
TIOCTPOUTh C TIOMOLL[BI0 UHCTPyMeHTa «['McTorpamma» riaBbl «OmnucaresibHasi CTaTUCTHKA».

13.2.1. Yucno Knaccos

[Mog rpynnypoBKoii (knaccudukalyeli, pasHeceHreM BapUaHT 0 KjlaccaM) IIOHUMaeTCsi HeKOTopoe
pa3bueHure SMMUpUYecKol BBIOOPKH, cofieprkaliieii Bce N HaOMFOAABIIMXCS BADUAHT X1,Xo,...,XN, HA S
VHTepBasIoB (K/1accoB). Pe3ynbTaToM rpynnupoBKY SIBJISI€TCS BapUALMOHHBIN Psif,.

VcxoaHbIMU J@HHBIMU /IJ1s1 pacueTa MeTolaMu UH(OPMalIMOHHOTO aHa/u3a sIB/sieTCsl He caMa
IMITUpHYUeCcKasi BbIDOPKa, a MOCTPOEHHbIE Ha ee OCHOBE, B 3aBUCUMOCTH OT LIIKa/Ibl U3MepeHust
WCXO/IHBIX JIJaHHBIX (CM. T71aBy «BBesieHue»), AMCKPeTHbIN UM WHTepBa/bHbIM BapUal[iOHHbIe
psiabl. OHM TIPe/ICTaB/ISIFOT CO00# TabMMIIBl pacrpeesieHrst KOTMUeCTB BapyUaHT 110 K/laccaM |
pa3/IMyaroTCsl TEM, UTO B TIEPBOM C/lydae KOJIM4eCcTBa OTHOCATCS K OTpe/ie/ieHHbIM, BO3MOXKHO
HEeUMCJ/IOBbIM, 3HaUeHUSIM [TPU3HAKOB, & BO BTOPOM C/Iy4yae — K MHTepBajiaM U3MeHeHus! [IPU3HaKa
(K/1aCCOBBIM MHTepBaJam).

KonnuecTBa BapyaHT, [OMAaBLIMX B TOT WX UHOM K/acC B pe3ysbTaTe KaacCu(puKaliy, Ha3blBatOT
yacTtoTamu. YacTOTbl, OTHEeCEeHHbIe K Unc/ieHHOCTH N, Ha3bIBalOT YacTOCTMU. CUMTAeTCsl, UTo
YaCTOCTH MOTYT CTY’KUTb OLIeHKaMH BePOSITHOCTeH. JTO YTBep)KJeHue TeM BepHee, ueM Oorbliie
YHC/IEHHOCTh U3y4YaeMol BIOOPOYHOM COBOKYTTHOCTH.

YacTo rpynnupoBKa sIB/sieTCsl eCTeCTBeHHOW (HarpuMep, BUZbI pacTeHuil). B 7aHHOM ciiyuae fjis
JMCKPETHOTO BapHaL[MOHHOTIO PsiZia UMC/I0 K/IaCcCOB S paBHO YMCIIy rpajialiii lepeMeHHOM (B
pPacCMOTPEeHHOM NpyMepe — YnucTy BU0B). OTMeTHM, UTO NPU aHa/lv3e peasbHbIX JaHHBIX MOXKET
0Ka3aThCs, YTO B KOHKPETHOM COBOKYITHOCTH HEKOTOPbIe K/1aCChl OKa)KyTCsl C HY/IeBbIMU
YacTOTaMH. Y UHTHIBATh JJaHHbIE HyJIEBble YaCTOThI (CUMTaTh UX HY/ISIMUA 06e3 yMeHbIIIeH!Us Yrc/a
K/1acCOB $ Ha KOJIMUeCTBO KJIAaCCOB C HYJIEBBIMHM YaCTOTaMH) JTMOO He YUUTHIBATh (CUMTATh TOJHKO
K/1aCChl C HEHY/IeBbIMU UaCTOTaMH, COOTBETCTBEHHO YMeHbIIIas S), 3aBUCUT OT KOHKPeTHOM 3a/lauu.
[17151 mpaKTHUUeCKOro MOCTPOeHUsI MHTepBaIbHOTO BapUAL[MOHHOTO PsiZia HA OCHOBE UMC/IeHHBIX
JIAHHBIX, TIPEK7ie BCero, HeoOX0AMMO OTpeJiesTUTh MO0 3aJaTh UMC/I0 K/IaccoB (IpyTid,
uHTepBanoB) S. CyObeKTUBHBIM KpUTEPHEM TIPAaBU/IBHOCTH BbIOOPA UKMC/la K/1aCCOB SIBIISIETCS BePHAst
riepe/iaya THIIa pacripeZiesieHys: SMIMPUYeCKUX YacTOT JJaHHOW COBOKYMHOCTH. Eciu BbIOpaHo
CJIMLLKOM MaJlo K/1aCCOB, MOXKHO IOTePSATh XapaKTepPHYH0 KapTUHY SMIIMPUYECKOr0 pacripe/ieieHusl.
[Tpu cauikoM NopobHOM [le/leHUH Ha KacChl MOXKHO 3aTyIIeBaTh peasbHy0 KapTUHY
pacripe/ie/ieHusi YaCTOT C/TydyalfHbIMU OTKJIOHEHHSIMU.

13.2.2. Yucno BapuaHT paga

COBOKYTHOCTH COCTOSIT U3 OT/Ie/IbHBIX 3/IeMeHTOB (00BEKTOB), KOTOPbIe 00beAMHEHBI OOIITHOCTHIO
HEKOTOPBIX CBOWCTB (TTPU3HAKOB, TlepeMeHHbIX). B cTaThcTHUeCcKoM aHanu3e JaHHble 00BeKThI
TIPUHSTO Ha3bIBaTh BapraHTaMu. KonuecTBoO 371eMeHTOB (BapyUaHT) COBOKYITHOCTA MOXXHO
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Ha3bIBaTh 10—pa3HoMy. Tak, ecii peub UJeT O BIOOPKe, KOJIMYeCTBO ee 3JIeMeHTOB MOJKeT
Ha3bIBaTbCS UMC/I€HHOCTBIO, BEJIMUMHOM WX Pa3MepOM.
UucieHHOCTh BapUaLiMOHHOTO psifia orpeesisieTcs o hopmyiie

S
N=Xn,
i=l

rge n;, i = 1,2,...,S — YUCJIEHHOCTH K/1aCCOB I'PYITITUPOBKY,

S — UMCJIO KJIaCCOB IPYTITAPOBKHU.

UKC/IeHHOCTH KJ/1aCCOB FPYIITMPOBKYU MPUHATO Ha3bIBaTh TAKXKe YaCTOTaAMMU.

3HaHMe YKC/la BADUAHT MOXKET OBITh TI0/I€3HO /IS 3/IEMEHTAPHOT0 IepecueTa UCXOAHBIX IaHHbIX,
eCJIM UCXOJHbIe JaHHbIe 3a/IaHbl B BH/le YaCTOT pacipee/ieHusl.

13.2.3. QHTpOonuA

B Teopuu uHgopmMaliium B KauecTBe Mepbl KOIMdecTBa MHPOPMAL|H, BO3SMOKHOCTH BbIOOpa
(kosmuecTBa pa3HO0Opa3usi) U HeOTpeie/IeHHOCTH TTPUMEHSIETCST BeJTMUMHA, OTipe/esisieMast 10
tdhopmyrne LlleHHoHa

H =-'p,log, p,,

i=
r7ie p;, i = 1,2,...,5 — BePOSATHOCTb I0SIB/IEHUs] JUCKPETHOTO COOBITHS,
S — UMCJIO K/IaCCOB IPYIIUPOBKY,
a — oOCHOBaHUe jorapr¢ma — eiuHNLIA, BbIOpaHHast /17151 OLIeHKU BeJTMYMHBI SHTPOMUH, 0OBIYHO
paBHas 2.

Benmuuunel p;, i = 1,2,...,5, 00pa3ytoT MHOKECTBO BEePOSITHOCTEH, HO /I/1s1 IPAKTHUYeCKUX
BBIUMC/IEHUM BEPOSITHOCTHU JOMYCTUMO 3aMEeHUTh YaCTOTaMU pacrpe/eseHUi:
n

C~—L =12,
p; N

n, i = 1,2,...,5s — YUCA€HHOCTH K/JIaCCOB IPyNINUPOBKH (UaCTOTHI),

S — YMCJIO KJIaCCOB TPYTIMPOBKH,

N — uuco BapuaHT psja.

B mpakTHuecKux BbIYUCIEHUSIX HEKOTOPbIe UaCTOThI MOTYT 0Ka3aTbCsl HY/IeBbIMHU, [I03TOMY
YCJIOBUIMCh CUUTaTh, uto 0 - log,0 = 0.

BenmuuHa H Ha3bIBaeTCst SHTPOIIMEH JUCKPeTHOTO MHOXKeCTBA BepOsITHOCTe! (SHTporueit
JVCKPeTHOM C/TyyaliHOM BeJTMUWHBI, CpeiHel cobcTBeHHOM nHbopMalyel, suTponueti [1leHHOHa,
suTponueii [lleHHOHa—BuHepa) ¥ B UCTOUHMKAX MHOTAA 0003HayaeTcsi Kak I, yToObl OTJIMUUTD ee OT
SHTPONHY HETMPePLIBHOTO pacrpe/iesieHrsl. DHTPOMHS TIpe/iCTaBsieT cO00i KOMueCTBeHHYIO Mepy
CTereHH Heorlpe/|e/IeHHOCTH UCX0/ja C/Ty4alHOTO OTbITa, 3aBUCSILYIO He OT UHJUBU/AYa/TbHBIX
CBOMCTB pe3y/IbTaToB OMbITa, & OT COOTBETCTBYIOLMX BePOSITHOCTeN. B AUCKpeTHOM ciydae
SHTPOIIKS paBHa HYJIIO, KOT/la OfIHA U3 BepOSITHOCTel paBHa 1, a ocTajibHbIe HYJIHO.

OHTpOIKS HEeMPepbIBHOTO pacripeiesieHus ¢ GyHKLMel TIJIOTHOCTU pacripeseeHust p(x)
orpeziessieTcs Kak
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H == [p(x)log, p(x)dx

Y Ha3bIBaeTCsl TaKXKe OTHOCUTebHOU Wi AuddepeHIHaTbHON SHTPOIHeH.

Ecu B KauecTBe 0CHOBaHUs jiorapudma a BEIOPAHO YKCIIO 2, SHTPOIIHS BBIUMC/ISETCS B OUTaX,
eCJIM YKCIIO e — B HUTaX, ecii uuciio 10 — B aurax. Ecim SHTpOMNMs BbIUKC/IEHA B HUTAX, IS
BBIUMC/IEHUS] SHTPOMUY B OUTaX HY)KHO pa3/ie/TUTh 3HaUeHHe B HUTax Ha In2. YTBepKaeHue
BbITEKaeT 13 U3BeCTHOW (hOpMyJibl 3aMeHbl 0CHOBaHUSI JIOTapU(PMOB

log, a
npua>0ua#l.
VicxozHble aHHBIe /17151 BBIYMCIEHUsI SHTPOIIMU CUCTeMBbI MPeICTaB/ISIOT CO00# JUCKPeTHBIN UTH
VIHTepBa/IbHbIM BapHUALJUOHHBIN PSZL.
HekoTopbsiMM aBTOpamMu SHTPOIHS Ha3bIBAETCSI KOIMUECTBOM MH(OPMaL[UU UK JBOUYHOU
sHTponueu. Tak HaspiBaeMast SHTponus: Kommoroposa, XxapakTepu3syrolas XaoTU4eCcKoe IBIKeHue
B (ha30BOM IIPOCTPAHCTBE [TPOM3BOJILHOM Pa3MepPHOCTH, TakKe OIpe/iessieTcs: o popMyiie
[ITenHoHa. BBezeHb! 060011ieHUsT SHTPOITNH, TaKKe Kak SHTporus PeHbU Mopsaka o:

1 o
H,p,.p,) =—10g22p,. ,
l- a i=l

npu o = 1 Ha3biBaeMasi s3HTponuel LlleHHOHa,
nipu o = 0 — sHTpOMnUel XapT/u.
[IByCTOpPOHHUI 10BEpUTe/IbHBIA UHTEPBAJI OL|eHMBaeMOW SHTPOIMU BBIYUC/ISETCS TI0 hopmysie

1, =|H- lI’((1+/3’)/2)%;H+‘I’((l+/)’)/2)% ,
s s

rae W(.) — obparHasi GyHKIMSI CTaHJAapPTHOTO HOPMaIbHOTO pacIipe/ieNieHus,
Dy — pycniepcust SHTPONIUM.
[TogpobHOe TeopeTHUeckoe 000CHOBaHHE CM. B KHUTe [IMUTpUeBa.

13.2.4. Ancnepcua aHTponuun

[vcnepcusi SHTPONUU BBIYUC/ISIETCS 10 (hopMyIie
2

1] < s-1
D, =| ¥ plog’ p. - Tog p | |+32,
H N é‘pl gapl %pz gapl 2N2
F/I[e pi, i= 1,2,...,5 — Be[)OHTHOCTb T105IBJIEHUA /I[I/ICKPETHOFO CO6])ITI/IH,

S — UMCJI0 K/IaCCOB IPYNIUPOBKHY,
N — uncsio BapuaHT psja,

a — oCcHOBaHHe jioraprma, 00bIYHO paBHOE YNCITy 2.

Jucniepcysi SHTPONIMM HaXOAWUT NPUMEHEeHUe IPY OLleHKe 3HAYMMOCTH pa3/Inuui UH/eKCOB
[ITeHHOHA, XapaKTepU3YIOIIUX BUAOBOE pa3HO0Opasye, BEIYMCIEHHBIX /IJIs IBYX COBOKYITHOCTEH, a
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TaKyKe /IS BBIYMC/IEHUS JOBEPUTE/TbHBIX UHTEePBAJIOB OLleHHBaeMoi SHTPONUU. COOTBETCTBYIOLIHIMA
KpuTepuii rpegyioxkeH XaruecoHoM (Hutchenson).
CM. ctatbu XatuecoHa, ['penuep (Grenier) ¢ coaBT., paboty I1IuTHKoBa ¢ coaBT., KHUTYy 3apa (Zar).

13.2.5. MakcumanbHasa aHTponus

MakcumasnbHOe pa3HOOOpa3ye CUCTeMbI BEIUMC/ISIETCS 110 (hopmysie XapT/au

Hpax = logs s,

rae Huma. — MakCHMasibHasi SHTPOMUS,

S — UMCJIO KJIaCCOB TPYNIMPOBKH.

CrnipaBeziiuBa (popmysna

0 < H < Hya,

rge H — sHTponus.

MakcuMyM 3HTPONMY COOTBETCTBYeT HanOO/IbILel Heorpe/ieIeHHOCTH M/TA PaBeHCTBY
BEpPOSITHOCTelN BCeX BO3MOXKHOCTeH. OIBbIT MMeeT HauOOJIBIITYI0 SHTPOITHIO MPU kK paBHOBEPOSITHBIX
HCXOZaX C BEPOSITHOCTAMU (B MPaKTUUECKUX BbIUMC/IeHUSX — yactotaMu) 1 / k. CrerneHb
Heorpe/|e/IeHHOCTH OTTbITa TeM 0oJsibIlie, yeM OOJTbILIE YMC/IO K €ro MCXO/0B.

OHTponus rpaguueckoro n300paykeHus 3aBUCUT OT KOJIMUeCTBa YPOBHEH, a TIPX O[MHAKOBOM UKCIIe
YPOBHel — OT 3aKOHa pacrpe/iesieHrsl. PaBHOMepHbIV 3aKOH pacripe/ie/ieHusl COOTBETCTBYeET [OJIHOU
Xa0TUYHOCTH. B 3TOM ciiyyae sHTpomnus foCTUraeT MakCUMyMa, KOTOPBIN 3aBUCUT TOJIBKO OT
KO/IMUeCTBa ypOBHEM

Hpax = 108a(hmax — hmin + 1),

rae (.) — pa3Max JUCKPeTHOM C/Iy4allHOW BeJIMUMHBI,

hmax — MaKCHIMabHOE 3HaYeHUe YPOBHS U300pakeHus,

Amin — MUHMMa/IbHOE 3HaYeHWe YPOBHS U300paXkeHus!.

HariomunM, uTto pa3smax BbIOOPKH (pa3Max Bapualjii, aMIUIUTYZA Psifid) — 3TO Pa3HOCTb MEX/Y
MaKCUMYMOM ¥ MUHUMYMOM BapHaHT BbIOOPKH.

13.2.6. OTHOCUTENNbHAaA 3HTpoNus

151 cpaBHeHMs CUCTeM, pa3/IMUaroIUXCs 110 KOMU4uecTBy (!) 31eMeHTOB Koja, IPoCToe
COMOCTaBJIeHHe SHTPOIUM He OyZieT KOppPeKTHBIM. [I/1s1 peltieHust 3a/ja4y IPUMEHsIeTCsl
OTHOCHTe/bHAas SHTponus (K03 dULMeHT CxaThs MHPOPMaLMK), oripeesisieMasi Kak

h = H / Hnax,

rge H — sHTponus,

Hnax — MakcUMasbHasi SHTPOIIHS.

OTHOCHUTebHAsA SHTPOIIKMS OTpeJesisieT OTHOCUTE/IbHYIO CTereHb UH(OPMaLiMOHHOMN
3arpy’>keHHOCTH CMCTeMbI 110 OTHOLLIEHHIO K BO3MOXKHOM MakCMMaslbHOM Harpyske. Kpome Toro,
OTHOCHUTe/IbHAs SHTPOIHS, KaK ¥ U30BITOUHOCTb, MOXKET XapaKTeph30BaTh CTeTeHb O/1M30CTH
3aKOHa pacrpe/ie/ieHus] K pPaBHOMEPHOMY.
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13.2.7. N30bITOYHOCTb

M36bITOYHOCTD TIOKa3bIBaeT, Kakas J0Jisl UM MPOLIeHT TepesjaBaeMoi MH(GOpMaLU SIB/ISeTCs
130bITOuHOM. OHa IaeT COOTHOIIIEHHE MEXKY TTOJTHBIM KOJTMYeCTBOM MH(GOPMAL|H, IIIYMOM U
COXPaHMBLLIENCS YIIOPSJ0UeHHOCThIO CUCTeMbl. VI36bITOUHOCTD (B NCTOUHMKAX 0003HauaeTcst Takke
Kak R) BbIUMC/IAeTCS 110 popMyIie

D=1-H/ Hmax:

rae H — sHTponus,

Hnax — MakcUMasbHas SHTPOIIUS.

M30bITOYHOCTD XapaKTepu3yeT CTereHb OM30CTH 3aKOHA pacripe/iesieHrsi K paBHOMEPHOMY
pacripesie/IeHUIO U MOXKeT ObITh BbIpaXkeHa B JI0JIsIX, KaK B TIOKa3aHHOU ¢opmyrie, 1ubo B
nipotieHTax. Harpumep, [/ IOy TOHOBOTO M300paXkeHUst ¢ 256 YPOBHSIMH SHTPOMHST HE MOXKET
npeBbIIIaTh 8, a N30BITOUHOCTH NPY paBHOMEPHOM 3aKOHe pacrpe/ie/ieHHst paBHa HYIO.

13.2.8. OpraHusauusi cunctemMbl

Moz opraHu3arueil cCTeMbl TOHUMAIOT peaM30BaHHYI0 B Hell Heorpe/je/IeHHOCTb. ADCOMIOTHas
OpraHu3aLusi CUCTeMbl BbIYUC/ISIeTCsI 0 (hopmyrie

O = Hnax— H,

rae Hyax — MakCUMaJsibHast SHTPOIINS,

H — sutponus.

ITpu opraHusaiuy, paBHOM MakCHMa/IbHOW SHTPOIMH, CUCTeMa CTAHOBUTCS leTePMUHUPOBAHHOM,
TIO/THOCTBIO CTaOUBbHOM.

13.2.9. NMpumepbl MH(pOpMaLLMOHHOIO aHann3a

Huke ripeficTaB/eHbl HECKOBKO MIPAKTUUECKUX MPUIOXKeHUH HH(GOPMaI[MOHHOTO aHa/M3a:
* Pa3BefiouHbI MH(POPMAI[MOHHBIA aHA/IH3.
* HccnenoBaHue CTPYKTYPHOM MepeCcTPOMKH 00beKTa.
» CpaBHeHMe TPYIIII 10 UH/IEKCY Me)KBUA0BOIO Pa3HOOOpa3susi.

13.2.9.1. Pa3Beo4HbIi MH(POPMaLMOHHbIA aHasIn3

B MaTremMaTHuecKo# CTaTUCTHKe U MaTeMaTHueCKOM MO/Ie/TMPOBAaHUH Ba)KHO TOUHO 0060CHOBATh
BO3MO)XHOCTh MPYMeHeHUsT TeX WM UHBIX METOJIOB aHa/In3a U aleKBaTHOCTh MO/Ie/H.
HamomHuM, UTO MateMaTH4eCcKUM MOZIeJTAPOBAHKEM Ha3bIBAlOT MPUOJIMIKEHHOE OTCaHUe SIBJIEHUH,
BbIp@)KEHHOE C TIOMOLL[bI0 MaTeMaTHUyeCKOl CUMBOJIMKH, a TaK)Ke MPOLIeCC UX U3yUeHUsi C OMOLL[bI0
MaTeMaTUueCKUX Mojeseil. MareMaTnyeckoe MOJeMpOBaHKe BK/IHOUaeT JTarlbl:
*  ®opMmMy/nMpOBKa 3aKOHOB, CBSI3bIBAIOIIMX OCHOBHBIE O0BEKTHI MOJIe/IM, Ha OCHOBE U3yUeHHsI
sIBJIECHUM U TIPOHUKHOBEHHSI B UX B3aUMOCBSI3H.
* CocraBneHue ypaBHeHUl Mozenu. VicciienoBaHue U MaTeMaThyeckoe pellieHue 3a7auu, K
KOTOPOM MPUBOJUT MaTeMaTUuecKasi MoJie/b.
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* CoriocTaBieHye pe3yabTaToOB pacueTa MaTeMaTUueCKOoi Mo/iey C JaHHBIMHU U3y4aeMoro
SIBJIEHUs, TIOJTyYeHHBIMH B pe3y/ibTaTe HaOJTioIeHus 3a 3TUM siBjieHreM. [Ipy Hanuunu B
MOZIeJTi TTapaMeTPOB, HEM3BECTHBIX Ha 3Tarie COCTaB/IeHUSI WX HeJOCTYTHBIX /ISl TIPSIMOTO
W3MepeHwUsl, TPOU3BOUTCS UAEHTU(hHUKAIIUS MO/IE/TH Ha OCHOBE IKCTIepUMEHTA/TbHbBIX
JIAHHBIX.

* HccnenoBaHue 3ydaeMoro siBIEHUs C TIOMOIIbIO MaTeMaThUyeCcKO Mozie/id. Y TOUHeHHe
MOZIeJTi Ha OCHOBe HOBBIX JIJAHHBIX 00 M3y4yaeMoM siBIeHUM.

Maremaruueckoe MO/Ie/TUPOBaHUE CTPOUT MOJIEeM B BUZIe PA3/IMUHbIX YPAaBHEHUH WU CUCTEM
ypaBHEHW. YpaBHeHUs MaTeMaThyeCcKol Mo/ie/d MOTYT ObITh anreOpanyueCKUMH,
maddepeHIaTbHBIMH, UHTETPATbHBIMUA U MX COBOKYITHOCTSIMH.

MaremaThueCKoM e CTaTUCTUKON Ha3bIBalOT pas3/iesl MaTeMaTHKH, IOCBSIIeHHbIN
MaremMaThu4yeCKUM MeToziaM cOopa, crucTeMatr3arnuy, 00paboTKM ¥ MHTepPIpeTaluy CTaTUCTHUe CKUX
JIAHHBIX, a TaKXKe UCTI0Nb30BaHUe WX /il HAyUHbIX 1 TIPaKTHUeCKUX BbIBOZOB. HarioMHUM, UTO o7,
CTaTUCTUYECKUMHU JIAHHBIMU TIOHUMAIOT JTF00YI0 CUCTEMY JJaHHBIX: UUCIOBYIO UH(POPMAIIHIO,
M3BJ/IEKaeMYH0 M3 pe3y/IbTaToOB BLIOOPOUHBIX 00C/Iej0BaHUM; [IMITpHUeCcKye ] BHIOOPKH M3 THOOBIX
reHepasibHbIX COBOKYITHOCTEM; pe3y/ibTaThl U3MEePeHUl U T.I. MaTeMaThuecKasi CTaTUCTHKA CTPOUT
BePOSITHOCTHO—CTaTUCTUUECKY!O, a He MaTeMaTU4YeCKYI0 B YKa3aHHOM BbILle CMBIC/Ie, MO/Ie/Tb.
CTaTUCTHUeCKON MO/Ie/TbI0 Ha3bIBAKOT OMMCaHUe BLIDOPOYHOTO MPOCTPAHCTBA BCEX MBICTUMBIX
HCXO0/I0B Hab/II0ZIaeMOTro C/TyuaifHOTO SIBJIEHUS], BbiZie/IeHHe CeMeiCTBa pacrpeie/ieH|H
BEPOSITHOCTEN 3TUX UCXO/IOB U OTpeZie/ieHre APYTroi anpruopHOUM HHGOPMaIiu 00 TOM CeMeHCTBe.
Vicrionb3yst pa3BeiouHbli MH()OPMAIIMOHHBIN aHaM3, B TIepBOM TIPUO/TYKEHUH TTPOBEPKY
a/IeKBaTHOCTH TUTIA MO/IE/TA MOYKHO BBITIOJTHUTB TTYTEM BBIUMCIEHUST HH()OPMAIIMOHHBIX
TIoKa3aresieli mpe/iCTaB/IeHHbIX CTaTUCTUUECKUX JaHHbIX. C/ienarhb BhIBO/bI TI0 BEIUMC/IEHHBIM
TIOKa3aressiM Heo0X0[MMO B COOTBETCTBUU CO C/IeAYIOLLeH Tabiurei:

BemumnHa n36bITOUHOCTH, %  XapaKTepUCTUKA CUCTEMBI AJieKBaTHBIN TUM MOZIeNH

0-10 BeposTHOCTHas BeposaTHOCTHO—CTaTUCTUYeCKast

10-30 BepositHocTHO— HNuddepeHiiraibHble ypaBHEHUS
JleTepMUHMPOBaHHas

30-100 [eTepMuHHpOBaHHast HuddepeHiiranbHbie UMU

VIHTerpasbHble YpaBHEHUs

OT0 BakHBIE pe3ynbTarhl. HarprMep, Mpy BEIUMC/IEHHOW W30BITOYHOCTH, paBHOMU 25%,
BEPOSITHOCTHO—CTATUCTHUeCKasi MoZle/b He OyZleT aZileKBaTHO OMMChIBaTh UCCIIeZyeMOe sSIBlIeHHe.
VccnepoBarento NpuzieTcs 3aHATHCS COCTaB/IeHreM MaTeMaTuieCckol MO/Ziesiv B BU/le
nvddepeHIIMa/IbHBIX YPaBHEHUM.

13.2.9.2. ViccnepoBaHue CTPYKTYPHOW NepecTpoinkn ob6bekta

Pa3HOCTb W30BITOYHOCTH B HOPME U TPH TaTOJIOTHU MPUBOAUT K TIOHSATHIO HEHA/IeXKHOCTH
(2KBUBOKaIMM) Mepeiaul MH(MOPMALUH, UTO /laeT KOJIMUeCTBEHHYIO0 XapaKTePUCTUKY CTPYKTYpHOMN
TIepeCTPONKHU UCCIelyeMOoro 00beKTa (CUCTeMbI). BbiunciieHre SKBUBOKAI[UH TTPOU3BOJUTCS T10

dhopmyrne
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D =R - R _Hpat-Hnorm
— norm pat H ’
max
rae Riorm — “30BITOUHOCTD B HOpMe,
qu[ — U30OBITOYHOCTS B I1aToJjioruuy,
Horm — SHTPOIINA B HOPME,

H,q — HTpONUA B NATOIOTUU.

13.2.9.2. CpaBHeHue rpynn no nHaekcam MexBna0Boro pasHoobpasuns

B kauecTtBe npumepa nprMeHeHHs1 MTH(OPMaLMOHHOTO aHa/u3a (B TOM UKMCJIe ero UCM0/Ib30BaHuUs
[J1s1 IPOBEPKY CTaTUCTUUYECKUX TUTOTe3) YKaKeM TaK Ha3biBaeMble [MH(GOpMaLMOHHbIe] UHEKChI
BUZIOBOTO pa3HooOpa3usi. B niuTeparype uacTo ucrosb3yetcst udgekc [llenHoHa (Shannon index),
Ha3sbIBaeMblll aBTOpaMu Takxe uHzekcoM [llenHoHa—BuHepa (Shannon—Wiener diversity index)
v uHaekcoM lllenHoHa—YuBepa (Shannon—Weaver diversity index).

Unpexc [lenHoHa npeAcTaBisieT cO00 SHTPOITHIO, BEIUMCIEHHYIO C UCTI0/Ib30BaHUEM TOTO WITH
WHOT0 OCHOBaHWUs jiorapu@ma. VMicnosb3yeTcsi ocHOBaHUe 2, e = 2,718281828... unu 10.

st cpaBHeHUst TpyTin Mo uHAekcam [lleHHOHa nprMeHsieTcs crielianbHasi MogupUKaLus
kputepusi CTblofieHTa, nipejiokeHHast XaruecoHoM (Hutcheson). CtatvcTrka Kputepust
BBIUUCISIeTCS TTI0 hopMmyJie

YA

- 2 2 ’
\/DHl /nl +DH2 /nz
rae Hy u H, — ungekcel LlleHHOHA (S3HTPONMM) COBOKYITHOCTEM,

D D o
iy "> — cOOTBETCTBYIOIIYE OLIeHKH JUCTiepcril nHaeKcoB [1leHHOHa,

Nni ¥ N, — COOTBETCTBYIOII[He YMC/IEHHOCTH COBOKYTTHOCTEH.
Pacripe/iesieHre CTaTUCTUKY KpUTepHst XaTuecoHa O/IM3Ko K t—pacripesienieHut0 CThIOJieHTa TPy
yKcsie cTerieHel CBOOO/IbI, PABHOM

_ (D1 + D2)2

D,i,] /n1 +D,21,2/n2 '
B cnenpanbHOM iMTepartype npejcTaB/ieHbl U pyrue WHEeKChl (MHOTHe He UMeloLie OTHOLLIEeHHUs
K TeOpUy UH(POPMALUH).
Cwm. pabotbl XatuecoHa, I'penuep (Grenier) ¢ coasr., IIIutrkoBa c coasr., Keitnok (Keylock),
Maryppan (Magurran), Po3eniseiir (Rosenzweig), ITuny (Pielou), kaury 3apa (Zar).

v
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'naBa 14. Pacno3HaBaHue o6pa3oB C 00y4YeHuem

14.1. BBegeHue

CrarucThuuecKre MeTo/ibl, KOTOpble MOTYT ObITh MHTEPIIPeTHPOBaHbI KAK METO/|bl PacIi03HaBaHUS
00pa3oB c oOyueHHeM:

* JIvHeUHBbIM JUCKPUMMWHAHTHBIM aHam3 duiepa.

* KaHoHMYeCKuil JUCKPUMUHAHTHBIN aHaJu3.

* JIvHeNHBbIA JUCKPUMHWHAHTHBIA aHa/IN3.

* JIvHeNHbI MHOKECTBEHHbBIN perpecCUOHHbBIN aHaIus.

* Jloructuyeckas perpeccus.

* IIpobut aHamm3.

* Perpeccus IlyaccoHa.

14.2. TeopeTnyeckoe o60cHoBaHue

JTMCKpUMUHAHTHBIN aHa/IM3 MPe/ICTaB/IsIeT COO0M TMHEHHBINA MeTO/] pacrio3HaBaHHs JAHHBIX C
obyuenueMm. JINHEHHBIM OH SIB/IIETCS TIOTOMY, UTO MO/Ie/Ib MeTO/ja IMHeHa OTHOCHUTE/IbHO
JMVICKPUMUHAHTHBIX (yHKIMH. [Tosib30BaTesb 10/DKeH 3ajaTh HEKOTOPOe YKC/I0 00bEKTOB, yKa3aB
WX TIPUHA/IJIE)KHOCTD K TaK Ha3bIBaeMbIM 00yUaroIUM TpyTinam (KjaaccaM, Kiactepam,
nomnysisaiysiM). [To3ToMy NpUMeHeHHI0 MeTO/[0B PAaCTiO3HaBAHUS 00s13aTeTbHO JOJDKHBI
TIpe/illIeCTBOBATh MCC/Ie0BAaHUS MeTOlaMU Kiaccudukaiyy 6e3 o0yueHus (K1acTepHOTO aHaM3a
WY SMITUPUYeCKOU KiaccurKaruy, Korja, Harprumep, Bpad Ha OCHOBAHUM CBOETO OTIbITa
BBIMTOJTHSIET OTHECEHHe JUarHo3a TOro WM MHOTO TIalleHTa K oTpeZie/ieHHOMY Kiaccy). B 3ajjauax,
TIOCTPOEHHBIX Ha PeasTbHbIX SKCTIePUMEHTA/IbHBIX JJaHHBIX, K/IaCChl MOTYT TIepeceKaThbCsl, 0COOeHHO
ey 0OyueHHe MPOU3BOIUTCS Ha OCHOBAHWH SMITUPHUYeCKOU Kiaccudukaiuu. [TepeceueHre
K/IaCCOB YXy/IIaeT KaueCTBO KlacCU(UKaLMK, a HaWlyulliie Jjisi JaHHOTO Habopa IaHHbIX
pe3yJibTaThl pacrio3HaBaHUs MOJTyYarOTCs B C/Tydae HerlepeCceKaroluXcsl K/1acCoB.

MeTozbl pacrio3HaBaHusi 06pa30B ¢ 00yueHreM UCTIOMb3YI0T B KaueCTBe 00yJaroIiyuX BEIOOPOK
00BEeKTHI, 3apaHee K/1acCU(PULIMPOBaHHbIE TéM WM UHBIM criocobomM. KauecTBo mpotieaypbl
JVICKPUMUHALIMK OTIPe/IesisieTCsl BepOSITHOCTBIO TIPaBU/TBHOM KilacCuduKauu. OueHb XOpOIIe
pe3yJIbTaThl /IS pacrio3HaBaHUst 00pa30B ¢ 00yueHHeM ZiaeT Mpe/iBapuTeibHOe TPUMeHeHHe MeToia
(cMm. maBy «KractepHblii aHanu3») O/IKHEH CBsI3U, a IPUMEHEeHHe MeTofia k—CpeIHuX ZJist
TIpe/[BapUTE/IbHOr0 OTHEeCEeHUs 00BEKTOB K1accaM fiaeT rpakTruecku 100% KauecTBO
pacrio3HaBaHus [ijis TF000T0 MeTo/ja AMCKPUMHUHAHTHOTO aHa/i3a. ITo 00yC/IOB/IEHO TeM, UTO U3
PacCMOTPEHHBIX HAMH MeTO/IOB Pacrio3HaBaHus 6e3 00yueHus: TOIbKO MeTo/, k—CpeJHIUX Ha OCHOBe
BbIOpAaHHOW METPUKK TapaHTUPOBAHHO CTPOUT HeTlepeCeKarolrecst KIacTephl.

MeTo/ip1 pacrio3HaBaHUsi 00pa30B ¢ 00ydyeHHeM BbIpadAThIBalOT HEKOTOPhIE Pellarolifie MpaBUa,
TI03BOJISTFOIL[e OTHECTH TIpej|jlaraemMbie 00beKTHI K 3a/JaHHBIM Kj1accaM. Permarornyie rnpaBuia MOTyT
OBbITH TOJTyYeHbI:
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* B BU/Ie MPOCTHIX KIaCCUPULIMPYIOLIUX (QYHKI[MH, KaK 3TO C/leJlaHO B JIMHEMHOM
JUCKPUMHUHAHTHOM aHasmm3e duriepa,

* B BHUJe JUCKPUMUHAHTHBIX QYHKIMM, KaK 3TO C/ieJlaHO B KAHOHHUECKOM /IMCKPUMUHAHTHOM
aHasm3e,

* B BU/Je HEKOTOPBIX XapaKTepUCTHK (TPyNIioBasi KOoBapyUallMOHHAsi MaTpHILia, TPYIITIOBOM
BEKTOpP CPeIHUX U OTpe/ie/TUTe /b KOBAPUALIMOHHOW MaTPHIIbl), KaK 3TO C/IeJIaHO B
JMMHEeWHOM IMCKPUMUHAHTHOM aHaslu3e,

* B Bu/je Habopa ko3 duieHToB perpeccuu (6e3 CBOOOAHOTO WieHa UMK CO CBOOOHBIM
YjIeHOM), KaK 3TO CJIeJIaHO B MeTo/ie JIMHeMHOr0 MHO)Ke CTBEHHOTO perpeCcCHOHHOTO
aHasM3a, JIOTUCTUUeCKOM perpeccyu, MpoOUT aHaim3a uian perpeccuu IlyaccoHa.

14.2.1. OueHKa KauecTBa Mmogenen

KauecTBO perpeccHOHHOW MOZe/IM 3aBUCHT OT ee TUIIA U B JIMTepaType OLieHWBaeTCsl pa3/InYHbIMU
criocobamu, B TOM UMCJie 0COOBIMM CTAaTUCTUUECKUMU KPUTEPUSIMU, HEKOTOPbIE M3 KOTOPBIX
Tipe/iCTaB/eHbl B JAHHOM pasferie.

14.2.1. KonnyecTBeHHbIE KnaccugukaTopsl

HanboJiee npocThIM U MOHATHBIM CMIOCOO0M, KOTOPBIM UHTYUTUBHO TO/b3YIOTCS, SIB/SIETCS OLleHKa
KauecTBa IMCKPUMHHALMY OTHOCHUTE/IbHBIM MPOLIEHTHBIM COZlep’KaHieM, MHaue YHC/IOM BEPHO
K/1acCU(ULIMPOBAHHBIX 00BEKTOB 00yyarolijeil BIOOPKU, OTHECEHHBIM K 00beMy oOyuatortieit
BbIOOPKH, BBIP&KEHHBIM B MPOLIEHTAX. XOTS 3TOT MOAXO0/| HeAOCTAaTOUHO TIpaBOMepeH, HO OH
SIBJISIETCsL e/IMHCTBEeHHO BO3MOYKHBIM [I7Isi Majioro 006beMa JIaHHbIX.

KoppekTHO KaueCcTBO perpeCcCMOHHBIX MO/e/ield IPHUHATO OLjeHnBaTh Tak. OOyyJaroruii MaccuB
JIaHHBIX (BBIOOPOK) Cy4yaiHbIM 06pa3oM (cM. rnaBy «PaHoMu3alys U reHepalys C1ydaiiHbIX
N0C/Ie/l0BaTeIbHOCTeN») Je/IUTCS Ha JiBe yacTh. OfiHa yacTb MCHOMb3yeTCs /151 IOCTPOeHUsI
Mogesnu. [Ipyrasi uacTb — /sl IPOBepPKHU ee KauecTBa. [101xo/i MOXKeT NPUMEHSIThCsl, eC/In
TIpe/ICTaB/IeHHbI MaCCHB JJAHHBIX OOJIBIIYI0 YMNCITEHHOCTD.

KauecTBO nocTpoeHusi MHO)KeCTBEHHOU perpeCcCHOHHOM Mo/iesii y00HO OLleHUBATh TaK)Ke
Cpe/IHMM KBa/IpaTUYHbIM OTK/IOHEHUEM.

14.2.1.2. bBuHapHble knaccudmkaTopsl

17151 OLIeHKY KauecTBa Mofe/ii OMHApHOTO K/acCcU(UKaTopa MpeJioyKeH psifi TTapaMeTpoB.
HanpHelime 0603HaueHUs TIPOIIe BCEro TOSICHUTD C TIOMOIIbIO TabUIIbI 2 X 2, eCTeCTBeHHOM /ISt
OUMHAPHBIX OTK/IUKOB.

Mopens OngIT
[TonoXXuTe/IbHbIN UCXO, OTpuLaTe/bHbIN UCXO/,
[TonoxuTenbHbBIN UCXO[, Tr Fp
OTpuliaTe/ibHbIN UCXO[ Fy Ty

CyTb 0003HaueHMH sicHa U3 MepBbIX OYKB aHIIMHACKUX TEPMHHOB:
* True — UCTUHHO,
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¢ False — noxHo,

e Positive — 1omoxuTeTLHBIN,

* Negative — OTpULIaTe/TbHBIM.
PaccunThIBatOTCS Takue MmapamMeTphbl KaueCTBa, KaK UyBCTBUTEIbHOCTh U CITeLU(UUHOCTD.
PaccmoTtpum ux mogpobOHee.
UyBCTBUTEMBHOCTD TTOKa3bIBaeT [I0/IF0 UCTUHHO MOJIOKUTETbHBIX C/TyuaeB, IPaBUILHO
U/IeHTU(ULIMPOBAaHHBIX MO/IEJIBIO,
Se =T -100%.

T, +F,

CrieriupyHOCTH TIOKA3bIBAET /1010 UCTUHHO OTPULIATEe/IbHBIX C/Ty4YaeB, PaBUIbHO
UZeHTU(ULIMPOBAHHBIX MO/IeNbIO,

Sp I -100%.
N + P
OnTrMasbHbIe BeJTMYMHBI ITOpOra OTCeueHUst BEIUMCIISIOTCSI HA OCHOBE KpUTepHeB:
* [lns metoza 1 jocTuraeTcsi MUHUMYM BeJIMUMHBI |Se — Sp|,
e [lns MeToza 2 AOCTUraeTCss MaKCUMYM BelTMUMHbI Se + Sp. [IaHHbIM KpUTepHii Mpe/JioyKeH
KOpenom (Youden).
Bri60p TOro WM MHOTO ONTUMA/ILHOTO 1Opora OTceueHus (a Takke TH0O0OT0 APYroro »keaaeMoro
1opora, B TOM YHCJIe TIpe/ijlaraeMoii HEKOTOPbIMK aBTOPaMH Bel4uHbI 0,5) TPOM3BOANUTCS Ha
OCHOBe TpeOOBaHUM, MpebsB/IsieMbIX UCC/IeloBaTesieM K IPOTHOCTHYEeCKUM XapaKTepUCTUKaM
MOZe/H.
[To >kenlaHUIO TIO/TH30BaTE ISl BBIBOJATCS Tabsuila U rpaduk Tak HasbiBaeMoil ROC KpuBoi
(Receiver Operating Characteristic Curve), orobpaskarorieii BeTMuriHbI Se v 1 — Sp B 3aBUCUMOCTH
OT 1opora oTceueHus (TTapameTpuuecKasi KpUBasi) U CTaHjapTHO TIPUMeHsieMO# I/l OLIeHKU
OrHapHbIX KnaccudrkaropoB. OOBEKTUBHYIO OLIEHKY KayeCTBa MOZe/IM MOXKET 10Ka3aTh TaKKe
noiags mog ROC kpuBol, B nuTeparype Ha3biBaemasi Kak AUC (Area Under Curve).
O cpaBHennu ROC kpuBbIxX cM. cTatbu Beprapa (Vergara) ¢ coaBt., XsHau (Hanley) c coast. O
niopore oTceyeHusi cM. ctatbto Kiotiie (Klotsche) c coaBr.

14.2.2. OyeHKa 3HaYUMMOCTN Mogenu

B maHHOM pa3fesie mpe/icTaBlIeHbI METO/[bI OLIEHKU 3HAaUMMOCTH OMHApHOTO KacCUdHUKaTopa.

14.2.2.1. CtatucTtmka Banbaa

CrarucTrueckasi 3HAUMMOCTh BeCOBBIX K03(duiieHTOB OMHAPHOTO KacCU(pHUKaTopa MOXKeT
TIPOBEPSITHCS C TIOMOII[BI0 CTaTUCTHUK Basb/ia, XOTs 3TOT Criocob 1 He pacCMaTpUBAeTCs
HEKOTOPLIMU aBTOPaMH Kak abCOMIOTHO Hazie)KHbIN. CTaTUCTUKY Basb/ja 3amichiBalOTCS Kak

A

bi

£\ Var (131)
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roe bii =1.2,.m, _ BBIUKC/IeHHbIE OLIEHKU BeCOBBIX KO3()(PULIMEHTOB,
Var (l;i),i =1,2,...,m,

— IMCIIePCUU OLIEHOK BeCOBBIX KO3((PULIMEHTOB.
m — KOJINYeCTBO U3MePSIeMbIX B 3KCIIEPUMEHTe TapaMeTPOB 00BbeKTa.
JTucriepcuy OL|eHOK HaXOJATCs KaK AMaroHa/IbHbIe uieHbl MaTpuisl I7(B), o6paTHOiM K
vHopmaLMoHHOU MaTpuLie ®@uiiepa I(B). THpopmarmoHHas Matpuia Puiiepa B JAHHOM C/lydae
nipeZicTaB/sieT OO0 MaTpULly, 3/IeMeHThbl KOTOPO SIB/ISTFOTCS B3ITBIMU C 00paTHBIM 3HAKOM
3/IeMeHTaMH MaTpuifbl ['ecce GyHKIMK MaKCUMaJIbHOTO TipaBzomnoaobus (manee — @MIT)
I(B) = - H(B),
rae B = {b}, i = 1,2,...,m — BeKTOp—CTO/10€1] BeCOBBIX KO3(PPHUIIMEHTOB.
Craructuku Banbzia UMerOT cTaHZiapTHOe HOpMaJ/lbHOe pacripe/iesieHue, UTo [103BOJIsIeT YCTaHOBUTh
3HAUMMOCTb BbIUMC/IEHHBIX OLIeHOK BeCOBBIX KO3()(PULIMIEHTOB MOAeTH.

14.2.2.2. Ctatuctnka G

Bosee Hazie)kHBIN Cr10Cco0 OLeHKM 3HAYMMOCTU BeCOBBIX K03(duieHToB OMHApHOTO
K/1accudurKaTopa OCHOBAH Ha CTaTUCTHUKAxX

G, =- 21n£,i =1,2,....,m,
L

rge Li, i = 1,2,...,m — ®MII crucTembl C UCK/TFOUEHHBIM MapaMeTPOM |,

L — ®MII nonHoOM crucTeMbI Npe/iCTaB/eHHbIX JaHHbIX.

Cratuctuku G, i = 1,2,...,m, UMeIOT ¥2 pacripe/ie/ieHe CO CTeTeHbIo CBOOObI 1.
Cwm. Xocmep (Hosmer), [laBHUC C COaBT.

14.2.3. JINHENHbIN ANCKPUMUHAHTHbLIW aHanu3 duwepa

MeToj, TMHEMHOTO JUCKPYMHUHAHTHOIO aHam3a (JIMHelHas AUCKpuMUHaLys duiepa,
JVCKPUMUHATOPHBIN aHamu3) nipefyioxkeH OUiliepoM, KOTOPBINA TIPeATIONOKII, UTO KaacCUbUKarys
JIO/DKHA TTPOBOTUTHCS C TIOMOIIIbIO TMHEHMHOW KOMOWHAIUH JUCKPUMHUHAHTHBIX (Pa3/THYaroIiX )
nepeMeHHbIX. OCHOBaHKEM OTHeCeHHs1 00beKTa K KacTepy (K1accy, MOmy/isiLym) sB/seTCs
HauboJsibIlIee 3HAUEHKe TaK Ha3bIBaeMOU MPOCTOU Kaaccudbuiupyromieit pyakmyu hy ayis k—ro
KJ1acca, siBJisitoleiicst TuHeitHoN KoMOrHalel IUCKPUMUHAHTHBIX TlepeMeHHBbIX:

Vi
h, =b, +ZbkiXi>
i
T7ie p — YMC/I0 JUCKPUMHUHAHTHBIX ITePeMeHHbIX,
bii — ko3puiiveHT A/is i—it mepemeHHOM k—T0 Kacca, orpe/iesisieMblii Kak

P
b, =(n - g)Z ainjk.:
j=
r7e n. — obIree uMc/I0 HaOJTIOZEHUI T10 BCeM KJiaccam,
a;; — 3JIeMeHThbI MaTpHIIbI, 00paTHOM K Marpuile W pa30poca BHYTPU K/1aCCOB (BHYTPUTPYIIIIOBast
MaTpuiia CyMM TOTNapHbIX MPOW3BeeHHI ), BLIUMC/IsIeMOM 1o (hopmyrie
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g Ty
W :ZZ(Xikm - Xik.XXjkm - Xjk.)’
k=l m=l
rle g — YMCJI0 KJ/1acCoB,
Ny — YKCII0 HabO/MIoaeHuH B k—M Kiacce,
Xitm — 3HaUEHWe [—OM JUCKPUMHHAHTHOW NepeMeHHOM (BeJIMUMHa i—i rlepeMeHHOW m—To
Habsmonenus k—ro Kiacca),
Xjx — cpefiHee i—ii mepeMeHHOM k—T0 Kacca.
B ocHoBe MeTo/ja /ieXkar JiBa MperoioKeHus:

1. Tlonmynsauwyu, cpeay KOTOPBIX NMPOX3BOAUTCS JUCKPUMHUHALVSA, TOJYUHSIOTCS MHOTOMEDHOMY
HOpMasbHOMY pacrpeziesieHuto. JlaHHOe MpeArnoioKeHre PoBepsieTCsl C TTIOMOILIbIO
MeTOZIOB I71aBbl «IIpoBepKa HOpMabHOCTU pacrpezie/ieHus ».

2. Tlomynsimu, cpeii KOTOPbIX MPOU3BOJUTCS AUCKPUMUHALMS, UMEIOT CTaTUCTUYeCKU
Hepas3/InyMMble KOBapHUaLlJMOHHbIE MaTpPHULIbI.

[Tpu uCKycCcTBeHHOM 00bsIB/IEHMM KOBaPUAL[MOHHBIX MaTPHI] CTaTUCTUYECKHU HEPa3/TUUMMbIMU
MOT'YT OKa3aThCsi OTOpOIIeHHBIMU Harbosiee BasKHbIe UH/IUBU/Iya/lbHbIe UePThl, UMerol1e 00/bIloe
3HaueHue JJis Xopollel AUCKpUMUHALMK. O/IHAKO BBe/leHHOe Tpe/IToioyKeHue M03BosIsieT
TIOJTYYUTh pellieHre U B cilyuae, Koryja KoJinuecTBO 00yuaroiyx BEIOOPOK B K/lacTepe OKa3bIBaeTCs
MEHBIITUM KOJTUUeCTBa JUCKPUMHUHAHTHBIX (YHKIUM — TO €CTh MPH TeX yCJIOBUSX, Korja Oosee
TOYHBIN TMHEWHBIN TUCKPUMUHAHTHLIN aHa/N3 He paboTaerT.

Pe3ynbrarhl TMHEMHOTO AUCKPYMHUHAHTHOTO aHair3a Puiiiepa COBMa/jaloT B CMbIC/Ie KauyecTBa
K/1accuUKalu ¢ pe3yabraTaMy 6osiee CJI0XKHOTO B peau3aliii KaHOHUYeCKOTo
JUCKPUMUHAHTHOTO aHa/u3a.

14.2.4. KaHOHMYECKNI AUCKPUMUHAHTHbIA aHaNn3

KaHoHHYeCKHii IMCKPUMHHAHTHBIN aHa/IM3 OCHOBAH Ha OMpe/le/IeHUH TaK Ha3bIBaeMbIX
JUCKPUMHUHAHTHBIX (DYHKIIHI, KOJIMYeCTBO KOTOPBIX MEHbIIIe TMO0 PABHO UHC/Ty TTapaMeTpOB
00BEKTOB:

2
ﬁcm =l/l0 +ZuiXikm’

i=
rfe fim — 3HAUEHHE KaHOHWUEeCKOW IMCKPUMUHAHTHOM (PYHKIMHU A1 m-To 00beKTa k—To Kiacca,
u; — Ko3(ppuimeHThI, onpeiensieMble Mo (hopmyrie

p
U; =v;\yn - g,u, :_ZuiXi..’
i

rae X;. — cpefiHee i—ii TepeMeHHOM 110 BCeM KJlaccam,

v;, 1 = 1,2,...,p — KO3QPULIMEHTBI, BLIUHC/IIEMbIE KaK KOMITOHEHTBI COOCTBEHHBIX BEKTOPOB PeIlIeHHs
0006111eHHO TIPO6/1eMBI COOCTBEHHBIX 3HAUEHUI:
Bv = AWv,

r7ie B — MeXrpyrmnmnoBasi CyMMa KBa/JpaToB OTK/IOHEHHH,
V — COOCTBEHHBIN BEKTOP,
oCTabHble 0003HAYEHHS Te JKe, UTO U B MPEeIbIAYIIEM pasjerie.
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Marpuua B onpepensieTcsi Kak

B=T-W,

rae T — marpuiia CyMM KBaZlpaTOB Y MOMapHbIX MPOU3BE/IeHHH, 3/1eMeHTbl KOTOPOW BBIUMC/ISIFOTCS
KakK

g Iy
Ly :ZZ(Xikm - Xi..XXjkm - X/)

k= m4
OTHeceHI/Ie HOBBIX, HeKJIaCCI/I(i)I/IL[I/II)OBaHHbIX O6’BEKTOB K 3d4/1aHHBIM KJIaCTepaM HPOI/IBBOAI/ITCH
T0CJIe BHIYKC/IEHUS] JUCKPUMUHAHTHBIX (DyHKLIMIA Ha OCHOBe EBK/IMIOBOM METPHKH.
KomuecTtBo AHCKPHMHH&HTHBIX q)yHKLlI/Iﬁ B KAHOHHMYeCKOM AI/ICKPI/IMI/IHaHTHOM dHa/I13e MOXXeT
6bITB paBHbIM W/ MeHBIIINM KOJ/JIM4YeCTBa HapaMETpOB, OHI/ICbIBa}OH_[I/IX Ka)K'q])H\/’I 06’BEKT.
Pe3yﬂbTaTBI paCHOBHaBaHI/IH METOA0M KdHOHHNYEeCKOI'o AI/ICKPI/IMI/IHaHTHOFO dHdJ/IM3da COBIIaAdkOT C
pesy/bTaTaMK JIMHEMHOTO JUCKPUMUHAHTHOTO aHanu3a duiiepa.

14.2.5. JINHENHbIN ANCKPUMUHAHTHbIW aHaNIu3

HepocraTkoM ornrcaHHOTO MeTo/a IMHEMHOW AUCKPUMUHALMK Dulliepa sB/sSIeTCs IPeATIoIoKeH e
0 PaBEHCTBe KOBaPUALIMOHHBIX MAaTPUL] PACCMATPUBAEMbBIX BBIOOPOK, BC/IEICTBHE UETO MOTYT
0Ka3aTbCsi OTOPOIIeHHBIMU Ba)KHbIe MH/IUBHU/Iya/IbHbIe UePThI, UMerol[ie 00/bIlIoe 3HaueHue Jjist
XOpolllel AUCKpUMUHALIMK. B MeTofie IMHEMHOTO AMCKPUMHUHAHTHOTO aHa/lu3a, HallpOTHB,
KOBapHal[MOHHbIe MaTPULIbI //1s1 pa3/IMYHbIX K/I1aCCOB CUMTAIOTCS Pa3/IAYHbIMHU.

OTKa3 OT NpeAnoIoKeHUsI 0 CTaTUCTUUYECKOW Hepa3IMuMMOCTH KOBapUALIMOHHBIX MaTpHULl,
Jie)Kalllero B OCHOBe JIMHeMHOM JucKpuMuHatiuy duitiepa, i 00yJaroiux KIacTepoB He
TI03BOJISIET TIOYUUTh PellleHure B C/Tydae, KOrjja KOJIMueCcTBO 00ydJaromyX BEIOOPOK B KlacTepe
OKa3bIBaeTCsl MeHbIIle KOJIMYeCTBa JUCKPUMUHAHTHBIX (QyHKI[UI.

B paccMatpriBaeMoM MeTo/ie OCHOBaHHEM OTHeCeHUsi 00beKTa K K/lacCy SIB/ISeTCs Haubosibliee
3HaueHHe JJisl JAHHOTO 00BbeKTa PyHKIMU TTIOTHOCTU HOPMAaJTbHOTO pacripe/ie/ieHus: Cpe/id BCcex
KJ/1acCcoB. BeKTop cpeiHUX 3HaueHUi, BXOASIIUX B GopMyny (GYHKLIUU TIJIOTHOCTA HOPMabHOTO
pacripe/iesieHus], a TAK)Ke JUCTIepCUOHHO—KOBapHallMOHHAst MaTpHIIA JJisi KaKJ0ro o0yJarorero
KJlacca OLIeHUBAIOTCS 110 MCXOJHBIM JJaHHBIM Ha 3Tarie 00yueHwsl.

OTcyTCTBYE MPOCTHIX pellarolvX NpaBuJI (/11 oydyeHyst pe3y/bTaTa Hy>KHO Npo/ienarhb
JIOBOJILHO 00bEMHbBIE BLIUMC/IEHHST) ObIO HEKOTOPBIM MPEMSITCTBUEM [I/Is ITMPOKOTO TIPUMEHEeHUsT
3TOr0 MOLIJHOTO MEeTO/a B MepUO/, TIpe/llieCTBOBaBILINI paclipOCTPaHEHUIO MepCOHATBHBIX
KOMITbIOTepOB. MeTo/;, CI0/1b30BasICs (PaKTHUeCKU peJiKo, HO 37leCh BBe/IeH HaMH KaK Ccepbe3Hast
asbTepHaTHBa JIMHeMHOMY IMCKPUMUHAHTHOMY aHanu3y Puiniepa. B Halmx pacuetax MeTo/,
JTMHEMHOTO IMCKPMMUHAHTHOTO aHa/IM3a MoKa3as 0ojiee BBICOKOe KadyeCTBO PAacrio3HaBaHUS 110
CPaBHEHHIO C JIMHEeMHOM JUCKpUMUHael duiiepa 1 KAHOHUYECKHUM JUCKPUMUHAHTHBIM
aHaIU30M.

14.2.6. JINHENHbIN MHOXXECTBEHHbI pPerpecCUOHHbI aHaNn3

B Xo7ie HeTpHUBHA/IBEHOTO KCIIePUMeHTa abCOMIOTHO TOUHBIE U3MePeHHs TTapaMeTPOB, Kak TPaBUJIo,
HEeBO3MOKHBI. UTOOBI yMEHBIIUTD BIWsIHUE OIIMOOK, TPOU3BOAUTCS OOJIBIIIOe UKCI/IO U3MepeHHH.
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Kax0e n3mMepeHue /jaeT HaM ypaBHeHHe C U3BeCTHOMN U3 TeOpeTUUeCKUX COOOpa)keHH
CTPYKTYPOM C TOUHOCTBIO ZI0 KO3(h(PULIMEHTOB, MO//IeXKallux onpeseneHuto. [1py ucsie usmepeHuit
OosibIlieM, MeHbIIIeM WA PABHOM YKMC/TY TlapaMeTpOB, Mbl TIPUXOJUM K He0OXOAUMOCTH pelleHus
CHCTEMBI, UUCJIO YPaBHEHUM KOTOPOU O0JIbITIe, MeHbIIle MO0 PABHO UYMC/Ty HEU3BECTHBIX
rapaMeTpOB, COOTBETCTBEHHO.

15151 pertieHyst 3aiauy B TIepBOM TIPUO/IVPKEHUU TIOJIOXKUM 3aBUCUMOCTh pe3y/bTaTta SKCIIepUMeHTa
OT TlapaMeTpPOB JIMHEMHOW Mojie/iv (TIpUMeM JIMHEWHY0 MOZiesib) U c(hOpMY/IUpyeM 3ajiauy
MaTeMaTH4eCKH CeyroluM obpa3om. TpeOyeTcst peluTh CUCTEMY JIMHEHHBIX YpaBHEHUH:

k
Z a;x, ~b,i =12,..,n,

/= (B MO3/1EMEHTHOM 3aITicH) MO0
AX = B (B MaTpu4HOM 3aM1CH),
rae a;, i = 1,2,...n; j = 1,2,...k — 371eMeHT MaTpuLibl IKCTIepUMEeHTaIbHbIX JaHHBIX A (MaTpULIbI

perpeccopoB) pasMepom n X K,

X, j = 1,2,...k — oiemMeHT moz/ie>kalliero onpe/ie/ieHrI0 BeKTopa BeCOBbIX K03 duiiieHToB X JIMHOMN
k,

bi, i = 1,2,...n — 3neMeHT BeKTOpa pe3y/bTaToB 3KCIiepuMeHTa B AinHoi K,

k — kommuecTBO M3MepsieMbIX B 3KCIIePUMeHTe TlapaMeTpOB,

N — KOJIMYeCTBO OMBITOB.

B dopmyrie 3HaK * MPUMeHEH BMECTO 3HaKa PaBeHCTBA, UTOObI TOAUEPKHYTh HETOUHOCTD
oripefie/ieHUsi pe3y/brara SKCriepuMeHTa.

Cnyuaii 1. Ilpu k = n cuctema B ciiyuae, ecjid MaTpulja CUCTeMBI He BLIPOXKJeHa, UMeeT OFIHO
peliieHNe, TIOMCK KOTOPOTO He BbI3bIBAeT TPYAHOCTeH U MOXKET OBITh OCyI[eCTB/IeH MeTozioM ["aycca
WU OTHUM U3 UTepPal[MOHHbIX METO/IOB.

Cnyuati 2. ITpu k > n cuctema umeeT 6eCUMC/IeHHOe MHOXKECTBO pellieHUi. PaHT n MaTpUIbl
CUCTeMbI MeHbllie TIopsiZika CUcTeMbl. UKUC/I0 MTMHeMHO He3aBUCHMBIX ypaBHEeHUN MeHbllle
KOJTMUeCTBa HeM3BeCTHBIX, I03TOMY BO3HMKAaEeT Heolpe/esieHHas (Hej0orpe/iesieHHast) CUCTeMa
JUHeNHBIX ypaBHeHUM ropsika k.

Eciu cuctemy yzaeTcst peluTh, B 0011[eM ciTydae Mo/TyYeHHbIH BeKTOP pelleHus] CUCTeMbl
ypaBHEHH He OyJIeT TOUHO Y/J0BJETBOPSATh HU OJHOMY YPaBHEHUIO CUCTEMBI, OJJHAKO MOYKHO
TIOJTYUUTh pellieHre, B KAKOM—TO CMbIC/Ie Hawyuliiee. CyiecTByeT OecurcieHHOe MHOYKeCTBO
pellieHHi pacCMaTpUBaeMOM CUCTeMBI, O[[HAKO U3 HUX MOXKHO BBIJIe/TUTh OJJHO pellieHre, Ha/I0KUB
Ha CHUCTeMY [IOTIOJIHUTe/TbHbIe YCIO0BUs. Tak, MOYKHO HAUTH pelieHue, 001azaroiiee MUHUMATbHOM
EBK/M10BOM HOpMOIA

|[B—AX]|> = min.

Pa3MepHOCTb MaTpuIIbl A eCTh n X k, ipuuem n < k. CHauasia Hy>KHO TaK IpeoOpa3oBaTh 3arch
CUCTeMbl, UTOOBI k ¥ N TIOMEHSITh MeCTaMH, TO eCTh CO3/1aTh MPeATIOChUTKH /IJIs [IOMCKA
niceBgoo0parHoi K AT MaTpuibl. IToc/ie 3/1eMeHTapHBIX BBIK/IAJ0K C IIPUMEHEeHHeM CBOWCTB
TICeB000paTHOM MaTpHIIbI MoTydaeM (GopMYyITy /I/IsT HAXOXKAEeHUs peleHusi, 00/1ajaro1ero
MHHHMaJ/IbHOW HOPMOH, B BU/le

X" =),

@ o @ Copyright © 2017 Igor Gaidyshev
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A

rne X — BeKTOp OLIeHOK BeCOBbIX KO3(hULIMEeHTOB.

Cnyuati 3. [JaHHBIN ciyuait k < n siBAsieTcst HarboJsiee BaXKHBIM MpakTUyecku. CUcTema rpy 3TOM
SIBJISIETCSI HECOBMECTHOMN U MOyKeT ObITh pellieHa MPUOJIKeHHO.

PaHr n MaTpuIibl CUCTEMBI OO0JIbIIIE TIOPSi/IKAa CUCTeMbL. UHMC/I0 TMHEHHO He3aBUCUMBbIX YPaBHEHUH
OoJibIlle KOIMUeCTBa HEM3BECTHBIX, TI03TOMY BO3HUKAET Iepeoripe/ie/ieHHast CCTeMa JIMHeMHBIX
ypaBHeHMi nopsiika k.

[ns pellieHyst CUCTeMBI JOCTaTOUHO JOMHOXXUTD JIEBYHO Y TIPABYI0 YaCTH ypaBHEHUSI HA MaTPULLY
A" cnieBa. 3aTeM [JOMHOXKUTB JIEBYIO U [TPaBYIO YaCTH MOJTyYeHHOTo ypaBHeHus Ha Marpuily (A'A)"!
TaK)Xe cjieBa. B pe3ysbTare 1ojiyurdM roTOBYIO (QOPMYIly pelleHus

X =(A"4) ' 4"B.

B 103/1eMeHTHOI 3am1CH pellieHre CUCTeMbl MOXKET OBbITh TIpe/ICTaBIeHO C/IeyIOLM 00pa3oMm.
BBeziem BekTOp OMIMOOK €, j = 1,2,...,n. Toraa UCXOAHYIO CUCTEMY MOXXHO ITepeIrcaTh:

k
Zaijxj +¢, :bl.,l :1,2,...,11.
Jj4

TouHOe pelieHre CUCTEMBI MTOJTyUUTh He Y/IaeTCsl, TTI03TOMY 00bIYHO TIPUMEHSIFOT METO/
HaMMeHBIIIUX KBa/IPaTOB, B KOTOPOM MUHUMU3UPYIOT CYMMY KBaZIpaToOB OIIMOOK €, i = 1,2,...,1n.

CocTaBUM KBaJlpaTUUHbII (PyHKIMOHA

2
n

7 k
— 2
1(x),%5,...,X},) —Zei —Z b, - Zaijxj
i i= j=
[Torpebyem Munumyma yHkiMoHana I = I(xi,X,...,Xx) TI0 37IeMeHTaM BeKTopa X;, j = 1,2,...,k:
I(x,%y,...,x,)— min, j =1,2,....k.
X,

J
[ManHoe TpeboBaHMe y/|0B/IETBOPSIETCS B C/Tyuae PAaBeHCTBA HY/TI0 BCEX YACTHBIX MTPOU3BOHBIX
¢yHkioHana I o snemeHTam xj, j = 1,2,...,k, 4To IpUBOAUT K crcCTeMe K TMHENHBIX
anrebpanuecKnX ypaBHEHHWH, PelB KOTOpPbIe, MbI HaliZileM Her3BeCTHbIe BeIMUMHBI Xj, j = 1,2,....k:

al
—=0, j=1,2,....k
0x;
[MoxcTaBuB B nocsiefiHIO0 (hOpMy/y BhIpakeHHe [7isi PyHKLMOHAa, ToC/ie 3/ieMeHTapHbIX

ripeoOpa3oBaHuil MOMYUNM:

2 [ X%ﬂn ] x;= ib,- apl=1,2,...k.
i=1

=1 L =y
OTo0 BbIpa)keHUe TIpe/ICTaBsieT cO00M 3amrch CUCTeMbI k TMHENHBIX anreOpandyecKux ypaBHEHUM
Juist k Her3BeCTHBIX. BoipaXkeHre B KBa/IpaTHBIX CKOOKaxX — 3TO 3aMKCh 3/IeMeHTa MaTPULIbI CUCTEMBI
ypaBHEHUH, a rpaBasi YacTb (P OPMYJIbI — 3aIMCh eMeHTa CTOI0Ia CBOOOJHBIX UIEHOB.

Jlyuiye pe3ysbTaThl B CMbIC/Ie 60Jiee TOUHOTO OMMCaHUsl pearbHOro 00beKTa UCC/IeloBaHuUM YacTo,
XOTS ¥ He BCeryja, MOKHO TIOTyYUTb, €CJTH UCTI0/Ib30BaTh YPaBHEHHSI CO CBOOOJHBIM U/IeHOM:

@ o @ Copyright © 2017 Igor Gaidyshev
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k
X, +Zaijxj t+¢, =b,i =1,2,...,n.
j4

TOF'E[EI OCTaJ/IbHbI€ YDABHEHUA ITPUMYT, COOTBETCTBEHHO, BHU/:

2
n

J/ k

V.2

1(Xy, X)X, 5000 X, ) = E e = E b,- x,- E ax;| ,
i= i= Jj4

1(xy,X,,X,,....,x, )= min, j =0,1,...,k,
.

J

7
:U; }:U, ‘r;---:k:

X

j
i Fl

X+ E [ E ar-f-]xf-: E b;,
i=l i=]

k

j=1

Fl ! Fl Fl

Za,-;x,ﬁ 2 [ Za;pﬁ] X; = Zb,- a,l=12,...k

i=1 j=1 i=1 i=1

[MTocnennee Bhipa>keHue Oyzet crctemoit k + 1 MHeNHbIX anreOpanyecKux ypaBHeHUM ayist k + 1
Hen3BeCTHbBIX. [IpakTHYecKy, OfHaKO, B TPUMEeHeHUH roceqHel popMysibl HeT He0OXOIUMOCTH.
CB00OO/HBIN uieH MOXKeT OBbITh BBE/IEH, He MeHsIsl CTPYKTYPhl YPaBHEHUI perpeccud (fi/1st Bcex
ciyyaeB). [Ipu pacuere 10CTaTOYHO BBECTH JIOTIONHUTE/BHBIN (k + 1)—ii mapameTp, KoTopomy OyzeT
COOTBETCTBOBaTh perpeccop 1 B KaXk/IoM BeKTOpe JaHHbBIX. [{/is OTipesie/IeHHOCTH CrieayeT 100aBUTh
eJMHAYHBIM BEKTOP B KaueCTBe TIepBOro CTO/I0La MaTPHLIbI JAaHHBIX. Torza nepBbM

ko3 duiieHTOM B CcTO/O1Ie KO3(DPULIMEHTOB perpeccru, BBIBOAUMOM B pacCMaTpHUBaeMoOM CTydae,
Kak pa3 1 OyZieT BbIUMC/IEHHBI CBOOOHBIN U/leH.

D3, j =12,...k, %) =12,k

HOucnepcuu OLIeHOK KO3()pULIMEeHTOB SIBJISIFOLLIECST
JIMaroHabHbIMU 3/IeMeHTaMU [JUCTIepCUOHHO—KOBapHaLlMOHHOM MaTpHL{bl

C(X) =MSE (A" 4)",
rae MSE — cpennsisi KBa/ipaTHuHast OIIMOKa (uCTiepcysi OIMOKYA Perpeccru), BBIUMCIIsieMast TI0
dhopmyrne

MSE = Z"'ef,
i

n- k5
rae e, i = 1,2,...,n — OCTaTKH, BbIUUC/ISIeMbIe KaK
e, =b - b,i =12,...,n,
rae bt =1.2,.0m, _ Mpe/CKa3aHHbIe pe3y/bTaTkl SKCIIepUMEHTa.

3Hag OL€HKH1 K09(1)(1)I/II_]"I/IGHTOB " UX JUCTIEPCHUH, MOXXHO BBIUHMC/IUTE CTATUCTUKH

X
=L j =12,k

7 D% ;
Copyright © 2017 Igor Gaidyshev



@ The ME.com

KOTODbIe aCUMIITOTUYECKH UMEIOT t—pacripefiesieHue ¢ n — k crereHsiMu CBOOO/IbI, UTO TI03BOJISIET
c/lesiaTb BbIBO/] O 3HAUMMOCTH OLIeHOK K03((ULIeHTOB (3HAUMMOM OT/IMYUU OT HYJIS).
CraH/japTHOEe OTK/IOHEeHHWe OLIMOKY perpeccry BBIUMC/ISIETCS Kak

SE =+ MSE.

B mambHeMIMX BEIUMC/IEHUSIX TIOHA[00STCS TaK)Ke CTaHjapTHBIE OITMOKH 0CTAaTKOB
m, =SE\/1- h.,i =1,2,...,n,
rae h;, i = 1,2,...,n — oka3arenu Biusinus (leverage, yCI0BHbIE KOPPeJISIIIUKM HAaOMHOeHUs U
TIPOTHO3a), BBIYMC/IsieMble KaK MO/Y/TA AMaroHa/IbHbIX 37IeMEeHTOB MaTpPHULIbI
H=A(A"A)'A".
Cranpaptu3oBaHHble ocTatky (standardized residual) BeruncisitoTcst Kak
e .
E =—,i=12,..,n.
SE

Bonee TouHble OLIeHKH Jjat0OT CThIOZEHTU3NPOBaHHbIe ocTaTKu (studentized deleted residual),
KOTOpbIe BBIYUC/ISIOTCS Kak

. e
E, =——,i =12,..,n,

rae uHjekKc (i) 34eck U Jjajee 03HavaeT, UTO BbIYMC/IEHUE TT0Ka3arers POU3Be/leHO MpHr
VCK/TIOUeHHOM Ha0JTFOZIeHUH C HOMEPOM i.
B nutepartype BbiBesieHa rpocTasi GyHKLMOHAMbHas CBsA3b BemuuH E;, i = 1,2,...,n, 1

E ,i=12,..n

U 77T TI03TOMY ITOC/IefHUe MOXKHO BBIUMC/IUTE UYepe3 IepBhle, TeEOpeTUUeCKHU HaMHOT'O
YMEHBIIUB 00beM BbIUMC/IeHUH. [IpakTHueCKU, OIHAKO, B 3TOM HeT HeOOXOJUMOCTH, T. K.
yKa3aHHbIe BBIUMC/IEHUS] BCe—TaKu He0OXOAUMBI Jijisl OLIeHKH IPYTUX ITapaMeTPOB PellleHusl.

14.2.6.1. O6paboTKa BbIOPOCOB

AHanu3 CcTaHAapTHU30BaHHbIX WIN CThIO[JE€HTHU3UPOBAaHHBIX OCTAaTKOB MOKET MPUMEHSIThCS AJ1s1
BBISIB/IEHUsI BLIOPOCOB Ha0/TIOZIeHU OTHOCHUTE/TLHO CTAaTHCTHUUECKON MOZIeTH.

.
CTbIO€eHTH3UPOBaHHbIE OCTATKU E; aCUMMOTOTUYECKU TTOJUUHSIFOTCS t—
pacnpeziesieHHIo ¢ n — k crereHssMu cBoboapl. s yrobcTBa monb3oBaresiei P—3HaueHust, He
TIpeBbIIIAlOIIMe IPUHSTHIN /1/151 JAHHOTO THIIA 3a[jauk CTaHapTHhIN rnopor 0,05 (uto
CBU/IETE/ILCTBYET O 3HAUMMOCTH Pa3/MUMi HaO/TIOeHUS U MOZIeJTbHOM OL[€HKH), BbIJEJISIOTCS

KpacCHBIM I[BETOM aHaJIOTUYHO TOMY, KaK 3TO c/ieflaHo B 171aBe «O6paboTKa BIOPOCOB».

i =12,....n,

14.2.6.2. BbisiBNeHne BSIOWNX HAGMOAEHN

s kaxxgoro Habmoaenus BeiBoauTcs Mepa Kyka (Cook’s distance, Cook’s measure)
E* h

0 ==r"
k 1-h

1

Copyright © 2017 Igor Gaidyshev
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0 > 4 i =12,...,n,
3HaueHust h-= T. €. TIpeBbILIaoII1e TTIOPOr TPeBOXKHOCTH, CBUZETE/IbCTBYIOT O
CWJILHOM BJTUSTHUM JJAHHOTO Hab/MiofieHus: Ha CMelljeHre TUITePIJIOCKOCTU PerpeCcCui.
Taxoke /17151 KaXKA0T0 Hab/FoieHNst BEIBOAUTCS 3HaueHre Mepbl Bemua—Kyxa (Welsch—Kuh’s
distance, Welsch—Kuh’s measure, DFFITS, DFITS)

DFFITS, =E; i =12,..,n.

|DFFITS | > 2\/51 =12,...,n,
3HaueHust n T. €. IIPeBLIIIAIOIIYe [IOPOT TPEBOXKHOCTH,
CBUETe/IbCTBYIOT O CUJIbHOM B/IMAHWUUW JAdHHOT'O Ha6JI}OAEHI/IH Ha CMelljeHre r'urepriyioCKoCTH
perpeccuu.

Kak yKe YyIIOMHHAaJ/IOCh BhIIIIe, B IMTepaType BbIBeAeHa IIpoCTasd Cl)yHKHHOHaHLHaH CBA3b BE€/IMUMH

. E,i=12,.,n
E,i=12,.,n,u i’ 2™ nostomy Mepsbl Kyka 1 Beiua—Kyxa 3kBHBasieHTHBI. OTO O3HaYaer,

YTO pe3y/bTaThl aHa/IW3a JaHHBIMH MeTO/laM{ B OO/BIIMHCTBE C/TyYaeB JO/DKHBI 1aBaTh
OJIMHAKOBBIE BBIBO/IBI.

Taxxke J/1s1 KaXK0ro Hab/roieHsT BEIBOAATCS k 3HaueHWM Mepsl DFBETAS

i~ X

SE(i)\/CT ,

rze ¢j, j = 1,2,...,k — muaroHanbHble 37eMeHThl MaTpulisl C = (ATA)™.

IDFBETAS,| >%,i =1,2,0015 j 12,00k,
3HaueHus n-k T. €. IIPeBbIIIA0IIIe TTI0POor
TPEBOXXHOCTH, CBUZIETE/ILCTBYIOT O CUIbHOM BJIMSIHMM [JAHHOTO HaO/II0/leH!sI Ha OLIeHKH BeCOBBIX
K03((HHUILEHTOB.

DFBETAS,, = i =12, =12,k

14.2.6.3. ABTOKOppenayma octatkoB

1151 OL1eHKY aBTOKOPPeJISILiMM 0CTaTKOB MHOKECTBEHHOW JTMHEMHOM perpeccuy, MOCTPOEHHO!M Ha
OCHOBE YMOPSZJ0YEeHHBIX UCXOHBIX JaHHbIX (HAarlpuMep, M0 JaTeHTHOM NepeMeHHOU — BpeMeHH),
pa3paboTaH KpuTepuii [laporHa—YoTcoHa. BeiuniciieHre CTaTUCTUKU KPUTEPUsI TIPOU3BOJUTCS T10

¢bopmyne
Z(ei - ei-l)2
— 2 _

d =
n
2
Qe
i
OkBUBasieHTHas1 (MaTpuuHasi) hopMa CTaTUCTUKH KPUTEPHS
T
e Ae

T _
e e
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rJie e — BeKTOp OCTaTKOB C 3/iIeMeHTaMu e;,i = 1,2,...,n,
A — Marpulja pa3MepoM n X n BUza

1 -1 0 ... 0 0 O]
-1 2 -1 ... 0 0 0
0 -1 2 ... 0 0 O
A= .
0O 0 0 .. 2 -1 0
o 0 0 .. -1 2 -1
0 0 0 .. 0 -1 1]

MoguduipoBaHHast CTaTUCTHKA Kputepus d / 4 acCMMIITOTUYeCKU TIOAUUHSIETCsT OeTa—
pacripefie/IeHUIO C TapaMeTpaMH, OTpe/ie/isieMbIMU CIeAYIOLMM 00pa3oM.
CHayvasia BBIYHUCISIOTCS, COOTBETCTBEHHO, MaTeMaTUUYeCKOe OXKUAHUE U TUCTIEPCHUS CTaTUCTUKH
Mapbuna—YorcoHa 1o dhopmysiam
Ed = r ,

n-k-1

_ 2(Q- P-Ed)

(n-k-2)n-k+1)’
r7le BCIIOMOTaTe/IbHbIe BeJTMUMHBI P 1 Q BBIUMC/ISIFOTCST, COOTBETCTBEHHO, KaK
P = trA — tr[ X"AX(X"X)"],
Q = trA? - 2tr[X"A2X(X"X)"] + tr{[X"AX(X"X)"]2}.
Vziest COCTOUT B TOM, UTO MaTeMaTHueCkKoe O>KU/JaHKe U JUCIIePCHs CTaTUCTHKU d / 4 OJDKHBI OBbITh
paBHbBI, COOTBETCTBEHHO, MaTeMaTHUeCKOMY OXKH/IaHUIO U J¥CTiepcry QyHKIMY OeTa—
pacripenenenvist. @yHKIMs GeTa—pacripeiesieHusi C TapaMeTpaMy p U q UMeeT MaTeMaTHueCcKoe
OXXUJAHUE U TUCTIEPCHI0, COOTBETCTBEHHO,

£b =P
p+q

b

16 pg
(p+q)’(p+q+1)
[IpupaBHUBasi COOTBETCTBYHOIIUe BhipaxkeHusi Ajist Ed v Eb, a Takxke Dd u Db, rionyuum
Ed(4- Ed) |
Dd ’

(p+q) =

p Z%(p +q)Ed.

HOCHe BbBIUUC/IEHUd U3 BTOPOFO Bpr&)KeHI/ISI Be/IMUNHBI p MO>XHO BBIUUC/IUTH q Hnu3 HepBOFO
Bpra)KEHI/IH KaK

_Ed(4- Ed) _
1 Dd
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Cwm. moHorpaduu Annucona (Allison), besncnu (Belsley) c coasr., peiinepa (Draper) coart., KosHa
(Cohen) c coagr., Kyka (Cook) coagr., Paitana (Ryan), @on Aii (von Eye) c coaBr., Yycurmaiikka
(Uusipaikka), Uarrepmxu (Chatterjee) ¢ coasr., moknaj ['amueHkoBoid. O BBIOPOCAX U BJIUSION[UX
Habmozgennsx cM. MmoHorpadun Kyka (Cook) c coasr., craten Kyka. O craructrke [lapbrHa—
YorcoHa cM. crareio [lap6una (Durbin) ¢ coaBT., MoHOrpaduio XeHHaHa.

14.2.7. lloructuyeckas perpeccus

B npakTruecKux NMpUIo)KeHUsIX BOSHUKAeT CUTYyaLUsl, KOT/Ia OTK/IMK SKCIlepUMeHTa Ipe/iCTaB/ieH B
6uHapHOM Bufie (1 — HanmMuMe pu3HaKa, 0 — OTCyTCTBHe Npu3HaKa). MHOXKeCTBeHHast IMHelHast
perpeccusi He yUMUTbIBaeT JJaHHOe OrpaHUuYeHre Ha BbIXOZ Mojiesu. [1jis pelieHust 3aauid MOXKeT
WCIO/Ib30BaThCsl JIOTUT aHaIu3 (MHOXKeCTBEHHas! JIOTUCTHYeCKast perpeccusi).

MHO)KeCTBeHHasi JIOTICTUUeCKas Perpeccusi MO>KeT ObITh TIpe/ICTaB/IeHa B BUie Ciefytolei
Mo/ieTbHOM (hopMYy/Ibl

P.(B) =Logit(X;B) Z;_X_B,j =12,...,n,
I+e ™/
rae P(B), i = 1,2,...,n — BBIXO/l MO/IeJIH,
B={bi}, i = 1,2,...,m — BeKTOp—CTO/I0€1] BECOBBLIX KO3(PPHUIINEHTOB,
X;={xi},i=1,2,..,m; j = 1,2,...,n — BEKTOp—CTPOKa MapaMeTpoB 00beKTa j, U3MepeHHbBIX B

9KCTIepUMeHTe,
X;B, j = 1,2,...,n — MHO)XeCTBeHHasi JInHelHasi perpeccusi (3aMeuaHue 0 MO/ie/id CO CBOOOAHBIM
YJIeHOM CM. HUXe),

m — KOJIN4eCTBO M3MepsieMbIX B 3KCIlepUMeHTe TlapaMeTpoB 00beKTa,

N — YMCJIeHHOCTh 00yuarotiieii BEIOOPKH (UMC/I0 0ObEKTOB).

3HaueHue Pj(.) Mo)KeT ObITh UHTEPIIPETUPOBAHO KaK BepOSITHOCTD TOTyUeHUst IOTUTOM 3HaueHust 1
TIpY MO CTaHOBKE B YpaBHEHUe ONpe/e/IeHHOro Bekropa Xj, j = 1,2,...,n, U3MepeHHOro B
JKCIIepYMEeHTe.

OnTyMasbHbIe 3HaUEHUSI BECOBBIX KO3()(PUILIMEHTOB MOTYT OBITh Hali/IeHbI IyTeM MaKCUMH3al[uu
norapudmuuecko GPyHKIIMHY MaKCUMaJILHOTO TpaBfomnofo6us (ganee — ®MIT)

InL :21[1/_]. InP,(B)+(1- Y,)In(l- pj(B))},
J=
rae Yj, j = 1,2,...,n — BbIXO[] SKCTIepUMeHTa, COOTBETCTBYIOLLMI U3MEPEHHOMY B 3KCTIepUMEeHTe
BEKTOpY IapameTposB Xj, j = 1,2,...,n.
3aziaua CBOAUTCS K CUCTeMe HelTMHeHHBIX anrebpanuecKuX ypaBHeHUN
OlnL
=0,
oB
[J1s1 pellieHrs KOTOPOU UCII0/Ib30BaH CTaHAapTHbIN MeTo HetoTroHa—Pacdcona. VitepauionHas
cxema MeTo/ja 3amuchiBaeTcsi hopMyson
Bi+1=Bi— [H(Bk)]lg(Bk), k= 0,1,...,
rae k — HoMep uTepaLuu,
H(.) — marpuija I'ecce (MaTpuLia BTOpbIX MPOU3BOAHBIX) OMII,
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g(.) — rpagueHT (BeKTOp TpoM3BOHbIX) OMIT.

BcnencrBre aHa/TUTHUECKH JIOKa3aHHON CXOJUMOCTH UTEPALIMOHHOM CXeMbI Ha BCel obsactu
oripe/iesieHUs apryMeHTa BeKTOp Hada/IbHbIX 3HaueHUM MO)KHO OpaTh TIPOU3BOJIBHBIM, /151
OTIpe/Ie/IEHHOCTH U yI00CTBa BBIYUCIEHUH — HYJ/IEBBIM.

PerieHue 3a/jauu paIiKaabHO YIIPOILaeTcst Oy1arofiapsi U3BeCTHBIM BhIpaXKeHHUSIM BeKTOpa rpajiieHTa
v MatpuLbl ['ecce ®MII. I'paguent ®MII umeet siBHOe npefcTaBiaeHue B BUJe (OMycKast HOMep
vTepalun)

g(B)=) (Y, - P(B)X,.
j=
Marpurija 'ecce @®MII umMeeT siBHOe MpeficTaB/ieHUe B BUje (OIycKasi HOMep UTepaLiiu)

7
H(B)=-) P/(B)1- P(B)X X,

j=
OneHKa KaueCTBa perpeCCHOHHOM MOJe/I OMKCaHa B OHOUMEeHHOM paszese. OreHKa 3HaUMMOCTH
BeCOBBIX KO3(P(HUI[MEeHTOB TaK)Ke TIpe/iCTaB/ieHa.
3ameTHM, UTO eCJTU T0 YCJIOBUSM 3aZiau TpeOyeTcs JIOTUT MHOXKeCTBEHHOU JTMHEMHOU perpeccruu
CO CBOOOZIHBIM U/IeHOM, B pekume 00yueHuUst TIPOCTO 100aBbTe B MAaCCHUB UCXO/HBIX JaHHBIX
crosnber] U3 OIHUX eJMHUL], a IPU PAaCTiO3HAaBaHUM He 3a0ybTe B BEKTOpe KaXK0r0
pacrio3HaBaeMoro 00beKTa Tak>Ke YCTaHOBUTh B JJAHHOM MO3UIMU BEKTOPA eAUHUILY.
Cwm. moHorpaduu Xocmep (Hosmer) c coasr., [llykpu (Shoukri) c coaBr., ctatbu [JaBHUC C COaBT.,
Iasuc (Davis) ¢ coaBr., Ligeir (Zweig) c coabr., [IsiiBugcon (Davidson) c coaBT., mocobue
LipimiakoBa. BBesjeHre B paccMaTprBaeMblii TIpeIMeT IaHO B 0030PHBIX CTaThsaX [1ak/iMHa Ha caiiTte
BaseGroup Labs. O pelieHuu cructeM He/lMHEHHbIX ypaBHeHUM cM. KHUTY Hocaua. O nepcentpoHe
cm. kaury OcoBckoro, Manauk (Mandic) ¢ coaBT., MuHcKoro ¢ coaBT., KpyrioBa c coaBT., [Itoka ¢
COAaBT.

14.2.8. MpoouTt aHanus

B npakTuyeckux NpUIOKeHUsIX BOZHUKAeT CUTyaLUsl, KOI/ia OTK/IMK SKCIlepUMeHTa IIpe/iCTaB/ieH B
6uHapHOM Buzie (1 — HanmuMe pu3HaKa, 0 — OTCyTCTBHe TpU3HaKa). MHOXKeCTBeHHast JIMHelHast
perpeccus He yuuTbIBaeT JaHHOe OrpaHWYeHre Ha BbIXOA Mogesu. [ peleHus 3afiauy MOXKeT
MCTIO/TH30BATHCS TPOOUT aHaMu3.

[Tpo6ut MoxxeT ObITH Ipe/iCTaB/IeH B BU/ie CIeAyIoleil MofieTbHOU (hOpMYyIIbI

P,(B) =probit(X ;B) =®(X;B),j =L2,...,n,

rae Pi(B), i = 1,2,...,n — BBIXOZ, MOJIeJIH,

@(.) — GpyHKIMSI HOPMAJILHOTO pacrpe/eneHus,

B={bi}, i = 1,2,...,m — BeKTOp—CTO/10€1] BECOBBLIX KO3(PPHUIIUEHTOB,

X;={xi},i=1,2,..,m; j = 1,2,...,n — BEKTOp—CTPOKa MMapaMeTpoOB 00BEKTa j, U3MepPEeHHbBIX B
9KCTIepUMEeHTe,

XB, j = 1,2,...,n — MHOKeCTBeHHasl JIMHelHasi perpeccus (3aMedaHre 0 MOJIe/T! CO CBOOOJHBIM
YJIEHOM CM. HIXKe),

m — KOJTMUYeCTBO U3MePsieMbIX B SKCIIEPUMEHTe TlapaMeTPOB 00BEeKTa,

Copyright © 2017 Igor Gaidyshev



(

@ The ME.com

N — YHUCIEHHOCTh 00yyJaroreid BLIOOPKH (UKC/IO 0OBEKTOB).

3HaueHue Pj(.) MOXeT ObITh MHTEPITPETUPOBAHO KaK BEPOSTHOCTD TOTyUYeHUs IPOOUTOM 3HAUEHUSI
1 ripu 1O/ICTaHOBKE B ypaBHEHUE OIpe/ie/IeHHOro Bekropa Xj, j = 1,2,...,n, U3BMepeHHOro B
JKCTIepUMeHTe.

OnTrMasbHbIe 3HauUeHUs BeCOBBIX KO3(D(PULIMEHTOB MOTYT OBITh HaliJieHbI IyTeM MaKCUMH3aL[u1
norapudmMuuecKor GyHKI[UM MaKCUMaJIbHOTO MpaBoroo6us (ganee — ®MIT)

n
InL :ZI[YJ. InP (B)+(1- ¥,)In(l- P,(B))}

I=
rae Y;, j = 1,2,...,n — BBIXO[] 9KCIIePUMEHTa, COOTBETCTBYIOIIMI U3MepeHHOMY B SKCIlepUMeHTe
BEeKTOpy napameTpoB Xj, j = 1,2,...,n.
3aziaua CBOAUTCS K CCTeMe HelTMHeHHbIX anrebpanuecKyux ypaBHeHUH
OlnL

:0’

OB

[J1s1 pellieHrsl KOTOPO# MCI0/Ib30BaH CTaHapTHbIN MeToZ, HetoToHa—Padcona. VtepauonHas
cxeMa MeTo/ia 3aIlcChiBaeTCst Popmynou
Bi:1=Bi— [H(Bk)]lg(Bk), k= 0,1,...,
rje k — Homep uUTepaluy,
H(.) — marpuua I'ecce (maTpuLia BTOpbIX Mpou3BoAHbIX) ®MII,
g(.) — rpagueHT (BeKTOp TIpoM3BOHbIX) OMIT.
BcerieicTBre aHaIMTHUECKY [JOKAa3aHHOM CXOAMMOCTH UTepPaliMOHHOW CXeMbl Ha BCel 00/1acTi
oripeJiesieHUsI apryMeHTa BeKTOp Hada/IbHbIX 3HaueHUM MO)KHO OpaTh TIPOU3BOJIBHBIM, 151
OTIpe/ie/IeHHOCTH U yA00CTBA BBIUMC/IEHUI — HYJIEBBIM.
PelieHue 3a/jauu paIiKaabHO YIIPOILaeTcst Oyarofiapsi U3BeCTHBIM BhIpaXKeHHSIM BeKTOpa rpajiieHTa
u MatpuLpl ['ecce ®MII. I'pagrient ®MII rimeet ssBHOe npejcTaBieHue B BUle (OMycKasi HOMep
vTepalun)

B =3V B)X,,

v,- B(B)
P(B)1- B,(B)

V,(B)=f(X,B) =1,2,...,n,
e — BCIIOMOTaTe/IbHbIe BeJIMYUHBI,
f(XiB), j = 1,2,...,n — IJIOTHOCTb BepOSATHOCTH HOPMa/bHOU ClTy4aliHOW BeTMYMHBI.

Marpurja I'ecce ®MII nmMeeT siBHOe NpeZicTaB/ieHUe B BU/le (OIMycKasi HOMep UTepaLin)

n
H(B)=-YV.(B)V,(B)+X B)X'X..

j=
O1leHKa KauecTBa perpeCcCHOHHOMN MOJie/Ti OMYCaHa B OJHOMMeHHOM paszesie. OrjeHKa 3HaYMMOCTH
BeCOBbIX K03()(HULIMEHTOB TakKe MpeJCcTaB/ieHa.
3ameTuMm, UTO eC/U T10 YCJ0BUSIM 3a/iauy TpedyeTcsi mpobUT co CBOOOAHBIM UIEHOM, B PeXKUMe
o0yueHHst IPOCTO J06aBbTe B MaCCHB UCXOAHBIX JaHHBIX CTOIOeL] U3 OfHUX eIMHML], a IIPU
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pacrio3HaBaHWU He 3a0y/ibTe B BEKTOpPe KaXKZ0ro pacro3HaBaeMoro 06bekTa TakKe yCTaHOBUTH B
JAHHOM TIO3ULIUM BEeKTOPA eUHULLY.

CwM. moHorpadwuio u ctatbio Kamepon (Cameron) ¢ coaBT., paboty AHcenuH (Anselin),
moHorpaduu /I3Buzcona (Davidson) ¢ coarr., Jlonra (Long), moco6ue IlpimiakoBa. O pelieHnH
CUCTeM HeJIMHeMHbIX ypaBHeHul cM. KHUry Hocaua.

14.2.9. Perpeccusa lNyaccoHa

Perpeccus [1yaccoHa siB/isieTCSl METOZIOM pacIio3HaBaHMs TaK Ha3blBaeMbIX CUETHBIX JAHHBIX,
BO3HUKAOIIWX TPU TIOZICUeTe KOJTMYeCTBa KAaKUX—TM00 SKCIIepUMeHTaIbHbIX CYIIIHOCTeN
(HarmpuMep, umrcsia 6aktepuii B yaiike [Terpu). OHa MOXKeT OBITh Ipe/iCTaB/IeHa B BU/lE CIeAyIOIIei
Mo/ieTbHOM (hopMYy/Ibl

W(B) = exp(X;B), j = 1,2,...,n,

rae Wi(B), j = 1,2,...,n — BBIXOJ, MOJeJH,

B={bi}, i = 1,2,...,m — BeKTOp—CTO/10€1] BECOBBLIX KO3 PUILINEHTOB,
X;={xi},i=1,2,..,m; j = 1,2,...,n — BEKTOP—CTPOKa [MapaMeTPOB 00bEKTa j, N3MEPEHHbBIX B
9KCIIepUMEHTE,

X;B, j = 1,2,...,n — MHO)XeCTBeHHasl TMHelHasi perpeccus (3aMmeuaHue 0 MOZIeJTH CO CBOOOHBIM
YJIeHOM CM. HUXKe),
m — KOJINYeCTBO U3MePsieMbIX B 3KCIIepUMeHTe TlapaMeTpoB 00beKTa (perpeccopos),
N — YKCJIEHHOCTh 00yuaroiieli BbIOOPKH (UMC/I0 0OBEKTOB).
B mopenu perpeccun [lyaccoHa nmapameTp | MHTEPIIPETUPYETCS KaK CUeTHOE KOJTMYeCTBO,
COOTBeTCTBYIOLL[ee BeKTOPY perpeccopos X. [Ipy 3ToM | sIB/IsieTCs TapaMeTpoM paclipe/ie/ieHust
[TyaccoHa, NJI0THOCTb KOTOPOTO UMeeT BU/J]

Su,,Y

Py =y) =y =012,....
hd
DyHKIMS MaKCUMaTbHOTO MpaBaonono6us (ganee — ®MIT) 3anuriercs: Kak
n n Y;
L=[]P, =) :Hl;' e
j4 =y

rge Y, j = 1,2,...,n — BBIXOZ, SKCIIePUMEeHTa, COOTBETCTBYIOIINN M3MEePEHHOMY B 3KCIIepUMeHTe
BEKTOpY TapameTpoB X, j = 1,2,...,n.
Torga norapudmmueckas ®MII Gyzer 3arvcaHa, C y4eTOM MOJe/TbHOM (hOPMYJIbI perpeccuu, Kak

n
= - - ll

InL Z[ exp(X;B)+Y, X ,B- InY)!

j4
OnTrMasbHble 3HaueHUs BeCOBBIX KO3(P(PULIMEeHTOB MOTYT ObITh HalZieHbI IyTeM MaKCUMH3aL[u1
norapupmuueckoit ®MII. 3asaya cBOAUTCS K CHCTeMe HelTMHeNHBIX anrebpanuecKrux ypaBHeHUN
OlnL

=0,

oB

[JIs1 pellieHHs] KOTOPOM UCII0/Ib30BaH CTaHapTHbINM MeToZ, HeroToHa—Padcona. VtepanioHHas
cxema MeTo/ja 3arrchbiBaeTcsi popMymnoi
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Bi+1 = Bx—[H(B)1'g(By), k = 0,1,...,

rae k — Homep uTepaLuu,

H(.) — marpuija I'ecce (MaTpuiia BTOpbIX MPOU3BOAHBIX) OMII,

g(.) — rpagueHT (BeKTOp NpoM3BOHbIX) PMIT.

BcnencrBre aHaMTUUECKH I0Ka3aHHOM CXOMMOCTH UTEePALIMOHHOM CXeMbl Ha Bcel obsactu
oTipe/ie/ieHUs apryMeHTa BEeKTOpP Haua/IbHbIX 3HAaU€HUH MOYKHO OpaTh TIPOU3BO/IBHBIM, /IS
oripe/ie/IeHHOCTH U yI00CTBa BHIYUCIEHHH — HY/IEBBIM.

PemieHuie 3a/jaun paZiiKaabHO yTIPOIAeTcst 61arojapsi U3BeCTHBIM BhIPDa’KEHUSIM BEKTOPA TPaJjieHTa
u Matpulibl ['ecce ®MII. I'pasuent ®MII rmMeeT siBHOe TpeficTaBleHHe B BU/e (OIycKast HoMep
WTepalun)

g(B) =) X,(¥,- X,B).
J4
Marpurja I'ecce ®MII nmeeT siBHOe MNpeficTaB/ieHUe B BU/le (OIMycKasi HOMep UTepaLin)

n
H(B) =- ) exp(X ,B)XX .

j4
O1eHKa KaueCTBa perpecCHOHHOM MO/ie/ld OMKCaHa B O[HOUMEeHHOM paszesie. O1jeHKa 3HaUMMOCTU
BeCOBbIX K03()(HULIMEHTOB TakKe MpeJCcTaB/ieHa.
Ecsu o ycioBusim 3ajaum TpebyeTcsi perpeccust ITyaccoHa co CBOOOHBIM U/IeHOM, B PeXXUMe
o0yueHust TpocTo 100aBbTe B MAaCCHUB UCXOAHBIX JAHHBIX CTO/IOEL] U3 OJHUX e/IMHMLI, a TIPH
pacrio3HaBaHWU He 3a0y/bTe B BEKTOPE KaXKZOT0 pacrio3HaBaeMoro 00beKTa TakKe YCTaHOBUTh B
JIJAaHHOM MO3ULIMK BeKTOpa eJAUHULLY.
Cwm. moHorpadwuio u cratbio Kamepona (Cameron) ¢ coaBT., paboty AHcennH (Anselin),
moHorpaduu /I3Buzacona (Davidson) ¢ coaBr., JIonra (Long), moco6bue IlpimiakoBa. O pelieHUH
CUCTeM HeJIMHeWHbIX ypaBHeHWl cM. KHUry Hocada. bosibliioe unc/io MCTOUHMKOB MOCBALLEHO
M3yueHUIO siBJieHUs1 cBepxucrniepcuu (overdispersion), MHOTja BO3HUKAOILIETO MPU UCCIe[0BaHUU
TIpe/iCTaB/eHHbIM MeTO/|OM 1 3aK/IF0Yal0ILerocs B MpeBbILLIeHUH JUCTIEPCHUY MO/e/IbHOM OLeHKU
perpeccuu IlyaccoHa Hafi caMol OLieHKOH, T. e. DA > EA. O cBepxucriepcuu cM. ctaTbi bappoHa
(Barron), bonunra (Bohning), bpecnoy (Breslow), [luna (Dean) u [luHa c coaBr., lyrnaca
(Douglas).

14.2.10. OueHKa NMPOrHoCTUYECKOW LLeHHOCTU NapaMmeTpoB

CpaBHHUTe/IbHAs OL|eHKa MPOrHOCTUUEeCKOM 1[JeHHOCTH NlapaMeTpoB (IPUMEeHUTEeNbHO K
JIOTUCTUYECKOW perpeccuu) npejcrapieHa B paboTe [11aBUHCKOM C COaBT., IPUYeM B KayeCTBe
asbTepPHATUBBI KJ1IaCCUYeCKOM M—MepHOU MHOKe CTBeHHOU JIOTMCTUYeCKOU perpeccuun
VICTI0/Tb30BaHbI M JIOTUCTUYECKUX Perpeccuii Jijist KaKJ0ro rapamMerpa o0beKkTa B OT[e/IbHOCTH.
Mo)KHO TakKe YIIOMSIHYTh ellle OfuH 3PQeKTUBHBIN CrI0Cc00 OIfeHKH MPOrHOCTHYeCKOM LIEHHOCTH,
OCHOBaHHbIN Ha anroputMe ®appapa-Iaybepa, npescTaB/ieHHOM B I71aBe «MaTpuuHas 1 TuHelHas
anrebpa» (a IMeHHO, crIoco0, KOTOPBI OCHOBAH Ha BBIYMC/IEHNH KO3((HUIEeHTOB eTepMUHALIH,
TaM ke CM. HeoOX0oziuMble CChUIKM). [laHHbIN criocob nccieioBaHus My/IbTUKO/NTMHeAPHOCTH
MOXKET 0Ka3aThCsl IPAaKTUUeCKH TI0Ie3HBIM TIPH pPelleHHH 1TPOo01eMbl OL[eHKU BIUSTHUS TOTO HTH
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WHOTO MapaMeTpa, 10 TIPeAII0I0KeHHI0 UCC/Ie/IOBaTeIsl, XapaKTepU3yHIero OOLeKT, B
PacCMOTPEHHBIX B HACTOSILEH I71aBe MeTo/laX pacrio3HaBaHus 00pa3oB c oOyueHuem. [TapameTpsl,
uMerollre 3HaurMble K03 (UI[MeHThI leTePMUHALU, PeKOMEeH/1yeTCsl UCK/TFOUUTD U3
paccMOTpPeHHs KaK UMeloLLie Masioe B/IMsIHUe Ha pe3y/bTaThl paclio3HaBaHusl. VIcKitoueHue
JIAHHBIX TIapaMeTPOB TTIOMOTaeT He TOJIbKO COKPaTUTh 00beM BBIUMCIEHUH U YMEHBIIUTh
BBIUMC/TUTE/TBHYIO CJIOKHOCTh pellieHust (4acTo 00ecreunTs caMy BO3MOKHOCTh PelleHust
KOHKDETHBIM MEeTO/IOM PaCIio3HaBaHUs1), HO U, UTO CaMOe Ba)KHOe, MHTepIIPeTHPOBaTh pe3y/bTaT
pacrno3HaBaHusi 00pa30B C NPUB/IEUEHNEM CyIIleCTBeHHO MeHbIIIero uMcsia napaMmeTpoB (0TOpoCHB
rapaMeTphbl, MaJio BAMSIOLME Ha KaueCTBO Pacrio3HaBaHusl), T. €. CHU3UTh pa3MepHOCTbH (a
CJlefloBaTelbHO, U CTOUMOCTb pellieHHs]) 3aZlauu.

NnaBa 15. MHOromepHoe WwKasimpoBaHue

15.1. BBegeHue

PaCCManI/IBaI-OTCH K/IaCC4YeCKre MeTOAbl MHOI'OMEPHOI'O IKA/IMPOBAHUA.

15.2. TeopeTnyeckoe o60cHoBaHue

[Tomo6HO MeToziaM (haKTOPHOTO aHa/IM3a, MeTO/ibl MHOTOMEPHOT'O [IKaIMPOBaHUsl UCIIO/Ib3YIOTCS
7151 TIOMCKA CTPYKTYPhI 0OBEKTOB, 10 TEPMHUHOIOTMM MHOTOMEPHOTO LIKa/TMPOBAHUS — CTUMYJIOB —
B MHOTOMEPHOM TIPOCTPAHCTBe (CTUMYJIOM B MHOTOMEPHOM LITKa/IMPOBAaHUM Ha3bIBAOT OOBEKT
WCC/Ie[IOBaHMSI, UTO COOTBETCTBYET MOHSATHIO SMITMPHUYeCKOl BHIOOPKY B MTPUK/IaJHOM
cTaTUCTUUYeCcKoM aHanu3e). [Togo6HO MeToZaM K/1acTepHOro aHau3a, MeTolaMi MHOTOMEPHOT0
I1Ka/IMPOBaHMsI M3y4aroTCsl TPYIINUPOBKY 00BEKTOB B MHOTOMEPHOM IPOCTPaHCTBe. MeTo/ibI
MHOTOMEpHOr0 IIKaIMpPOBaHUs 10 Lie/id pacueTa O/rke K K1acTePHOMY aHa/lu3y — YCTaHOBJIEHUIO
NIPOCTPaHCTBEHHOW KOH(UI'ypaLiu UCCIeyeMbIX CTUMYJIOB.
[TpuMeHsIOTCS C1eyroLe MeTO bl MHOTOMEPHOTO IIKa/IMPOBaHUs:

* MeTpuUuecKuil MeTof ToprepcoHa,

* Hemerpuueckuii metoz Kpackena.
MeTo/ibl OTPaXKaroT pa3/IMyHbIe U/e0I0rHUeCKHe TIOAX0/bI K pelleH 0 TIPo6ieMbl MHOTOMEPHOTO
IIKa/IMPOBaHUS.

15.2.1. MeTpuku

Mepa cxocTBa d; MeXXly 0ObEKTaMH i U j Ha3bIBAeTCSI METPUKOH, €C/TM OHA Y/IOB/IETBOPSIET
orpe/ie/IeHHbIM YC/IOBUSIM:

* cummetpuiu d; = d;;,

* HepaBeHCTBY TpeyroyibHUKa d;j < di + dj;,

*  pa3IMUMMOCTH HETOXK/|eCTBEHHBIX 00bEKTOB U HEPA3TMUMMOCTH TOX/I€ CTBEHHBIX 00bEKTOB,
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* MHOTJA TaKXKe CTaBsT TpeOOBaHKUe MaKCUMa/IbHON CXOXKeCTU 0OBEKTa C «CaMUM CODO0i»
d, =mind,,
b TipyueM /iJisi pacCMaTpyUBaeMbIX MeTpUK Bceraa d; = 0.

MeTpuKa rpefcTaBssieT cO00M Mepy CXOZCTBA TUITAa PACCTOSTHUS MEXKY CTUMY/IaMU, BBIYMC/IEHHYIO
TI0 ompe/iesieHHOU (popmyrie. B mpoijecce MomnapHOTro BLIUKC/IEHMs METPUK MEXXy BCEMU
00BbeKTaMH, COCTaB/ISIOIIMMHI MaTPHULy UCXOAHBIX IaHHBIX, TIOJTyYaeTCsl TaK Ha3bIBaeMasi MaTpULia
PEENIZEIZ1Z8
OCHOBHBIM 3/IeMEHTOM UCC/Ie[IOBaHHUsI B MHOTOMEPHOM IIIKaTMPOBAHUU SIBJ/IIETCS KBa[paTHast
MaTpHIia pa3iuunii D MeXay CTUMYJIaMH, KOTOpast COJIEPXKUT p CTPOK U CTOJIOLOB, T7e p —
KO/TMYeCTBO CTUMYJIOB, BBIYMC/IEHHAsi HA OCHOBE OZIHOW M3 METPUK M3 MaTPULIbI TTePBUYHBIX
WCXOZIHBIX JaHHbIX. [T0 AraroHas M MaTpuUllbl pa3/inunii 00si3aTe/IbHO Pacrio/araloTcsl HyJieBble
3HaueHUs (PaCCTOSTHUSI MEX/y CTUMYJIaMH «CaMU C COO0¥» ).
[oryckaeTcst UCTIOMb30BaTh TOTOBbIE MaTPHULIbI pa3TMUnii MeX/y CTUMY/IaMH, BbIUMC/IeHHbIe
3apaHee Ha OCHOBe JIFOOBIX APYTUX METPUK WM UHBIX Mep CBSI3H, I03TOMY BO3MOYKHOCTH PacueToB
He orpaHhYeHbl UCTIONMb3yeMbIMU MeTpUKaMu. Tak, HarlpyuMep, BO3MOKHO T0/TyueHre 3/IeMeHTOB
dj, i =1,2,....,p; j = 1,2,...,p, MaTpuLibl pa3nuuuii D 13 KoppensiLiuOHHOW MaTpuLibl R 1o ¢opmyre
d, =\J1-r,,i =12,..,p;j =12,..,p,

rae ry, I = 1,2,...,p; j = 1,2,...,p — KOOQPULIMEHT KOppessLiy MeXy CTUMyaamu i, i = 1,2,...,p, U j, j
=1,2,...,p.

KoppensiiioHHasi MaTpuila MOXKeT OBbITh TIOCTPO€EHA C TIOMOII[BI0 METO/IOB T7IaBbl
«KoppensioHHbIN aHaMu3», a Bce HeoO0xoAuMble TpaHC(hOopMaIiK KOPPeISLMOHHOW MaTPHULbI —
CTaH/JAPTHBIMHU CPe/ICTBAMM.

B MeTpuueckom MeToie ToprepcoHa MUCMOMb3yeTcs MO0 roToBasi MaTpulia pa3inuui, m1ubo
MaTpHiia TIepBUYHBIX UCXOJHBIX JJaHHBIX, TI0 BbIOOPY. HampoTus, HemeTpuueckuit metoz, Kpackesna
paboTaeT TOJBLKO C MaTpHIiel MepBUYHBIX UCXOJHBIX JAHHBIX U He pab0oTaeT C TOTOBOM MaTpUIieit
pasInuuni.

15.2.1. MeTpuka MMUHKOBCKOIO

Haunbonee ob1ieii kaccryeckoii Mepoil THIa pacCTOSIHUS SIB/IsIeTCS MeTpUKa MUHKOBCKOTO,
KOTOpas orpeziesisseT pacCTOAHUe MeXAy cTumynamu i, i = 1,2,...p,u j, j = 1,2,...,p.

T7ie I — HEKOTOpasi BeJIMYMHA, TIpUYeM r > 1,

n — pa3MepHOCTb TIPOCTPAHCTBA,

Xi, 1 = 1,2,...,p — IPOEKLUS TOYKH I, I = 1,2,...,p, Ha ocb k, k = 1,2,...,p,

Xjk, 1 = 1,2,...,p — IPOEKLUS TOUKHM j, j = 1,2,...,p, Ha ocb k, k= 1,2,...,p.

[TpakTHYeCKr MeTPUKa BBIUMC/ISIETCS KaK Mepa MeXKy AByMsI BLIDOpKaMU, UMC/IEHHOCTh KaXK/I0H U3
KOTOPBIX paBHa n.

Vcrosib3yroTcst HEKOTOPbIe YaCTHbIe CTy4yau MeTPUKK MUHKOBCKOTO:
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¢ eBK/IMJ0Ba MeTpHKa,
¢ MaHXeTTeHCKOe paCCTOsAHHeE.

15.2.1.2. EBKNnMgoBa MeTpukKa

Ecu B MeTprike MUHKOBCKOT'O MOMIOXKUTD I' = 2, TIO/IyYUM CTaHZAPTHOEe eBKJIMJ0BO PACCTOSIHHE
(eBK/IMJ0BY METPHKY)

r7ie n — pa3MepHOCTh MPOCTPAHCTBA,
Xit, 1 = 1,2,...,p — IPOEKLUS TOYKH I, I = 1,2,...,p, Ha ocb k, k = 1,2,...,p,

Xji, 1 = 1,2,...,p — IPOEKLUS TOUKHM j, j = 1,2,...,p, Ha ocb k, k= 1,2,...,p.

[TpakTHYeCKr MeTPUKA BBIUMC/ISIETCS KaK PACCTOSTHHE MEX/y JBYMSs BBIOODKaMH, UHC/IEHHOCTh
Ka)K7I0l 13 KOTOPBIX paBHA n. ['eoMeTpuueCcKu eBK/INU/IOBO PACCTOSTHUE TIpe/[CTaB/sieT coboit
paccTosiHve MeX/y /IByMsi TOUKaMH B N—MepPHOM MPOCTPAHCTBE.

15.2.1.3. MaHXeTTeHCKoe paccTosHne

[Tpu r = 1 meTpuka MUHKOBCKOTO /JaeT MaHXeTTeHCKOe paccTosiHie (MeTpPUKY ropoza, city block,
Manhattan distance)

d; :Z
k=1

rJie n — pa3MepHOCTb TIPOCTPAHCTBA,

Xik, 1 = 1,2,...,p — IPOEKLUS TOUKH i, i = 1,2,...,p, Ha ocb k, k = 1,2,...,p,

Xji, 1 = 1,2,...,p — IpPOEKLUs TOYKH j, j = 1,2,...,p, Ha ocb k, k = 1,2,...,p.

[TpakTHUeCKM MeTPHKa BLIUHC/ISIETCS KaK Mepa MeXKy JBYMsI BLIDOPKaMH, UMC/IEHHOCTh KayKJOU 13
KOTOPBIX paBHa n.

B MHOTrOMepHOM ITIKa/IMPOBAaHUN METPUKH, OTJTMUHBIE OT €BK/IM/I0BA PACCTOSTHUS, IPUMEHSIIOTCS
HeOXOTHO. PacueTsl 1OKa3bIBatOT, UTO MaTPULIbI pa3/IMuuii, TOCTPOEHHbIe HAa OCHOBE JJaHHBIX
METPUK, PUBOJSAT K TIOSIBJIEHUIO OTPUIIATeTbHBIX COOCTBEHHBIX 3HaUeHUM TIPU PellieHHuH TIPo0/ieMbl
COOCTBEHHBIX 3HAUEHUI MaTPUI[bl CKa/IPHBIX TTPOU3BE/IEHUH, UTO aBTOMAaTUUeCKH MTPUBOUT K
HaTMUHIO0 KOMIT/IEKCHBIX COOCTBEHHBIX BEKTOPOB, KOTOPbIE C TPYAOM IMOA/Jal0TCsI MHTepIIpeTalviy B
TePMUHAX MHOTOMEPHOTO LITKaTMPOBaHUSI.

2

Xie = Xk

15.2.2. MeTpunueckunint metog ToprepcoHa

MeTpuueckurii MeToJ, MHOTOMEPHOTO I1IKaIMpoBaHKsl ToprepcoHa UCXOAUT B CBOMX MpeNoChUIKaxX
W3 TOU U/Ie, UTO UCXOJHbIe AaHHbIe 00 MccieayeMbIX 00beKTax (TlapaMeTpbl, MOCPeJCTBOM
KOTODBIX OMMCaHbl 00BEKTHI) SIBJISTFOTCSI pe3y/IbTaTaMy TOYHBIX M3MePeHH, CBOOOHBIX OT OLIMO0K
u3MepeHusi. 3aJjaueli MeTo/ia SIB/ISIeTCS Mpe/CTaBIeHre KOHPUrypauu 00beKTOB B TPOCTPAHCTBE
1IIKa/I MeHbLIeN pasMepHOCTH.
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MeTo/, 0CHOBaH Ha aHaJlM3e TaK Ha3bIBaeMOI MaTpHL{bl CKasIPHBIX MTpOM3BefieHu B. [laHHast
MaTpHija CTPOUTCS Ha OCHOBe MaTpuLIbl pa3inuuii D MeTpuku. BorunicieHust 3/1eMeHTOB MaTpULb
CKaJISIpHBIX TIpoU3BeieHui B npoun3BogsTcs 1o hopmyiie

P P p_p
b, :% - d} +lZd; +12d; - ZZd; i =12,..,p;j =1.2,..., p,

D iz JAE i=l j=l
rae di, i = 1,2,...,p; j = 1,2,...,p, paCCTOSIHUSI MeXy CTUMYyAamu i, i = 1,2,...p,u j, j = 1,2,...,p,
TIpeZICTaB/IsIoIHe COO0M O[HY U3 Pa3HOBUIHOCTEN METPUKH MUHKOBCKOTO, COCTABJISIFOIIIE
Marpuuy D,
D — KOIMYeCTBO CTUMYJIOB.
W3 peliieHus cTaHAapTHOM TPo6/ieMbl COOCTBEHHBIX 3HaUEHHUH /1eHCTBUTETbHON CUMMeTpHUUeCKo
MaTpHLbI CKa/ISIPHBIX MMPOU3Be/IeHNI yCTaHABIMBAETCS Mpe/iCTaB/eHre CTUMYJ/IOB B KOOPAUHATHOM
TIPOCTPAHCTBe OcCe MKa/IbHLIX 3HaueHuM. [TogpobHee o perieHHH TIPOOIeMbI COOCTBEHHBIX
3HaueHWM U MIPUMeHsIeMbIX aJrOPUTMaX MOXKHO y3HaTb U3 I1aBbl «MaTpruyHas U TMHelHast
anrebpa».
[TonyyeHHBbIE KOOPAWHATHBIE OCH TTOYTH BCETZIA MOTYT ObITh CO/IepyKaTeIbHO WHTEePIPEeTUPOBAHBI.
Kpome Toro, pe3y/ibTaThl aHa/KM3a MOTYT OBITh UCIIO/Tb30BaHbI Zjis K/1aCCU(MHUKAI[UH CTUMYJIOB.
OCHOBHBIM pe3y/ibTaTOM pacueTa siB/sieTCsl MaTpulia IIKa/lbHbIX 3HaueHul Z (KOOpuHaT CTUMYJ/IOB
B [POCTPAHCTRBe IIKa). DJIeMeHTbI MaTpHLIbl KOOP/IMHAT CTUMYJ/IOB BBIUMC/ISIIOTCS TI0 (popmyrie

Zpq :\//Tqypq’

rae g, 1 < q < n— KonMuecTBO y/iep)KUBaeMbIX MaKCUMa/bHBIX COOCTBEHHBIX 3HAUEHUH,

N — pa3MepHOCTb UCXOJHOTO NPOCTPaHCTBaA,

Aq — q—e cobCcTBeHHOe 3HaueHWe MaTPULIbI CKaJISIPHBIX TIPOU3Be/IeHNH,

Ypq — COOCTBEHHBIN BEKTOP MaTPHLIbI CKa/ISIPHBIX MTPOU3BEJeHUH, COOTBETCTBYIOIINI COOCTBEHHOMY
3HAUEHHIO Aq.

MaxkcumanbHOe YHC/I0 KOOPAYHAT CTUMYJ/IOB ( (KOJIMYeCTBO OCeH IIKa/JIbHbIX 3HaUeHWH,
pa3MepHOCTh MPOCTPAHCTBA I1IKaj) OyZeT paBHO KOJTMUECTBY p COOCTBEHHBIX 3HAUeHWUH MaTpPHULIbI
CKaJISIPHBIX TIpou3BeieHri. OJHAKO YaCTb COOCTBEHHBIX 3HaUEHUH A, Ha ITarie BEIUMC/IEHHI MOXKET
0Ka3aTbCs HY/IEBOW B BBIYMCIUTE/ILHOM CMbIC/ie. KpoMe TOro, KoiMyecTBO 0CeH LIKa/JIbHbIX
3HaYeHUI MOXKeT OBbITh CKOPPEKTUPOBAHO, MCXO/s U3 aHa/Ii3a BeJIMUMH COOCTBEHHBIX 3HAUEHUM
(TakyKe UX MPOLIEHTHOTO COZlep KaHus).

B peanbHBIX pacueTax, Kak MPaBUJIO, POMCXOUT CJieyIolee: U3 BeJTMYMHBI COOCTBEHHBIX
3HaueHWM Aq ¥ UX TIPOLIEHTHOTO COZlePKaHUsI Cpa3y sICHO, CKOIbKO COOCTBEHHBIX 3HaUeHUM HY)KHO
OCTaBUTh, TaK KakK OTOPOLIEHHbIe 3HAYEHUS SIB/ISIOTCS OUeHb MaJIbIMH BeIMUMHAMU, 110 MOAYJTIO
nopsizika 107°,

XoTsi B IUTEpaType OMMCaHbI U IpyTrHe MeTo/bl BEIOOpAa KOJTMUeCTBa 0CeH MIKa/IbHBIX 3HAYeHHH,
o011iee MPaBU/I0 COCTOUT B TOM, UTO OCe JO/DKHO OBITh I0CTAaTOYHO [I/Is CO/iep KaTesIbHOU
VHTeprpeTalyy NpOCTPaHCTBeHHOW KOH(Urypaluu cTumysnoB. Ha npakTuke yacto
OrpaHUYMBAIOTCS [IByMS WIU TPeMsl OCSMH.

Ecnu yncio oceil IKambHBIX 3HauUeHWH 0OJIblile WK PaBHO JBYM, AOTIOJIHUTETLHO TIPOU3BOJUTCS
o0beKkTHBHOE BpaiiieHue peiieHUs MetooM VARIMAX noso6Ho ToMy, KaK 3TO CZieJlaHO B
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(hakTOpHOM aHa/M3e, KOTOPhI TTOAPOOHO pacCMOTPEH B OAHOMMEHHOM r/age. [Ipoiieaypa
Bpall{eHUs He U3MeHsIeT B3aMMHYH0 [IPOCTPAHCTBEHHYIO KOOPAMHALIMIO CTUMYJ/IOB, HO YacTo
y/yuliaeT UHTePIPeTUPYEMOCTh pellieHUs yTeM C/IBUra rpo3zei CTUMYJ/IOB B KOOPAUHATHOM
MPOCTPAHCTBe O/MKe K TOM WM MHOW OCH ILKaJl.

XOT$1 3TO U He sIBJIsIeTCs He0OX0[UMbIM 3TArlOM pellleHus], pe3y/bTaThl aHa/lk3a PeKOMeH1yeTCst
1300pa3uTh rpaduueckH, a AJisi pa3MepHOCTH TIPOCTPAHCTBa Oosiee ABYX UM TpeX rpaduku
JIO/DKHBI OBITH TIPeJICTaB/IeHbl IBYMePHBIMU Cpe3aMy TIPOCTPaHCTBa.

15.2.3. HemeTpuueckunii metoa Kpackena

Bce MeTobI HEMETpHUYECKOTO MHOTOMEPHOT'0 1IKa/IMPOBaHKsl, B OTVINYME OT METPUYECKOTro
MHOTOMEPHOT0 IIKaTMPOBaHUsI, UCXOASAT B CBOUX IPEATIOChUIKAX M3 TOW H/eH, UTO laHHbIe 00
WCC/IelyeMbIX 00BeKTax SIB/ISIOTCS pe3y/ibTaTaMK U3MepeHnH, UCKayKeHHBIX olMOKamu. [Toatomy
MPUYMHAMY BO3MOYXKHOTO HEY/[0B/IETBOPUTEILHOTO NPeZCTaB/IeHNsI KOHPUTypaLii 0ObeKTOB B
TIPOCTPAHCTBE MeHbIIIeH pa3MePHOCTH B HEMETPUUECKOM IIKAJMPOBAHUH CUMTAIOTCS OIIMOKU B
WCXOJHBIX laHHBIX. [lapamMeTprl, onvchiBaroye 00beKThI U 3alaHHble MaTPULIEN NCXOJHBIX
JIJAaHHBIX, B HeMeTPHUUeCKOM IIKaJTMPOBAHKH B MPOLiecce pellieHusi U3MeHSFOTCS, YTOObI MOTyUUTh
Jydlliee rpe/icTaB/eHNe KOH(UTypaLi CTUMYJIOB B [IPOCTPAHCTBE LKA/l MeHbllIeil pa3MepHOCTH.
CTpeccoM B HEMeTpHYeCKOM MHOTOMEDHOM LLIKa/JTMPOBaHUM Ha3bIBalOT (DYHKL[MOHAJI, TOA/IeXKal[1ui
MUHMMH3aLMu. VIMeroTcs pa3nuuHble (POPMBI cTpecca. 371eCh Mbl UCI0J/Ib3yeM CTPeCcC B OHOU U3
KJ/IacCUUeCcKux (popm

§ = |7 ,

pp ,
2. 2 d;

i=l j=l

rae dy, i = 1,2,...,p; j = 1,2,...,p, 37IeMeHTbI MaTPULIbI Pa3/IUUMA, TIPE/ICTaBIISAOIHe COOO0M
PacCTOSIHUSI MeXXly CTUMYAamH i, i = 1,2,...,p, u j, j = 1,2,...,p, BbIUMC/IEHHbIE TI0 opMy/ie OHOU U3
Pa3HOBUIHOCTU MeTPUKU MUHKOBCKOTO T10 TIO/THON MaTpHIie UCXOHBIX AAHHBIX, 3/IeMeHTaM1
KOTODPOM SIBJIAFOTCSI BeIMUUHBI X, K = 1,2,...,p; | = 1,2,...,n,

n — pa3MepHOCTb UCXOJHOTO TPOCTPAHCTRA,

d.,i=12,.,p;j=12,. . .
it TS D] ZhEen P g pavienthr OLIeHKHM MaTpUILIbl Pa3/InuMi, TIpe/[CTaB/IstoIIe coboit

OLIeHKU paccTosiHul dyj, i = 1,2,...,p; j = 1,2,...,p, BbIUKC/IEHHbIE B IPOCTPAHCTBE LLIKa/l MeHbIlIel
pa3MepHOCTH, 3/IeMeHTaMU KOTOPOU SIB/SIFOTCSI BeJIMUMHBI Xy, k = 1,2,...,p; | = 1,2,...,q,

g — pa3MepHOCThb MPOCTPAHCTBA LIKaJ,

P — KOJIMYeCTBO CTUMYJIOB.

AnroputMm mipezicTaBisieT OO0 UTepalMOHHBIN Tiporiecc. Kaxkasi utepariusi BK/ItoYaeT B ce0st
MeTpHUYeCKUM 3Tarl, IpUMeHsIeMbIH /1Jis TToTyueHus1 OLleHKA MaTPULbl pa3/inuuii, U HeMeTpuueCKui
3Tarl, 3aK/TFOYAOIUICS B TT0Z00pe OL[eHKH MaTPHI[bl UCXOAHBIX JaHHBIX, KOTOpast OyzieT
MUHHUMH3HUPOBATh CTpecc. Lle/bio BEIUMC/IEHUH SBSIETCS 1000p TaKoH KOH(MUTYpaIjii MaTPULIbI
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WCXO/IHBIX JJaHHBIX, YTOOBI 00eCTIeYTh MUHUMYM CTpecca 10 BeJIMUMHaM Xi, k = 1,2,...,p; [ =
1,2,...,n. O61as cxema aqroput™Ma rokKa3aHa Ha PUCYHKE.

CTapToEan
KOHGI MMy paLLMEa

!

HeteTpHYeckni
aTan

|

METDUYSCKKA
aTan

Pl HARAYIA

HeT cTpecca

BriBog
peaynLTaToR

MeTpuruecKuii 3Tar 1oJpoOHO OMKCaH B pa3zeJie, MOCBAIeHHOM MeToAy ToprepcoHa, mo3ToMy
rozipoOHee OCTAHOBUMCSI HA HEMETPUUYECKOM 3Tarle.
Psii coBpeMeHHBIX aBTOPOB TpejijiaraeT A/ MUHUMH3al[ii CTpecca UCTI0b30BaTh Pa3IMyuHbIe
YHUBepPCabHble MeTO/bl ONITUMHU3ALIUU, OT TPaZJMEeHTHBIX METOZOB 1 10 HEMPOHHBIX CeTel.
YHUBepCa/ibHbIe aJITOPUTMBI, UCTIO/B3YIOIIMe YMC/IeHHOe OTpe/ie/ieHre TPaIueHTOB U APYTUX
TlapaMeTPOB CXeMbI aJITOPUTMOB 0e3yC/I0BHOM ONTUMU3auH, 3P PeKTHBHO MOYKHO MCII0/Ib30BaTh,
Korjla BUZ, LiesieBoi (DyHKI[MM Her3BeCTeH 3apaHee. Eciu »ke BUZ, 1iesieBoM (QyHKI[MH U3BECTEH U,
Oosiee TOro, BechbMa IpoCT, TO OoJiee TI0JOTBOPHBIM OKa3bIBaeTCst moaxo Kpackea, KOTOpbIi
TIpe/irio/iaraeT aHa/IMTHYeCKoe BbIUKCIeHWe rpagueHTa. MUHUMU3al[Msl pacCMaTpUBaeMoit (hopMbl
CTpecca MpUBOAUT K (opmMysie, Ha3bIBaeMO rpaiieHTHbIM anroputMoM Kpackena. Anroputm
3alMChIBAeTCS B PEKYPCUBHOM BHU/Ie KaK
cet) _pe 20 S| i - diE 2(e) _ 20
W T T T LT A Pa T Xu
B 3

4 ik
i#k

r_lsign(fri(f) - fc,(dc)) Kk =12,...,p;l =12,.n,

I7le ¢ — HOMep uTepaLyu, npu ¢ = 0 cTapToBasi KOHPUryparyst alropuT™Ma 3alaeTcsi MeTpUueCKUM
MeTtozioM ToprepcoHa, MaKCUMaJIbHO [JOMTYyCTHMO€e YKUC/IO UTeparyii 3a/jaeTcs,

3HAaK «KpbIllIeuKa» 03HayaeT OL[eHKW BeJIMUKH, BHIUMCIeHHbIe Ha JTare UTepaliyy,

ol — TapaMeTp, Ha3bIBae€MbIH I11arOM UTepariiy, OT KOTOPOTO MOXET 3aBHUCETh KaK CKOPOCTh
CXOZIMMOCTH UTEPaLIMOHHOTO TIPOLiecca, Tak U caMa CXOJUMOCTh a/ITOpPUTMa; 3HaueHue rapaMeTpa
«T10 YMOJTYAHUIO» MOXKET OBITh U3MEHEHO T10/Th30BaTe/eM,
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I — BeJIMUMHA, IPUMeHsieMasi TIPY BbIUMC/IeHUM MeTPUKY MUHKOBCKOTO B TOW WU UHOU popMme,
npyuyeM r > 1, 4aCTo UCIOJIB3YIOTCS C/lyuau eBK/IW/0Ba pacCTOSIHUSA (1 = 2) 1 MaHXeTTeHCKOTo
paccrosiius (r = 1),
sign(.)— 3HaK BbIPa)KeHUsl,
B —ff d’
i

i=l j=l
[Tpeobpa3oBaHusi, BLIMOJIHEHHbIE HaJl MAaTPHULIe UCXOAHBIX JaHHBIX B X0/l UTEPAl[MOHHOTO
npoliecca, pe/ICTaB/SI0T CO00M pUMeHeHe K NCXOAHBIM JIaHHBIM HEKOTOPOI HeM3BeCTHOU
MOHOTOHHOM (PyHKLMH. VITepaljMOHHBII MPOLieCC 3aBepliaeTcs MpH J0CTHKeHUH MUHMMYMa
cTpecca, 0 YeM CBH/IeTeIbCTBYeT OT/IMUMe MeX/ly CTPeCCOM Ha TeKylllel U npeabiayiei
uTepaLysax Ha HEKOTOPYHO 3apaHee 3a/|JaHHYIO0 [10/1b30BaTe/ieM Majylo BeJIMUMHY €, HallpuMep,
0,00001. YcnoBue ocTaHOBA MOXKET OBITh 3aMCaHO B BU7IE
|S(C+1) _ S(C)l <€,
I7le ¢ — HOMep UTepaLyu.
ABapuiiHbIM 3aBepllieHHeM TpoLiecca CUMTAIOT ero 3aBeplieHre He TI0 MUHMMYMY CTpecca, a o
JOCTVDKeHUM OMpe/ie/IeHHOTO 3apaHee 3a/laHHOr0 unc/ia UTepaLyi.
Ecsu uncsio oceit mIKaibHBIX 3HaUeHWH O0sIbIlle WK PaBHO JBYM, JIOTIOJTHUTETBHO MPOW3BOAUTCS
o0BbekTHBHOe BpaleHue pemieHns MetogoM VARIMAX mogo06HO ToMy, Kak 3TO CZie/IaHo B
(hakropHOM aHanm3e. [Iporeypa BpallleHus1 He U3MeHsIeT B3aUMHYI0 IMPOCTPaHCTBEHHYHO
KOOpPZMHALIMIO CTUMYJ/IOB, HO YacTO y/yylllaeT MHTepIIPeTUPYeMOCTb pellieHHs ITyTeM C/IBUra
rpo37ieil CTUMY/IOB B KOOPIMHATHOM MPOCTPAHCTBE OJTH>Ke K TOW WM MHOM OCH IITKal.
Kpome BO3MOXHOCTH 110/1b30BaTe/IbCKOr0 BBOZA ITapaMeTPOB, MPeyCMOTPEH BbIBOJ, AUHAMUKU
cTpecca 1o urepanusM. [laHHasi BO3MOKHOCTb MOXKeT OBbITh TI0/1e3Ha MPU UCC/IeI0BaHUN
CXOZAUMOCTH TIpoLjecca.
X0Ts1 3TO U He sIBJIsIeTCs He0OX0[UMBIM 3TArlOM pellleHus], pe3y/bTaThl aHa/lk3a PeKOMeH/1yeTCst
n300pasuTh rpaduyecky, a AJisi pa3MepPHOCTH MPOCTPaHCTBa Oosee IBYX WK TpeX rpaduKu
JIO/DKHBI OBITH TIPeJICTaB/IeHbl IByMePHBIMU Cpe3aMH MPOCTpaHCTBa. [JuHaMUKa cTpecca 1o
UTepaLusiM, TIPH HeOOXOAMMOCTH, TaK)XKe TIPe/[CTaB/ISIeTCs rpadruecK.

15.2.4. Npob6nema BpaLjeHns

Ocu KoOpAMHAT NTPOCTPAHCTBA LKA/ OPTOrOHA/bHbBI, ¥ X HalpaB/IeHWsl yCTaHAB/IMBAIOTCS
M0CJIeZl0BaTe/IbHO, 110 MaKCUMYMYy OCTaBLIeNCs Jucnepcrd. bosee npeamnoutrTenbHOe MOI0XKeHNe
CUCTeMBbI KOOPJMHAT MO/Iy4aroT [yTeM BpallleHUs] 3TOM CUCTeMbI BOKPYT ee Hayasa.
[TpocTpaHCcTBeHHas KOH(QUIypaLys CTUMYJ/IOB B pe3ysbTaTe IPUMEeHEeHUs] 3TOW MpoLieypbl
OCTaeTcsl HeM3MeHHOU. Lle/bro BpalljeHus SAB/IIeTCsl HaX0KeHHe OJHOU U3 BOSMOXKHBIX CUCTEM
KOODJMHAT /14 [0JyYeHHs] TaK Ha3bIBaeMOMW ITPOCTOU CTPYKTYphbl. [IpUMeHSIFOT MOMy/IsIpHBIN MeTOo[,
Bpaijednss VARIMAX. IToapo6Hoe ommcanue metofa VARIMAX npuBOAUTCS BO MHOTHX
VICTOYHUKAX 10 BbIUMC/IMTEIbHBIM MeTO/laM CTaTUCTHKH, HarlpuMep, Y MarHyca, B [1epBOM BBIITyCKe
C6opHuKa HayyHbIX TIporpamMm Ha DopTpaxe.
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FnaBa 16. OGpaboTKa 3KCNEepPTHbIX OLLEHOK

16.1. BBegeHune

PaccmarpuBaroTcst MeTozbl 00pabOTKH SKCIIePTHBIX OL[eHOK. OTMeTHM, UTO Tpe/iCTaBIeHHbIe
MEeTO/Ibl He KCUEePITLIBAIOT BCEX BO3MOXXHOCTEH 00pabOTKM KCIIEePTHBIX OL[eHOK. [IpuMephl Takux
pelleHu:

*  BroisiB/IeHHe OHOPOAHBIX TPYIII SKCIIEPTOB MOXKeT ObITh BLIMOJIHEHO C ITOMOILBIO
COOTBETCTBYIOLUX METOZ0B K/IaCTEPHOI'O aHa/IM3a, MHOIOMEPHOIO LIIKa/TMPOBaHUs,
(hakTOpHOrO aHaM3a.

* HaxokgeHue cOrmacoBaHHOTO MHEHHSI TPYIITIbI SKCTIEPTOB MOXKET OBITh BBITTOTHEHO C
TIOMOILIbIO COOTBETCTBYHOIIMX METOZ0B AUCIIEPCUOHHOIO aHau3a.

* HccnenoBaHue KOppesiLiK SKCIIEPTHBIX OLEHOK MOKET OBbITh BBITIOTHEHO C TTOMOIIIBIO
COOTBETCTBYIOLMX METOZ0B KOPPEeJISILIMOHHOI0 aHa/r3a.

OcraHoBuMCcs 6os1ee TIOIPOOHO Ha BbISIB/IEHWH OJHOPOJHBIX TPYIIT 3KCIIePTOB. [17151 3TOr0
PEeKOMeH/IyeTCsl BOCII0/Ib30BaThCsl MeTOZlaMU IaBbl «KiacTepHslii aHanv3». V3 npecTaBieHHbIX
MEeTO/IOB K/laccu(UKaLy MOXKHO TTPUMEHSITh TOJIBKO MeTo/, cpefjHel cBsi3u KuHra B KoMOMHALUM €
Mepol pa3nnums «PaccTosiHve OTHOLLIEeHUI», BEIUKMC/ISIEMOe Ha OCHOBE MaTpUL| OTHOLLIEHUI
YaCTUYHOTO MOPsAJKa.

Cwm. kauru BemesieBa c coasr., Hefinopa. O630psI cM. B KHurax Jluteaka (1982), TropuHa, cTaTbe
[IImepsuHra ¢ coaBt. O6 opraHu3alyy SKCrepTHOM paboTel cM. KHUTY JInTBaka (2004).

16.2. TeopeTnueckoe o60cHoBaHue

MareMaTHKO—CTaTUCTHYeCKHEe MeTO/Ibl 00pab0TKM 3KCIIEPTHBIX OIIeHOK HeOOXOAMMO TIPUMEHSITh BO
BCeX CJTyuasiX, KOTZia UCXOZHbIe AHHBIe TIPeACTaB/SIOT OO0 pe3y/bTaThl paboThI 3KCIIEPTOB WUIH
9KCIIEePTHBIX KOMUCCUH, U TpebyeTcst HalTh 000CHOBaHHOE COTVIaCOBAHHOE MHEHHE TPYTIIThI
9KCTIepTOB [i/1s1 pe/iCTaB/IeHUs pe3y/bTaToB /MLy, TPUHKUMaloleMy pellieHue. [TomnyTHO MOTryT
OBITB pelleHbl U IpyTye, YaCTHBIE, 3a/jauM THIIA TTOJTyYeHHUsT BeCOBBIX KO3 dHUIIeHTOB 00BEKTOB 1
BECOBBIX KO3(PPHUI[eHTOB KOMITETEHTHOCTU KCITEPTOB.
[TpuMeHSIIOTCS pa3IMuHble MeTO/bl 00pabOTKY IKCTIEPTHBIX OLIEHOK, MpeJjHa3HaueHHbIe ISt
pellieHus C/IeAYIOLUX OCHOBHBIX 3a/1ay:
MeTo/ibl OL|eHUBAHUSI:

* Mertoj napHbIX cpaBHeHU TepcToyHa.

*  MerTop rpyInoBOro oLieHUBaHUS.
MeTozb! Ucc/ieloBaHUS COITIaCOBAaHHOCTU MHEHHUH SKCIIepTOB:

*  KosdduimeHT KOHKOpAALMH.

* Asmbsda Kponbaxa.
MeTo/bl OTyUeHusi KOJIJIeKTUBHOTO MHEHHUSI:

* Mertog CpejHUX PaHTOB.
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* MeauaHa KemeHu.

* Cpennee KemeHu.
[IpescTaBneHHbIE METO/bI OTPAXKAOT pa3/IMYHbIE MOAXOAbI K PELLeHUI0 OJHOTUITHBIX 3a/a4 U TIpU
oripe/ie/IeHHbIX YC/IOBUSIX MOTYT /1aBaTh OJJMHAKOBbIE pe3y/IbTaThl.
Crnieruuueckue st KaXKI0r0 MeTo/ja alrOpUTMbI TPeOyHOT, UT0ObI UCXO/IHBIE JAHHBIE UMeJTH
OTIpe/ie/IeHHYI0 CTPYKTYpY. MICXo/HbIe 1aHHbBIe, CO/IepyKall[ie SKCIIePTHbIE OIIeHKH, MOTYT ObITh
pa3/IMYHbIX BUAOB. MeTo/bl paccuuTaHbl Ha 06pabOTKy UCXOJHON MaTpUL{bl OTpe/ie/IeHHOM
CTPYKTYPBI, TIO3TOMY TIpH 00pabOTKe TeX WM MHbIX UCXOJHBIX JJAHHBIX C/IeAyeT yOenauThCs, UTo
TIPUMEHSIFOTCS aZleKBaTHbIe MeTo/ibl. KoHKpeTHbIe TpeboBaHMsI K MCXOHBIM JAHHBIM TIPeZCTaB/IeHbI
TIpU OTKMCaHUM MeTO/[0B pacueTa. Hipke pacCMOTpeHbI OCHOBHbIE MaTPUL[bl KCXOJHBIX IaHHBIX.
Marpuiia mapHbIX CpaBHeHUM (MaTpulja Mpe/rouTeHrii) A Jo/DKHa UMeTh C/IeyrOIui BU/I;

OOBLeKThI A A A,
Az du a2 din
Az ax [€5) aon
A, dn1 dn Ay
OneMeHTBbI MaTPULIbI TTAPHBIX CPAaBHEHHWH TIO/TyUaroTCs KakK:

D Ao
ﬂl’,n': f, Al; """"'AJ.' i

2_! Aln >-A;' L) ..

i,j=1,2,...,n,

IJie N — KOJTMYeCTBO 0OBEKTOB,

<, ~, > — pacllupeHys1 HA MHOXKeCTBa MaTeMaTH4yeCKHX OIepaliid, COOTBETCTBEHHO, <, &, >,
Onepatysi A; > A;j 03HauaeT, UTo 00beKT A; TPeBOCXOANT, TI0 MHEHHIO JKCIiepTa, 00beKT A;. MHaue
TOBODs, 3aruch A; > A; 03HauaeT mpe/niouTeHre oobekTa i Hafi 00bekToM j. Ecsiu skcrept
3aTpy/AHSIeTCS B BIOOpe BapyaHTa MpeAriouTeHHid, IMeeT MeCTO TaK Ha3biBaeMasi CBsI3b,
o003HayaeMas Kak ~.

Martputiia oripoca P fo/pKHa UMeTh CieAyHOIIUM BU/;:

OOBbeKTbHI OKCrepThbl

E, E, E.
A Pu D12 Pim
A, P2 D2 Dam
An pnl pnz . pnm

OnemeHTslI py, i = 1,2,...,n; j = 1,2,...,m, TAe n — KOJIMYECTBO 0OBEKTOB, M — KOJTMUECTBO KCIIEPTOB,
MaTpHI[bI OTIPOCA MOTYT OBITh KaK UHC/IEHHBIMH 3HAaUeHUSIMH (B TOM UKCJIe BeCaMH,
TIPUITMCAHHBIMH SKCTIEPTaMU JIAHHBIM 00beKTaM), TaK ¥ PaH)KUPOBKaMH. O/IHaKO HEKOTOpbIe
METOZIbl aHaJ/Ih3a MOTYT UMeTh CrielfudruecKre TpeOoBaHUs K BUy MaTPHILIbI OMPOCa, TI03TOMY
He00X0IUMO TIPOSIB/IATE BHUMATE/TbHOCTh.
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PaH)XMpOBKa, JJaHHast O[HUM SKCIIEPTOM, MOKeT ObITh Mpe/icTaB/eHa MaTpULieil OTHOIIEHUH
YaCTUYHOTO MNopsijKa P (CyleCcTBYIOT U pyrye TUIbl MaTPULbl OTHOILLIEHNUH), 37IeMeHTbI KOTOPO
BBIYMCIISIOTCS 110 (hOpMyJie, B TEPMUHOJIOTMH U 0003HauUeHUsIX MHOXKECTB,

l,ecru (a;,a;)€P,(a;,a,)¢P,
p; =10,ecu_(a,,a;)€P,(a;,a,)& P,
- Lecmu (a;,a;)€P,(a;,a,)€EP.

Takum o6pa3oM, m MaTpUIL] OTHOIIIEHUM SKBUBa/IEHTHLI PACCMOTPEHHOM BBIIlIe MaTPUILie OTpoca.
Vicnionb3oBaHWe MaTpUI] OTHOLIIEHWH BbI3BAHO MX Y[00CTBOM IPH U3/I0)KEHUH HEKOTOPBIX METO/IOB
00pabOoTKM 3KCIIePTHBIX O1leHOK. Ec/ii 00beKThI 3a/jaHbl YMC/IaMH, BBIYMC/IEHHE TIPOU3BOJUTCS TI0
dhopmyrne

Lecmu a;, > a,

p; =10,ecru _a, =a,,

- Leciu _a,<a,.

B siuTeparype NpUMeHSIFOTCS TakKe WHble (HOpMbI MaTpHLIbI TipeAriouteHuid. CM. 063op LlImepsiuHra
C coaBr., kaury Jluteaka (1982). Cm. kuury TroprHa, yueOHbIe mocobust TUHAKOBOM, DUTHHTOHA C
COaBT., crarbto [IIMepsvHra.

16.2.1. MNapHble cpaBHeHUA

MeToj napHbIX cCpaBHeHUM TepcToyHa B KaueCTBe UCXOJHBIX JAHHBIX /I aHa/lIn3a UCO/Ib3yeT
MaTpHuLly [TapHbIX CpaBHEHUH, IPUMEHUTE/ILHO K pe3y/ibTaTaM OIpoca OfHOI0 KCIIepTa.
IlaHHast KBafipaTHasi MaTpuiia 00/1a/1aeT CeAyIOUUMU OCHOBHBIMU CBOHCTBAMHU:

* Marpuria HecuMMeTpUYecKas.

* Marpuua JelCTBUTe/IbHAs.

* Marpuua HeoTpuLaTe/IbHasl.
[1711 TaKWX MaTpHill, cornacHo TeopeMe IleppoHa u ee 0600611ieHMI0 — Teopeme PpobeHMyca
(TanT™maxep, c. 334), Bceria UMeeTCsl AeliCTBUTe/TbHOe TI0I0KUTe/IbHOe COOCTBEHHOe YUC/I0. DTOMY
TI0JIOXKUTETbHOMY UHCITY, TIPEBOCXO/SAIIEMY 110 MOAY/TFO BCe OCTa/IbHbIe COOCTBEHHBIE UNCIIA,
COOTBETCTBYeT COOCTBEHHBIN BEKTOD C TOJOKUTE/TbHBIMU KOOpAUHAaTaMu. [IaHHBINM BEKTOD MOXKET
ObITb UHTEPIIPETUPOBAH B KaueCTBe BeECOBOTO BeKTOpa (BEKTOpa BeCOBBIX KO3 PUIIMEHTOR),
C/Iy’Kallero pelieHueM 3aaqu.
711 HaXOKeHUst MaKCMMa/IbHOTO 10 MOJY/TH0 COOCTBEHHOTO 3HAU€HHs U COOTBETCTBYIOIIIETO
CcOOCTBEHHOT0 BEKTOPa MaTPULIbI C YKa3aHHBIMUA CBOMCTBAMU MOYKeT ObITh TPUMeHeH [JOCTaTOuHO
MPOCTO peanu3yemblid cTerieHHOM MeTo, (emmens, c. 165), aropuT™M KOTOPOro 3aMucCbiBaeTCs Kak
Yin1 = Ax;,

xi+1 :yi+1 /||yi+1 27
_ T
j’i+l _xi+lei+l’
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rje i — HoMep uTepaluu,

X — ICKOMBIY COOCTBEHHBIN BEKTOD BECOBBIX KO3((HUIIMEHTOB,

A — COOTBeTCTBYyHOILlee COOCTBEHHOE YMCJ/IO (B pellleHUH 33/lauil He UCIIONb3yeTCs)),

A — MaTpuLja MapHbIX CpaBHEHUH.

W TeparjoHHBIN MPOLiecc MOBTOPSIETCS LIMKINYEeCKU /10 JOCTHKeHHs! TpebyeMOoM TOUHOCTH,
3aaHHOU Manoy BemruuHoU tvna 0,000001. 1151 oLleHKM TOYHOCTH MCII0/Ib3yeTCs CpaBHEHUe
EBK/IN/IOBBIX HOPM COOCTBEHHBIX BEKTOPOB, BBIUMC/IEHHBIX Ha TeKYIL[el 1 Ha Mpe/blayIieit
WTepaLuu.

CM. yuebHOe mocobue THHSIKOBOIA.

16.2.2. l'pynnoBoe oueHuBaHue

MerToz rpynnoBoro oLjeHMBaHUs B KaueCTBEe UCXOHBIX JaHHbIX [ aHa/I13a UCTIO0Ib3yeT MaTpuLy
orpoca.
[TycTb P — MaTpwlia Onpoca, UMeroIasi pa3Mephbl n CTPOK Ha M CTOJIOLIOB, T7e N — KOJIN4eCTBO
00BEKTOB, M — KOJTMUECTBO KCIIEPTOB.
Keazgpartbie matpuiipl PP" 1 P'P 06/1a/jat0T C/1e[yrOIiMy OCHOBHBIMEI CBOMCTBaMU:

*  Marpurp! CMMMeTpUYecKHe.

* Marpuupl fAeliCTBUTe/bHBIE.

*  Marpulbl NOMOKUTETBHO MOMyOIpe/ie/ieHHbIe.
[ly1st TaKKUX MaTpuL] BCe COOCTBEHHbBIE 3HAUEHUsI HEOTPHLIATe TbHBI, B CUJTy Yero BCe COOCTBEHHbIE
BEKTOpa [|eMICTBUTEJIbHBIE.
CoOcTBeHHBIM BeKTOP p pa3MepoM N, COOTBETCTBYIOLMM MaKCUMaTbHOMY COOCTBEHHOMY UMCITY
Marpuiisl PP', MOXeT GbITh MHTEPIIPETUPOBAH B KAUECTBE BEKTOPA IPYIINOBOM OLIEHKHU (BECOBBIX
k03¢ duLeHTOB 00HEKTOB).
CoO6CTBeHHBIN BEKTOP V pa3MepOM M, COOTBETCTBYIOIINI MaKCMMaTbHOMY COOCTBEHHOMY UHCITY
Matpuiibl PP, MokeT GbITh MHTEPIIPETUPOBaH B KaueCTBe BEKTOPA KOMITETEHTHOCTH KCIIEPTOB
(BecoBBIX KO3(p(pULIMEeHTOB KoMIIeTeHTHOCTH). K faHHOMY napameTtpy — ko3¢ ¢ureHTam
KOMITeTEHTHOCTH, KaK Y K IPOUMM pe3y/ibTaTaM aHaju3a, C/ieflyeT OTHOCUTbCSI BHUMaTe/bHO. He
cJieilyeT TIOHUMaTh O0JTbIIoe 3HaueHre KodduiieHTa Kak Mpu3HaK rnpoeCcCHoHa bHOM
KOMITeTEHTHOCTH JKCIiepTa. JJaHHbIM BeCOBOM KO3((HUI[EHT BCETO UL 03HaUaeT 0/IM30CTh
OLIEHKH 3TOr0 3KCIepTa K HEKOTOPOW COIVIaCOBAHHOM OLIeHKe BCel IPYIIIbI 3KCIIepToB. He Hy>xHO
TIOSICHSATB, UTO OOJIBIIIMHCTBO 10 00BEKTUBHBIM U CyObEKTUBHBIM MTPUYMHAM MOXKET OLIMOaThCS
BeCbMa 4acTo.
[71s1 HaXOXKJeHMsT BCeX COOCTBEHHBIX 3HaUEHWI Y COOTBETCTBYIOIIUX COOCTBEHHBIX BEKTOPOB
MaTpHL{bl C yKa3aHHBIMU CBONCTBaMH MOXKET OBITh ITPUMEHEeH OJMH U3 MHOTOUHC/IEHHBIX
aJITOPUTMOB, HallpUMep, JOCTaTOYHO 3PPeKTUBHBIN /151 JAHHOTO THTIa 3aJa4 MeTof, SIkoOu
(YUKUHCOH C C0aBT., C. 182).
Bce U3nokeHHbIe B HACTOSILIIEM Pa3Zie/ie MEeTOAMKU aHa/ii3a MOTYT ObITh peaTi30BaHbI
HEToCpe/ICTBEHHO C TTOMOIIIbI0 METO/IOB T71aBbl «MarpryHas 1 IMHeliHasi anrebpay.
CM. yuebHOe nocobre THHSIKOBOM.
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16.2.3. KoatpcpmumeHT KOHKOpAALUN

KoadduimeHT KoHKOpZaluK (coryiacoBaHHOCTH) KeHiasiia mpeiHa3HaueH /i UCC/ieZloBaHUs,
XOPOIIIO JI COTVIaCyIOTCS JIPYT C APYTOM TIpe/iCTaB/IeHHbIe SKCIIePTaMU PaH)KUPOBKU. BhiuniciieHre
k03¢ duLeHTa KOHKOPZAL[MK TIPOM3BOUTCS 110 hopMyiie

v(& k1))
212975
=1t
W= L
—k’n(n*-1)- kZB.
12 = 2

rae xi, i = 1,2,...,n; j = 1,2,...,k — MacCcHB paHIOBBIX OLI€HOK,

N — 4ncIo 00LeKTOB,

k — urcno 3kcrepToB.

B;, j = 1,2,...,k — mompaBK# Ha 00BeIMHEHKME PAHTOB B OI[eHKAX 3KCIIEPTOB, BLIUMC/ISIEMBIE 110

dhopmyrne

1 & )
B =—>nn -1
: 1221221 (= 1)

)
TJie M — YKC/I0 TPy 00beJUHEHHBIX PaHTOB B JAHHOM SKCTIEPTHOM OIIEHKE,

n;, i = 1,2,...,l — uMcn0 paHroB B i—0i rpymrie.

O1ieHMBaeTCs 3HAUMMOCTb BBIUKMC/IEHHOTO TI0Ka3aTe/isi HA TOM OCHOBAHWH, UTO BesinunHa k(n — 1)W
pacrpeziesieHa Kak X2 C YMC/IOM CTerieHel cB060/bI, paBHOM n — 1. Maast BeJTMUMHA BEIYMC/IEHHOTO
P—3HaueHus1 03HaUaeT, YTO Mpe/CTaBlIeHHbIe SKCIIepTaMU PAHKUPOBKU XOPOILIO COI/IaCOBaHbI. B
TIPOTUBHOM C/Tyyae MOKHO TIPeJII0/I0KUTh, UTO paH)KMPOBKH HeOJHOPOAHBL. B 3TOM Ciiyyae
PEKOMeH/1yeTCsl IPUMEHUTh MeTO/Ibl KJIaCTEPHOT0 aHanu3a (CM. m1aBy «KiacTepHbIl aHaIu3») C
VICTI0/Tb30BaHUEM COOTBETCTBYIOLLIEH CTy4yard MepOU pas3nuus JJisl BbIsIBJIEHUS COT/IaCOBaHHBIX
TPYIII 5KCIepPTOB.

CM. B KHUTH AliBa3siHa C COaBT., bosbliieBa ¢ coaBT., [I>KOHCOHA C COaBT., paboTsl [1IMepsuHra,
Jlexxanzpa (Legendre). Cesi3b co craticTukoi dpugmanHa paccMoTpeHa THOpPHUHBIM.

16.2.4. Metop cpeAHNX paHroB

MeTo/, CpeTHUX PaHTOB (CPeAHUX apUPMeTHUeCKUX PAaHTOB, YIIOPsJOUeHHE [0 CyMMe PaHTOB)
Tipe/icTaB/isieT c0O0M pa3yMHbIH BBIOOp COIVIaCOBAaHHOTO MHEHHS TPYTIIbI 9KCIIEPTOB, MaTpHija
OTpOCa KOTOPBIX TIPe/ICTaB/sieT COO0M PaHXXUPOBKH.
CyTb MeTo/ia 3aK/IF0UYAeTCS B CIe/[yOLLeM:

*  MHeHHUs KCTIePTOB PaHXKUPYIOTCS (€C/U 3TO He ObUIO C/ie/laHO 3apaHee).

* TloacuuThIBaeTCS CyMMa PaHTOB il KaXKA0ro 00beKTa.

* MaccuB CyMM PaHTOB O0BEKTOB PaH)KUPYETCsI, TIPe/ICTaB/Iss PellieHre 3a/iauu.
Cwm. moHorpaduto Kenpganna (Kenzana), crarbto LlImepnunra.
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16.2.5. MegnaHa KemeHu

Menuana Kemenn (Menurana Kemenn—CHesna, Kemeny—Snell median) ripesacrasnsier co6oii BeIOOp
COI/IaCOBAaHHOTO MHEHMsI TPYTIITbI SKCIIePTOB, MaTPHILIAa OMPOCA KOTOPBIX MPeCTaB/isieT co00i
PaH>KUPOBKHU.

[TycTb MaTpuija Orpoca MMeeT pa3Mephl N CTPOK Ha m CTOJIOLOB, T7ie N — KOJTMUeCTBO 0OBEKTOB, m
— KOJIMYeCTBO IKCIePTOB. 3aruiiieM 3aJlaHHOe MHOXXeCTBO PaH)KHUPOBOK Kak { P, P»,...,Pn}. [1ycTh
d(P,P;) — paccTosiHHe Me)X/ly TIPOM3BOJIbHOM PaH)XUPOBKOM P 1 paHkupoBKol Py, i = 1,2,...,m. Torga
HEKOTOpasi paH)KUPOBKa P, MpuHa/exxalljas MHOXKeCTBY 3aJjlaHHbIX PaH>XUPOBOK U
YZ,0BJIETBOPSIOLLAs] BBIPAXKEHHUIO

Mm(P.P,....P,| :argmpiné'd(P,E),

Ha3biBaeTcs MearaHou Kemenu. HarioMHuM, uTo 000011[eHME TIOHATHS MeaHbl (MeJuaHbl
MHO>KeCTBa) Ha TIPOM3BOJIbHBIE 11IKaJTbl BBE/]JEHO HaMU B I/1aBe «OmnucaresibHasi CTaTUCTUKAY.
Paccrosinue mexxay paH>KUpoBKamu k u | oripesiesisieTcsi o hopmyisie

d(p,R)=3 ) |p}" - p}’

i j=

2

pi(.‘),i =1,2,...,n;j =1,2,...,n, o
rae © Y — 3/IeMeHTbl MaTPHI] OTHOLIIEHUM YaCTUUHOTO TOPsITIKa

PaH>XUPOBOK Kk U |, COOTBETCTBEHHO, KOTOPbIE BBIYMC/ISFOTCSI HA OCHOBE MaTpPHULIbI OMPOCa, Kak 3T0
OMHMCaHo B pa3sziene «O0paboTKa IKCIEPTHBIX OLIEHOK».

ITo onpepenenvto Mearana KemeHu UILeTCsl TONMBKO CpeAi paH)XXKUPOBOK, 3a/JaHHBIX aHa/IM3UpyeMOU
MarpulLieii oripoca. PelieHrem OyzieT paHKMPOBKA, MpeZCTaB/IeHHasi OHUM U3 SKCTIePTOB.
[TpeabicTOpHs BOIIPOCA M OCHOBHBIE METO/bI paCCMOTPeHkI B jokazie Bypsl (Bury). O Mmeauane
Kemenu cm. moHorpaduu JIutBaka, kury TtopuHa, paboty CymkuHa. [IprmMeps! pakKTHYe CKOTO
MpUMEeHEeHHUs [JaHbl B CTaTbsAX boromososa, ItyxoBsa ¢ coasT. CB3b MejuaHbl Kemenu ¢ gpyrumu
TIOKa3atessiMu (Harpumep, K03 GUIMeHTaMu PaHTOBOM KOPPeJISLMM) paCCMOTPeHa B OpoIItope
TropuHa, 0630pe [1ImepsiuHra € COaBT.

16.2.6. CpegHee KemeHu

Cpennee 3HaueHve Kemenu (cpegHee Kemenn—Creria, Kemeny—Snell mean) ripescraBnsier coboit
BBIOOP COTTIACOBAaHHOTO MHEHHUSI IPYIIITBI 3KCIIEPTOB, MaTpHLia OTPOCa KOTOPBIX TIPe/ICTaBIsieT
co00i paH>KUPOBKH.

I[TycTb MaTpuija Oipoca MMeeT pa3Mephl N CTPOK Ha m CTOJIOLOB, I7ie N — KOJIMUeCTBO OOBEKTOB, m
— KOJIMYeCTBO IKCIEePTOB. 3anuiilieM 3aZlaHHOe MHOXXeCTBO PaH)KHUPOBOK Kak {Pi, P»,...,Pn}. [1ycTh
d(P,P;) — paccTosiHHe MeX/ly POM3BOJIbHOM PaH)XUPOBKOM P 1 pawkupoBkol Py, i = 1,2,...,m. Torga
HEKOTOPYIO IMPOU3BOJIbHYIO paH)XUPOBKY (0e3 CBsi3eil, HHaue, 6e3 COBMa/a0IHX BapHaHT) P,
YZAOB/IETBOPSIIOLIYIO BbIPA’KEHUIO

Mm(P.P,....P,| :argmgné'd(P,E),
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Ha3oBeM cpefHuM Kemenu. HarmomuuM, uto 060011ieHre TIOHSTHUS CPeJJHero 3HaueHust Ha
TIPOU3BOJ/IbHbIE IIIKa/Ibl U3MepeHusl BBe[ileHO HaMU B 1iaBe «OmnucaresibHasi CTaTUCTUKA».
PaccrosiHue Mexxay paH>KMpoBKamu k U | oripesiesisieTcsi o (hopmyrie

d(p.R)=) Y |p" - p}’

i= j=l

3

pYi=12,..,n; ) =1,2,...,n, .
rae v — 2JIEMEHTBI MaTPHUL] OTHOILLIEHWH YdCTUYHOIO MOPAAKa

PaHXUPOBOK Kk U [, COOTBETCTBEHHO, KOTOPbIE BHIYHUC/ISIIOTCSL HA OCHOBE MaTpHULIbI OMpocCa.

ITo onpepenenwto, cpegHee KemeHu UILeTCS CPey BCeX n! BOSMOXKHBIX PaHXXHUPOBOK BeCbMa
He3((HeKTUBHBIM MeTOZIOM TIOJTHOTO Tepebopa, M03TOMY BBHU/Y TPYZI0EMKOCTH BBIUMC/IEHHH YKCII0
BapUaHT UCKYyCCTBEHHO OrPaHWYeHO HaMU BeJIMuMHOM 8. [laHHOe orpaHuuyeHue — npefiesibHoe JI/s
[MaJIorOBOU CHCTEMBI C UCTI0Ib30BaHWEM MeTOZla FeHepaljiu IepeCcTaHOBOK CTaHJapTHBIM
aHTWJIeKCUKOTpauueCKMM MeTO/ZIOM U /IJisi COBDEMEHHOTO YPOBHSI Pa3BUTHS BBIUMCIUTETbHOU
TeXHUKU. [lJaHHOW Be/IMUMHBI OCTaTOYHO /I MHOTHX MPaKTUYeCKUX NpuMeHeHU. O C/I0)KHOCTH
3a/jau CM. cTaThio Bakabasicu (Wakabayashi). OTmeTriM Takke pa3paboTku JIutBaka (1982),
TIOCBSAIIIEHHbIE PeLIeHU0 MPO0IeMbl BEIYUCIATETBHOM CIIOKHOCTH, a Takke TropuHa.

17151 paH>KUPOBOK 0e3 CBsi3eii cpegHee KeMeHU, Kak MPaBUIIO, COBIIAZaeT C MeinaHoW KemeHu.
[puHLMNMaIbHOE pa3/Iure MeXXAy JaHHBIMU ITOKa3aTe/isiMu OyzieT Hab/moaThCsi B CTyuae
00paboTKN paH)KMPOBOK CO CBSI3sIMU, TIO3TOMY TIpMMeHeHHe cpefiHero KemeHn pekOMeHyeTcst B
3a/la4ax Takoro poza.

[IpespicTOpHsi BOMpOCa U OCHOBHbIE METO/bI pPellieHus1 pacCMOTpeHbI B Aioknaze bypsl (Bury). Cwm.
taxke TropuHa, Boromososa, ['myxoBa c coaBT., 0630p LlImepsiuHra ¢ coaBT. MeToj0B MeTOZOB
reHepaLuu repectaHoBoK cM. JIurckuii, CkueHa. O reHepalyy riepeCcTaHOBOK CM. Tak)Ke YueOHUK
Hosukosga.

16.2.7. Anbtha KpoHbaxa

Craructrka anba Kponbaxa (Cronbach’s alpha) mpumensiercs ayist oLieHKH HaJ|e)KHOCTH
CTaTUCTUYECKUX TeCTOB. Ajb(ha pacCUUTHIBaeTCs 1o dhopmyrie

SS - SS
o ="
S8 o
r 2
SSmW _lzzz - T_
e ¢i= "€ _ cpepnuii Kapar CTpOK,

Jj= — CyMMBI CTPOK,
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r e
T :Z Z Xij

i= = — obujas cymMma,
C — UMCJI0 CTOJIOLIOB (BBIOOPOK),
I — UACJIO CTPOK (TTapaMeTpoB).
PaccuMThIBAOTCS TAKXKe ZI0BEPUTE/IbHbIe MHTepPBaJIbl OLleHHBaeMo# anbdbl. HiKHsIst rpaHuIia
JIOBEPUTE/ILHOTO MHTEpBaJia OL[eHUBAEMOU ab(bl CUUTAETCS KaK

L,=1-(1- a)F'r_-i,(r-l)(c-l)(l- (- 5)/2),

F'()
i (I — obparHast dyHKIMsT F—pacnipeesieHus,
B — moBepuTe/bHBINA YPOBEHb, BbIDA)KEHHBIN B [OJISX.
BepxHsisi rpaHuLia JOBepUTeIbHOTO MHTEpPBaa OLleHUBaeMOM anb(bl CYUUTAETCS KaK

H,=1-(1- a)F;-ll,(r-l)(c-l)((l - B)12).
CmM. moHorpadum ABaHecoBa, LlbiraHoBa, CyeH (Suen) u CyeH c coaBT., cTaTby DesbAT C COaBT.,

Ban 3w (Van Zyl) c coasrt., ko6yuun (Iacobucci) ¢ coasr., biang (Bland) ¢ coasrt., Kucthep
(Kistner) c coaBt., bonett (Bonett), [Tanau (Pandey) c coaBt., CyeH c coaBT., ABaHeCOBa.

TnaBa 17. AHaAJ/IN3 BbDXKUBaemMoCTuU

17.1. BBeaeHune

AHanm3 BbDKMBAeMOCTH (aHa/IM3 JaHHBIX THIA BpeMeHH >KU3HH) HCCIelyeT 0co0ble apamMeTpsl,
VIMelOL1e B pa3/IMYHbIX OTPac/IAX 3HaHUM C/leflyrolie HauMeHOBaHUSI:

* B MeJUKO—OMOIOTHYeCKHX HayKax — BpeMsl )KU3HH,

* B 00LECTBEHHBIX HayKaX — AJUTELHOCTD [0 MOMEHTA MpeKpalljeHus],

* B TeXHHWYeCKHX HayKax — HapaboTKa /10 OTKa3a.

17.2. TeopeTnyeckoe o60cHoBaHue

MeTo/bl aHa/mM3a BDKUBa@MOCTH MOTYT IMPUMEHSIThCS KakK B KIMHUUeCKUX UCC/Iel0BaHUSX, TaK U
TIpY OLIeHKe HaZIe)KHOCTH TEXHUUeCKUX CUCTEM TI0 IIeH3ypHUPOBaHHBIM BBIOODKAM.
[TapameTpuyeckast CTaTUCTUYECKast MOJle/b BbDKMBAHUSI OTMCHIBAETCS C TIOMOLL[BIO CJIeIYIOIIUX
dyHKIMi:

*  (pyHKLMS TJIOTHOCTH pacripefiesienus f{(t),

* [kKymynsTuBHasi unu uHTerpanbHasi] GyHkuus pacnpezenenus F(t) = P(T < t) — pyHKuus

pacripe/iesieHust J/IUTeIbHOCTe! 10 MOMeHTa OTKasa t,
*  (ynkuus BbpkuBaHUs S(t) = 1 — F(t) — BepOSTHOCTh 6e30TKa3HOM paboThI 10 MOMEHTAa t,

*  (pyHKLMS MHTEHCMBHOCTH OTKa30B (()yHKLMSI PHUCKa) I- F()
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[Mog, AMTEIEHOCTBIO t MOYKET TIOHUMAThCST BpeMsi )KU3HH, KOJTMUeCTBO LIUK/IOB [0 OTKas3a U T.I1., B
3aBHCUMOCTH OT KOHKPETHOM 3a/lauu.
[MpepsiararoTcsi cieytoIIye MeTO/bl pacueTa:

*  BbluncieHue o1jeHKU QYHKIUA BbDKABAHMUS.

*  BoruncneHue oljeHKH QyHKIMUA PUCKA.

* Ilopbop TeopeTHUeCKOTO pacrpe/ie/ieHusl.

* Kpurepuii Kokca.

* Kpurepuii 'exaHa.

¢ Mogesnb TIPOTNOPLIMOHAIBHBIX pUCKOB KoKca.

Bce MeTozpI Tpe/TIoIaraT UCT0/Ib30BaHNe 0COOBIX BeJTMUMH, Ha3bIBaeMbIX MHMKATOPaMH
1[eH3ypupoBaHusi. IHAMKAaTOPbI MOTYT MPUHKMMATD C/IeAyIOIIe CTaHJapTHbIe 3HAUeHHsI:

* 1 - manueHT ymMep IO NpUYMHe, CBSI3aHHOM C UCC/elyeMOM Maro/ioruen,

* 0 — mauyeHT LeH3yPUPOBaH, T. €. BLIObUT U3 UCC/Ie[JOBaHUS, U er0 COCTOSTHHE JTNO0
HEeM3BeCTHO B MOMEHT MCCJIeJOBaHuUsI, TUOO OH yMmep I10 TPUYKHE, He CBSI3aHHOM C
HccelyeMoM MaTosiorvei.

MeuIMHCKasi TEpMUHOJIOTHS, MCTIOIb30BaHHasl B TIPeIbIAyIeM ab3alle, ecTeCTBEHHO 00001aeTcst
Ha TeXHHWYeCKHe, COL[MaJIbHbIe U JIFOObIe [pyrre CUCTeMBI.
CM. moHorpacduto XaHa C COaBT.

17.2.1. PYHKUUA BbDKUBAHUA

Ouenka Kannana—Metiepa pyHKI[MY BbDKMBaHUS, B UCTOUHMKAX Ha3biBaeMasi TakxKe
MHO)KUTE/IbHOM OL|eHKOM, BBIUMCIISETCS 110 (popmysie
A A / d,
S(t =) =8¢ =]]|1- =|.J =1.2.....K,
i=l i

rae d; — KommuecTBO Hab/TIOAeHU, MOMEHTHI MpeKpalljeHHs1 KOTOPBIX Ha0JTroamich ¢
IJINTeNBHOCTRIO &, 1 = 1,2,...,K,
K — 4yic10 MOMeHTOB npeKpallieHus,

ri — KOJIMUeCcTBO Hab/moieHNH, He3aKOHUeHHBIX JIM00 1|eH3ypUPOBaHHbIX K MOMEeHTY t, i = 1,2,....K,
rpuyem

K
r=XGn +d),j=12,.,K,
i=j

I7le m; — KoJIn4ecTBO Hab/ofeHuH, 1jeH3ypUPOBaHHbIX MeX/ly MOMEHTaMH t; U & + 1.
Hucniepcus oueHky Kannana—Metiepa ¢yHKLMM BbDKUBaHUS BbIYKUC/IseTCs IO (opmysie I puHByza

N N J' d
DS(t, :{S t ]Z — i j=12,..,K.
() =5¢) %n(r,-- d)’
Ha xBocTe pacnipefienieHust olieHKa 1o (opmyse ['puHBYIa MOXKeT He CyI|eCTBOBaTh, IO3TOMY B
JAHHOM CJly4ae ucrosb3yetcs (popmysna Ileto
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. _[A ]z 1- 8(z)
DS(t;) =|S(¢)) ——.
V.
J
[loBepuTe/bHBIN UHTEPBAa OlleHUBaeMOl (YHKLIMY BbDKUBAHUS BBIUUC/ISIETCS TI0
aCUMITTOTUYeCKoU popmyre

Io(t;) =| S(t,) - W((1+ B)/2)\/DS(t,);S(t,) +W((1 + )/ 2)\/ DS(t,)

rae W(.) — obparHast pyHKIMS CTaHAaPTHOTO HOPMA/IbHOTO pacIipefiesieHus],

B — HoBepUTE/IbHBIN YPOBEHb, BEIDA)KEHHBIN B [JOMISIX.

B cityuae mMasbIx BBIOOPOK [i71s BBIYMC/IEHUS JOBEPUTETbHOTO MHTEepPBasla MpeJJiaraeTcs
VCTI0/1b30BaTh YTOUYHEHHYHO (hopMyity

~ exp|- W((1+4)/2) D.Sﬂ‘(tj)/(ﬁ'(tj)logs'(t-)) ~ exp
I(t) =| 8(@t)) ' ];S(fj)

DyHKIMS BBDKUBAHUS U300pa)kaeTcs B BU/Ie CTYTIEHYATOro rpaduka.
Cwm. moHorpacduu Kokca c coaBT., BnacoBa, Aanen (Aalen) c coaBT.

j=12,...K,

W((1+)/2) Dﬁ(zj)/G(zj)logS(tj))]

,j=12,...K.

17.2.2. PyHKUUNA pUCKa

Ouenka Kanyiana—Metiepa yHKIMM pUCKa BBIUMC/ISIETCS 110 hopMyiie

A A J

H(t =t) =H(t)) :Zi, Jj=12....K,
= T

rae d; — KoJiMueCcTBO Hab/TIOieHNid, MOMEHThI TIpeKpaIlljeHHsi KOTOPBIX HabJTFojaInch C
JUIATeBHOCTRIO &, 1 = 1,2,...,K,
K — u1cio MOMEeHTOB TIpeKpalleHus],
I'i — KOJIMUeCTBO HAOJTIO/IeHUM, He3aKOHUEHHBIX JTM00 1[€H3YPUPOBAHHBIX K MOMEHTY t;, i = 1,2,...,K,
rnpuuemM

K
ro=XGn +d) j=12,..K,
i=j

TJie m; — KOJIM4eCTBO HaO/TIOIeHUH, 11eH3yPUPOBAHHBIX MEX/y MOMEHTAMH t; U t; + 1.
HOucniepcusi otieHky KariylaHa—Meliepa (yHKLIMM prCKa BBIUKCSIETCS TI0 (hopMyJie
. DS(,) .
DH(t)) =—"—,j =1,2,...,.K,
J
S(¢;)

o DS(t),j =12, K

il > — pucnepcust QyHKIMM BbDKUBaHUS,

S(t,),j =1,2,...,K y
(), =12, K, _ oueHKa Karnnana—Meliepa yHKLMM BbDKHBaHUS.
[loBepuTenbHbIN UHTEpPBAs OLjeHHBaeMOW (YHKLMY pyCKa BBIUMC/ISIETCS Kak

1) Z[I:I(tj)- W((1+ B)/2\DH(t,); H(t,) +W((1+ B)/2)\|DA(,) |, j =1.2,... K,

rae W(.) — obparHast GyHKIMS CTaHAaPTHOTO HOPMA/IbHOTO pacIipefieneHus],
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B — moBepuTEeNbHBIN YPOBEHb, BHIDAKEHHBIN B OJSX.

DyHKIMS pUCcKa n300paXkaeTcst MO0 B BUZIe CTYIIeHUATOro rpaduka MO0 B BU/ie IOMaHOMW JIMHUH,
Coe/IHSIIOIIEeN 3a/jJaHHble TOUKH, COOTBETCTBYHOII[Ee MOMEHTAM MpeKpallleHus.

CwMm. moHorpacduu Kokca c coaBr., BinacoBa, AaneH (Aalen) c coaBr., cTaTteio AaneH.

17.2.3. OueHKa napameTpa NosoXXeHus

CpeaHee 3HaueHHe (TIapamMeTp ITOJIOXKEeHHsT) U AUCIIepCHs (TapaMeTp MaciuTaba) J/IMTeTbHOCTH B
3ajlaye aHaJ/lM3a JJAHHBIX THTIA BpeMeHU XKU3HHU, KaK rlapaMeTpuuecKre OLjeHKH rapaMeTpa
TI0JIOXKEHUS ¥ TlTapaMeTpa MaciiTaba (eC/ii OH UMeeT CMBICIT), 3aBUCSAT OT BBIOPaHHOTO THTIA
TeopeTHYeCcKoro pacripe/iesieHusi Mpe/CTaB/IeHHbIX IMITMPUUYECKUX JaHHBIX. 1711 HEKOTOPbIX
Mo/iefield OLIeHOK NapaMeTpoB B BU/le MPOCThIX (hOPMyJT He CyllleCTBYeT — OLjeHKa BO3MOXXHA JIUILIb
BBIUMC/TUTE/TbHBIMUA METOZAMH.

HenapameTpuueckue oLjeHKH TTapaMeTpa MOJI0KeHHsl — TOUeuHasi OLleHKa MeZIuaHbl U ee
VHTepBaJibHas OLjeHKa. ToueyHas oLieHKa Me/iiaHbl IMeeT HeroCpe/ICTBeHHOe OTHOLLIeHHe K OLIeHKe
Kannana—Meliepa:

iy s =inf{t: S(7) <0,5},

rae S _ ouleHka Kansana—Metiepa (hyHKIIMM BbDKMBaHUS,

t — JJIUTENIbHOCTb.

[Mocnenssisi popMysia 03HaYaeT, UTO B KaueCTBe TOUEYHOU OLIEHKW Me/luaHbl OepeTcs Takast
MHHHMaJIbHas JIUTeNbHOCTb ¢ (U3 TIpe/iCTaB/IeHHbIX SMIIUPUYECKUX JJIUTE/IbHOCTEN), /11 KOTOPOU

BBITIOJTHSIETCST HEPAaBEHCTBO S(@) <0.5.

[loBepuTenbHbIM UHTEPBaJ OLleHMBaeMOM Me/lMaHbl 3a/jaeTcsi GopMy/oun
In = (Ye; Yn+1-0),

rae y, i = 1,2,...,n, T. e. ynopsijoueHHbIe 110 BO3PaCTaHUIO [|/IUTEeIbHOCTH,
C — TapaMeTp, BbIUMC/ISIEMBIi 110 opmyrie
c=[n/2-¥(1+p)/2)n"?/2],

rae [.] — mesast yacTh umca,

Y(.) — obparHasi pyHKIMsI CTaH/[apTHOTO HOPMa/IbHOTO PACIIpe/ie/IeH s,
B — moBepUTe/bHBINM YPOBEHb, BbIPa)KEHHBIN B [0MISX.

Cwm. moHorpacdwuto [de3y (Desu) ¢ coaBT. O BbIUKMC/I€HUY TOYEUHOM U UHTEPBa/IbHOW OLIeHKU
Me/iaHbl CM. XO0JlIeH/iepa C COaBT.

17.2.4. NMop6op pacnpepeneHusn

W3yuaetcst ipobsiemMa roibopa TeopeTUuueCcKoro pacrpezeseHus (MoAroHKa, fitting distribution) gns
SMITUPUUECKOTO pacrpe/ie/IeHust I/TUTeIbHOCTe|, B TOM UKCJ/Ie 1IeH3YPUPOBAHHBIX, C/IeYIOIUMU
TUTAMHU TIOAXOZSAIINX 110 TeOpeTHUeCKUM Co00pakeHHsIM pacripefie/ieHui, MPUMeHsIeMbIMU J171s
JlaHHOM 3aJjauu:

* JIOTHOpPMasbHOE pacripeiesieHue,

*  JIOTJIOTHICTHUECKOe pacripefiesieHue,
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* ramMMma—pacripe/iesieHue,

* pacmnpeenenue Beiibysna,

*  SKCIIOHEHIMa/IbHOE pacripe/ie/ieHue,

* pacripefesneHve Panes,

* pacripegenenuve ['omrepriia.
dyHKIMS pacrpe/eneHus (C TOUHOCTBIO 10 TTapaMeTPOB) MOXKET ObITh M3BECTHA U3 TEOPETUYECKUX
coobpakeHui. B TakoM cilyuae 3a/iaua BEIYKMC/IEHYsI TTapaMeTPOB pacripe/ieIeHUi MOXKeT
TPaKTOBAThCS KakK UeHTU(UKALIUS MaTeMaTHueCKo MO/JieJu.
TeopeTruecKkre 3HaUeHHs1 YaCTOT [HeNpepbIBHBIX]| pacripe/iesieHnid 31eMeHTapHO BbIUMCIISIOTCS KaK
TIPOU3Be/IeHHe TJIOTHOCTH TEOPETUUECKOTO pacIipe/ie/IeH|s] Ha YMCIEHHOCTb BEIOOPKHY U Ha JIJTUHY
COOTBETCTBYIOLEr0 K/1aCCOBOTO MHTepBasa.
CwMm. moHorpacduu Betopu (Bury), 3BaHc (Evans) c coaBt. CBozika apameTpOB pacripe/ie/ieHuil U
0030p a/IrOPUTMOB TIOATOHKY TeOPeTHUeCKUX pacripe/ie/ieHrH K IKCIIepUMeHTaTbHbIM JaHHBIM
nipezicTaBieHa B MoHorpaduu Ko63aps. Cm. Takxe kauru KpuiitHamypru (Krishnamoorthy),
Knsitibep (Kleiber) c coapr., crareu Jly (Lu) ¢ coaBr., Aiturcon (Aitchison) c coarr.

17.2.4.1. O6bwan metoamka

AnmpoKrcUMaIysi SMIUPUUECKOTO PacTipeZie/ieHUst OMBITHBIX JIaHHBIX JTFOOBIM TEOPETUUECKUM
CTaHZAPTHBIM pacrpe/esieHueM CBOJUTCS K BbIUMC/IEHUIO OJHUM U3 MaTeMaThUueCKUX MEeTOZ0B
(MeToz MaKCMMaJTbHOTO TIPaB/OTI0[00MSI, METO/I MOMEHTOB, PEXKE — METO/] HAUMEHBIIIUX KBa/[paToB)
TlapaMeTpPOB TeOPETUUYECKOTO pacripe/ie/ieHusi, OTBeTCTBEHHBIX 3a (OopMy, MacIliTab v MoioykeHne
KPHUBOU pacrpeziesieHyst. MeTos MaKCUMabHOTO TIPaB/OIOZ00US ABIseTCs HarnboJiee MOy IsIpHbIM
METO/IOM DellleHHs] pacCMaTpPUBaeMOro THIIA 3aZiad Os1arofiapsi Xopoliei BEIYMCTUTeTbHON
YCTOUUMBOCTH.

Peanu3alysi MeTo/ia HauMHAEeTCsl C COCTaB/IeHHsT (DYHKI[UM MaKCUMaJIbHOTO TipaBornoaoous (PMIT)
B BU/ie (BO3MOKHBI SKBUBa/IeHTHBIe 3arcd @MII, ¢ yueToM BBeZIeHHbIX Bbillle (QyHKI[UI
CTaTUCTUYECKON MOJie/iv, B 3aBUCUMOCTH OT TOTO, KaKUe pe3y/bTaTbl MHTepeCyroT aBTopa
WCC/Ie/IOBaHMsA)

o) =T Tlra) s,

e 6 — BeKTOp HeM3BeCTHBIX MapaMeTPOB CTAaTUCTUUECKON MO/iey,

ti, i =1,2,...,n — MacCUB [I/TUTE/ILHOCTEM,

6i, 1 = 1,2,...,n — COOTBETCTBYIOLMI MaCCUB UHJMKATOPOB L|eH3yPUPOBaHUsl (/151 KOHKPETHOU
JJTUTEeNIbHOCTH UHZAMKATOP paBeH 1, ecsi BbIOOPKA HelleH3ypupoBaHa, u 0, eci 1jeH3ypupoBaHa),

N — YMCIeHHOCTh MacCHBa J/IUTeTbHOCTEeH.

OTMeTHuM, UTO B [ja/IbHEMILINX BbIK/IaKaX YMC/I0 HelleH3yPUPOBaHHbBIX JI/IUTebHOCTeN CTaHJapTHO
0003HaueHO Kak

n

r 225[.

i=l
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BekTop UCKOMBIX TTapamMeTpOB HaXOAUTCSA U3 YCI0BUS Makcumyma OMIT:
L(60)— max.
4

Makcumym @MIT HaxoAUTCA U3 yC/I0BUS PaBEHCTBA HYJIIO YaCTHBIX IMPor3BoAHbIX PMII no
VICKOMBIM I1apamMeTpam, T. e. UCKOMbIe ITapaMeTpbl y0B/IeTBOPSOT YPaBHEHUSIM
OL(0)
—F =0.
06

[n1s1 ynpoliieHrst MaKCUMU3UPYIOT He camy @MII, a norapudm @MII. 3Ta BO3MOKHOCTH OCHOBaHa
Ha ToM (akTte, yto PMII 1 noraprm JOCTUrarOT MaKCUMyMa MPY OFHUX U TeX ’Ke 3HaUeHUsIX
HCKOMBIX TTapaMeTPOB, OHAaKO paboTark ¢ sorapudmom OMII 3HaUUTENBHO TPOIIIe:
olnL(O) _ 0

o0 '
3aziaya CBOAUTCS K aHA/TUTUUECKOMY JTUO0 YiC/ieHHOMY (OHUM M3 MEeTO/|0B ONITUMH3aL[|N)
pelLeHUI0 TI0/TyYeHHOW JTMHEWHOM WY HeJIMHeMHOW CUCTeMbl ypaBHEHUM.
Cwm. monorpaduu Komtett (Collett) u Jlenecc (Lawless), cratbto FO3ed (Yousef), mocobue
[pirakosa.

17.2.4.2. Norapnpmmnyeckmne moaenmu

PellieHre CTaTUCTUUECKOW MOJIe/TM MOKeT ObITh BHITIONTHEHO PAa3/IMYHLIMU MeToaMu. OfHaKo B
m000M CiTydae CTaparoTCs UCTI0/B30BaTh Harbosiee 3 GeKTUBHYIO MOAU(HKALIMIO 00IIIero MeTo/a,
WHOT/Ia TTO3BOJISIOIIYI0 PaIMKaabHO YIIPOCTUTD pelileHre. He KOHKpeTU3UPYs TUIT MOJIeH,
TIpe/ICTaBUM OOIIUI MeTOo/ pelieHus JiorapudMuUeCKol AByXapaMeTprUueCcKOr MO/IesH.

®MII norapudmuueckoi JByXTapaMeTpruueckoi Moiesii 00I1lero Brjja UMeeT B/

5, 1- 6,
L =[[{o" LA
i=l

o
rae yi = Int, i = 1,2,...,n — MacCUB JIorapu(pmMoB JIUTeTbHOCTeH,
8 = {,0}— BekTOp MapameTpoB,
|l — MMapameTp TOJIOXKEeHUS,
0 — MapameTp Maciiraba.
Jlorapudmuueckass @MIT MoxkeT ObITh 3amMCcaHa Kak

L) = rino + ¥[6,In £(z) +(1- 6)InS(z,)}

i=l

yi_Au S

.= u o,
2 =2 i1

1

rze o — MaCCHUB CTaHZAPTU3UPOBAHHbBIX JIOTapU(MMOB JJTUTETLHOCTEH.
B manbHeNIIMX BBIK/IaZKax MOHAZ00STCS C/IeyOle OUeBHHbIE BbIDAXKEHUSI /151 POU3BOHBIX
0z 1 oz z

éu_a’% o

Torga KoMrioHeHThI BeKTopa rpajueHTta G(0) morapudmvuueckoit @MII 1o napameTpam

Copyright © 2017 Igor Gaidyshev



Q‘ The ME.com

olnL(H) 1 oln f(z) olnS(z,)
=2 - +(1- 8)—22
‘ ou azl +(1-2) oz,
2 _omL®) __ r lZ 5i2i81nf(zi)+(l_ (Si)ZiﬁlnS(zl.) ‘
oo o o3 0z, 0z,

KommoHeHTbI MaTpHL{bl BTOPbIX pou3BoAHbIX H(0) norapudmuueckoit @MII o napameTpam
(matpuupbl ['ecce) BBIUMCISIOTCA KaK

0’ lnL(H) 0’ In f(z ), 0’ InS(z,)
h‘ll a 2 Z l 822

hy, =h,, _OInL®) _ 22[ alnf(Z) (S)alnS(Z)

+(1- 5[)

2

ouoo
5.0 12]:(zl.)+(1_ 5)z, 52 InS(z,)

i 522

alnf(z) +(1- 5)z 2SE|

i

i

2

O 5

i

o’ InL(O !
hzz # 22

2

n

1
o2

C yueToM BBeZIeHHBIX 0003HaueHHI UTeparjioHHast CXeMa MaKCUMU3alyu jiorapudmMudeckoir @MIT
anroputMa Metozia HerotoHa—PadcoHa MokeT OBITH 3arucaHa Kak

o’ =0’ - [H(©®)]'G(®),] =0,12....,

rge j,j = 0,1,2,... — HOMep HUTepaLyu.

[Tpu uncneHHOM pean3aru MeTozia HeroToHa—PadcoHa jo/mpkHa ObITE yuTeHa 0COOeHHOCTh
JTaHHOTO MeTO/ia MPY pellleHUuH pacCMaTpHUBaeMOM 3a/jaui, 3aK/IFOUaroIasicsi B BeCbMa Y3KOu
obnactu cxoguMocTu. [1o3TOMY Hadas/ibHbIe MPUOIMKEHHsI TTapaMeTPOB JIO/KHBI ObITh 3a/jaHbl
JIOCTAaTOUHO OJIM3KKMMHU K ONTUMaIbHOMY peIlleHut0. B 3ToM cityuae MeTos CXOAUTCSI OUeHb ObICTPO.
7151 Tpy0OOi#A >Ke JTOKaIU3ali Hada/IbHBIX PUOIKeHUH MOYKET PUMEHSITBCS OJIUH U3 T7I00a/TbHBIX
MeTO/I0B. B mpocTeiiiiieM ciiyyae MOXXHO MPUMEHUTEL METOZ, riepebopa ¢ HeOOJIbIINM 111aroM 10
pa3yMHO# 00/1acTH oTpeZie/ieHHst TapaMeTpOB JIM00, [Jis YTIPOIIeHHs] YMCIeHHOW pear3aliuy,
OZIVH W3 BapUAHTOB MeToZia Crycka. Hu3koe ObICTpO/€HCTBYE JAHHBIX IPUMUTHUBHBIX, HO
Ha/IeXKHbIX METO/[0B KOMITEHCUPYETCSI BHICOKUM OLICTPOZIECTBHEM COBPEMEHHBIX KOMITbIOTEPOB.

52 azh;j:(z,,) (- 8)z , 0’ lnS(z)

i i

17.2.4.2.1. lorHopMaJibHOE pacnpepgesnieHue

[110THOCTB JTOrHOPMAaJIBHOTO (/I0raprU(MUUeCcKr HOpMaabHOI0) pacnpe/esieHusi C IByMst
rapaMeTpaMu UMeeT BUJ
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(Int- u)’
- 2

,0>0.

_ 1
f(t)—otmeXp

BBejeM HOpMHPOBaHHYIO BeJIMUVHY
In? -
z= “ .
o
Torma MOXKHO 3amycCaThb
1 22

f(2) =¢(2) =me'z ;

rae ¢(.) — GyHKLUMS MJIOTHOCTU CTaHIapTHOTO HOPMaJIbHOTO pacrpe/iesieHusl.
CoortBeTcTByO111ast QYHKIUSI BBDKUBAHUS

S(z) =1-D(2),

rae ®(.) — dyHKIUs CTaHJapPTHOTO HOPMATbHOTO pacripe/iesieH s ..

C yueToM HOPMUPOBKH (PyHKIIMSI MaKCUMaIbHOTO TpaBoroo6ust (PMII) 3anumiercs Kak

o,
1 ’ -5,
L(u,0) =H{;¢)(zi)} - @)
i=l
CoortBeTcTByto11jasi foraprupmuyeckas @MII umeeT BU
InL(u,0) =-rlno - %Zéizf + 3 (1- S)In[l- @(z)]
i=l i =1

[Tpou3BozHbIe, HEOOXOAUMBIE [ UTePALIMOHHON cxeMbl MeToJa HetoToHa—PadcoHa,
Tipe/iCTaB/IeHHOM B pa3gene «O01as MeTouKa Jjist IorapupMUueCKUX MOZeJIei», 3aMuIITyTCs Kak

onf(z) ___ 0InSG) __/(2)

Oz T Oz S(z)’
Pinf(zy . S _7@_[f@)]
o b T TSk |s@|
17.2.4.2.2. Nornoructuyeckoe pacnpegeneHue

[170THOCTD JIOTJIOTUCTUUECKOTO (/IoraprudMUueCcKy TOTUCTUUeCKOTO) pacripefiesieHus C ABYMSsI
rapaMeTpamu UMeeT BU/|

-2
() :Lexp Int- u 1+exp In?- ﬂ” ,0>0.
ot g
BBejieM HOPMUPOBAHHYIO BeTUUMHY
. :lnt -
o

TOF,I[EI MO>XHO 3dITMCaThb
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Z

SO ey
CoortBeTcTByIOLast (DyHKLMSI BBDKUBaHUS
S =—

I+e

C yueToM HOPMHUPOBKH (DYHKIMS MaKCUMabHOTO NpaBaornofoous (OMII) 3anuiiercs Kak

z S 1 1-6;
Luo) H{o(l+e)} {1+e2} '

CoortBeTcTByto11jasi forapupmuueckas @MII umeeT BU

InL(u, o) =-rlno+i'§i[zi - 2ln(l+ez")]- f(l- d)In(1 +e7).
i= i=

[Tpou3BozHbIe, HEOOXOAUMBIE [ UTePALIMOHHON cxeMbl MeToJa HetoToHa—PadcoHa,
Tipe/iCTaB/IeHHOU B pa3zene «O01as MeTouKa Jjist IorapupMUueCKUX MOZIeJIei», 3aruIITyTCs Kak

onf(z) _,_ 26 omSE) _ ¢

0z 1+e’ oz l+e’
O Inf(z) _ 2 ISz _ &
oz’ (+e)?” o (1+e)*

17.2.4.3. Tamma— pacnpegeneHue

[InoTHOCTB raMMa—pacnpe,/:[eneHI/I;{ HnMeeT B/

K-1
t -tla
= e t>0,a>0,k>0,
S0 = e (K)
CootBeTcTBytOL[asi (PyHKIUS BEDKUBaHUS
S(t)=1-I(x,t/ ),

rae I(.,.) — Hero/THasi raMMa—(YHKLIUS.
[ToaToMy (yHKIMS MakCUMaJibHOTO TIpaBgomnozoous (PMIT) 3anmiieTcs: Kak

k-1 9
L(a,x el - It a)f.
( >H{F(K) }[ (x.t,/ @)
CootBeTtcTBytomias iorapudmuueckas PMII vimeet Buj
n n h
InL(a,x) = rclna - rinT(c) + (k- DY 8 Int, - - ¥ 01+ ¥ (1- o)1~ 11,/ o))
i=l i=l i =
AHanuTrueckoe TIpe/icTaB/ieHHe TTPOU3BOIHbIX Jioraprudmudeckoii @MIT BBITIOHUTD C/IOXKHO,

TI03TOMY 3dd4d pelaeTcd UnCJIeHHO OAHWM U3 BaDUAHTOB METO/a CITyCKd, HE NUCITO/Ib3YHOILIUM
MPOM3BOJHBIX.
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17.2.4.4. PacnpegeneHue Benbynna

[TnoTHOCTH pacripeiesieHus BeiiOysiia ¢ [ByMsi TapaMeTpaMy UMeeT BU/

f(t) = Ayt'~'exp(— AtY), t > 0, A > 0, y > 0.

CootBetcTBytol[asi PyHKIUS BLDKUBaHUS

S(t) = exp(— AtY).

[ToaToMy (yHKIMS MakCUMaJibHOTO TIpaBgomnozoous (PMIT) 3anmiieTcs: Kak

L(A,y) =H[/1ygv- Lexp(- Ar;y)}‘s' [exp(- /u;")}" o
i=l
[Tocsie mpeobpa3oBaHuii OKOHYATE/ILHO TIOSTyYaeM

LGy =] T} expt- 220

i=l
CootBetcTBytolijas jsorapupmuueckas PMII umeet Buj
n n h
InL(A,p) =ln(Ap) X' 8, +(y- DY 8,Int,- 13t
i=l i=l i=l
Jlorapudmuueckass @MII nipumeT oKOHUYaTeTbHBINA BU/,
n h
InL(Z,y) =rln(Ay) +(y- ) Y 6,Int,- A3 8.
i=l i=l
[l BBIUMC/IEHUS] 3HAUeHM UCKOMBIX [1apaMeTpOB Hal/leM YacTHbIe TPOU3BOJHbIe
norapudpmuueckoii ®MIT no UCKOMBIM NapaMeTpaM U NpUpaBHseM ux HymM0. CHauana Halzem
TIPOM3BOAHYIO TIO0 A:
OInLAY) -7 § 4 =,
oA A 3
Ortcrozia ypaBHeHue /151 BbIUMC/IeHHsI TTapaMeTpa A 1oJIy4yaeTcsi Kak

-1
n
Y
2
i=l

BbIuncvB npon3BOHYO N0 NTapaMeTpy Y,

OlnL(Ay) _r + Y 6,Int,- 2.3 £ Int, =0,
oy Y = =
C YUeTOM BBID@XeHHs J/is apaMeTpa A, ToJlydaeM HeJIMHelHOe ypaBHeHw e [17is TOMCKa MapameTpa

Y B BUJe:

1+Zn’5ilntl. - r Zn't{
Y = i=l

PelieHrie ypaBHeHHs1 MOXKeT OBbITh MPOM3Be/IeHO O[HUM M3 MeTO/I0B ONTUMM3ALIMH — B TIPOCTEHIIeM
CJlydae MeTOZ,OM JieJIeHus OTpe3Ka I0I1oJ1aM.

A=r

-1
n

Y ' Int, =0.

i=l
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17.2.4.5. SKCNoHeHUManbLHOe pacnpeneneHue

[110THOCTH SKCTIOHEHIIUAIBHOTO pacIipe/ie/ieH|si UMeeT BU/

flt) =Are™, t>0,A>0.

CootBetcTBytol[asi PyHKIUS BLDKUBaHUS

S(t) =e™.

[ToaToMy (yHKIMS MakCUMaJibHOTO TIpaBgomnozoous (PMIT) 3anmiieTcs: Kak

oy =Tl o]
[Tocne nl;:)leo6pa3013aH1/n>‘1 OKOHYaTesIbHO T0/Iy4aemM
L(A) =]L[,15f et
COOTBe”li;TBy}OLL[aH norapudpmuueckass ®MIT nmeeT BUj,
InL(A) =rlnA- ii'ti.
i=l

17151 BBIUMC/IEHUS] 3HaueHUs1 KICKOMOTO TlapameTpa HaliieM IIPOU3BO/HY0 jiorapupmuyeckoit @MII
T0 ZJAHHOMY napaMepr Y TIpUpaBHsieM ee Hym0. [Ipor3Bo/Has 10 MapaMeTpy A UMeeT BUJL:

alnL(/l) Zt _
oA
Otcrofia ypaBHeHuUe /17151 BBIYKMC/IeHHs TapameTpa A MoslydaeTcsi Kak
-1

i=l

A=r

17.2.4.6. PacnpepgeneHune Panea

ITnotHOCTE pacripegesienusi Panest umeet BUJ

ot |7
f(t)—/)ﬂeXp Y

CoortBeTcTBytOLast GyHKIMSI BBDKUBaHUS
2

t
23’

[ToaTomy (yHKIMS MakCUMa/bHOTO TipaBaornoAoous (PMIT) 3anumiiieTcs: Kak
2 2

L(p) :ﬁ{#exp - 2;52 } {exp - 2;52 } .

I[Tocne mpeobpa3oBaHUi OKOHUATETLHO MOTyYaeM

1,620, >0.

S(t) =exp| -
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n ¢t 2
Lp)=]11| 2= ] p[

EI B 2/3
CoortBeTcTByto11jasi jorapupmuyeckas @MII umeeT BUA
InL(B) =), 1nt—f2 - 1/3'224?.

i=l /)) 2 i=l

[1ns BBIUMC/IEHUS 3HAUEHUS1 ICKOMOTO TlapaMeTpa Hali/ileM NpOoM3BO/IHYI0 jiorapupmuyeckort @MII
10 JAHHOMY napaMepr U anpaBH;IeM ee Hy/mo. [Ipon3BojHas 1o napaMeTpy 3 UMeeT BUJ:

YpaBHeHue /11 BBIYUC/IEHUS napaMeTpa  monyyaetcs Kak

-2
_| 1y
- 2r§ti

17.2.4.7. PacnpegeneHune flomneptua

[1noTHOCTB pacripeseneHys l'omMriepTLia UMeeT BUJ

f(t) =pe” exp g(l - ) ,t>0,>0,a€e ]— oo;O[ U ]0;00[.
COOTBeTCTByIOLuaH (yHKIUST BBDKUBaHUS

S(1) =exp (1 ).

[TosTomy Q)yHKLu/IsI MaKCMMaJIbHOTO TpaBoroo6us (OMII) 3anuinercs Kak

L(a,,;):ﬁ{ﬂewexp B gn) ffﬁ-eo«-)}”

i

[Toce mpeobpa3oBaHKi OKOHYATETBHO TOTyYaeM

Le. ) =] [ ™| exp g(l - ™).

COOTBeTCT]l:)l/’}OLLlaH norapnchquCKa;{ OMII vimeeT BU[

InL(e, B) =rIn g + ai’ét v Ze :
i=l

[171s1 BBIUMC/IEHYs] 3HAYeHU MCKOMBIX TTapaMeTPOB Hali/leM YacTHbIe TPOU3BO/IHbIE
norapudmuueckori ®MIT 110 UCKOMBIM TTapaMeTpaM U MpUpaBHsieM UX Hy/r0. CHauasia HaiizieM
TIPOM3BOJHYIO TI0 B'
OolnL(e,p) _

op /3’ a

Otcrofa ypaBHeHUe /1Jisi BBIYMC/IeHYs TlapamMeTpa [3 TiosydyaeTcsi Kak

Copyright © 2017 Igor Gaidyshev

Ze

i=l




' The ME.com

-1
n
B =ar| Y e" -n
i=l
BbIYKC/IUB TPOM3BOHYIO TI0 TIapaMeTpy «,

olnL(ax . C o

OlnL(a, p) :Zéiti - ﬁz n+(1- 0!2)260”' =0,
oo i=l o i=l

C YUeTOM BbIpa)KeHUs /IJisl TlTapaMeTpa [3, o/lyyaeM HeJTMHeHOoe ypaBHeHHe /IS TIOMCKa TlapaMeTpa

o B BUJIE:
-1

ai'éiti - Se“’" -n| |n+(l- az)Zn'em" =0.
i=l i=l i=l

PeliieHre ypaBHeHUsI MOKeT ObITh TTPOM3BeZIEHO OJHUM U3 METO/IOB ONTHUMU3ALIMY — B TIPOCTEHIIIeM
C/lyyae MeTOZOM Jie/ieHUs1 OTpe3Ka IoroJ/iaMm.

17.2.4.8. OueHKa Ka4yecTBa NOAroHKM MoAenu

ApekBaTHOM siB/IsieTCst Mogienb ¢ P—3HaueHueM, 6osbimm 0,05. B 3ToM cityuae TeopeTrueckoe 1
SMIOMPHYECKOe pacripesiesieHUs: 3HaUMMO He pa3/invyaroTcsl.

KauecTBO CcTaTUCTUUECKON MO/ MOXKHO OLIeHUTh (Tak)Ke CPABHUThL MeXKAy CO00H pa3imuHbie
MO/Ie/TN ), UCTIO/b3Ysl MH(pOpPMaIMOHHbIN KpuTepuii Akarke (Akaike’s information criterion, AIC)

AIC =-2InL(6) + 2k + 2XE*D
(n-k-1

rae InL(6) _ oL|eHKa jiorapudma GyHKIMM MaKCUMaIbHOTO TpaBoIoAoous,

6 _ BeKTOp OL|EHOK [TAPaMETPOB CTATHCTHYECKOH MOJIe/H,

k — uncno napameTpoB Mozenn.

[MTocneanuii unen B ypaBHeHuu Ai1st AIC rpu3BaH CKOppeKTHPOBaTh 3HAYeHHe CTaTUCTHKU
KPHUTepUs [/IsI MaJIbIX BEIOOPOK ¥ HEKOTOPBIMH aBTOPaMU He MCTIOJTb3YeTCsl.

OueHka norapruma GyHKLMY MaKCHMaIbHOTO IpaB/orofo06ys B paccMaTprBaeMoM Cilyyae UMeeT

TeOpeTU4eCKU BUJ
InL(6) :f ) ln[ f(ti,é)} + f(l - 5i)1n[5(ti,é)l
i=l i=l

rae t, i = 1,2,...,n — SMIMPUYeCKU MacCUB JIJTUTETbHOCTEM,

6, 1 = 1,2,...,n — COOTBETCTBYIOLMI MaCCHUB UHJMKATOPOB 1|eH3ypHPOBaHUS,

N — YMCJIEHHOCTh MacCUBa JJIUTeTbHOCTEH,

f(.,.) — o1ieHKa GyHKIMY TUIOTHOCTH TEOPETUUECKOTO pacrpezie/ieHus,

S(.,.) — OlleHKa COOTBeTCTBYMOILel (PYHKLIMU BbDKABAHUS.

[Tpu pacueTte 371€Ch HET HEOOXOJUMOCTH B SIBHOM BBITIMCHIBAHUHN YTIOMSIHYTBIX (DYHKIUMH, T. K.
hopmyiiel A1t torapuMoB GYHKI[UH MaKCUMAaJTbHOTO MPaBOMO[00HMsT BCEX U3ydaeMbIX
TeopeTUYeCcKUX pacrpezie/ieH|i U3BeCTHBI U3 Mpe/bIAYIIUX BbIK/IaJ0K (CM. BbILLE).
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[1pu cpaBHEHMM HECKOIbKMX CTaTUCTAYECKHUX MOZeJIel /Iyullleil CYMTaeTCcss Moie/lb C HAMMEeHbIIUM
3HaueHueM AIC.

B nutepatype ripesicTaBieHsl U [pyrue WH(OPMaLMOHHbIE KDUTEPUH, UMeOLL{1ie UHTepIIpeTaLto,
aHasniornynyto AIC.

Cwm. MmoHorpadwuto u ctatbto bepuxsm (Burnham) c coaBr., crateu Akavke (Akaike), Anb—®o3aH
(Al-Fawzan), Amxuinerra (Angilletta), bo3moran (Bozdogan), buztok c coasr.

17.2.5. Kputepuin Kokca

Kpurepwii Kokca (siorapudmuueckuii paHToOBbIN KpuTepuii, 060011ieHHbI KpuTeprid CIBUKA)
siBsieTcst 00061eHremM kpuTepust CIBupka (cM. rnaBy «HermapameTpuueckasi CTaTUCTHKa» ) Ha
HeH3ypHp0BaHHbIe BbI60pKI/I Y BBIUMCJISIETCS TI0 hopMysie

S Z I(A). Nl

rae N = n; + np — YMC/IEHHOCTb 00BbeIMHEHHOM BBIOOPKH,
N; — UUCJIEHHOCTh TIePBOM CpaBHUBAeMOU BBIOOPKH (C HaUOOJIbIIIeH YUC/IEHHOCTHIO),
N, — YMC/IeHHOCTh BTOPOM CpaBHMBAaeMOl BLIOOPKH (C HaMMeHbIIIel YiCIeHHOCTRIO),
I(A), i =1,2,...,N — uHAUKATOP, UTO i—1 YJieH BapUaLIMOHHOTO Psifia, TOCTPOEHHOrO 0
00beuHEeHHOMW BBIOOPKe, SIBMISIETCS HelleH3yPUPOBAHHBIM (HapabOTKOM /10 0TKa3a) U MPUHAJIEKUT
TePBOM U3 CPABHUBAEMbIX BLIOOPOK; B 3TOM C/lyuae 3HaUeHHe UHZMKATOPa PaBHO 1, B POTUBHOM
c/lydae — HYJIIO.
[TpakTUUeCcKU 3HAUMMOCTb MOXKET BBIUMC/IATHCS TTOCPECTBOM HOPMaJIbHOM arrpoKCUMAallin
KPUTHUECKOro 3HaueHusi kputepus. [1pu sTom MoguduiMpoBaHHasi CTaTUCTHKA
S-ES
Jps’
e ES =1 _ varemaruueckoe oxupane,

N
DS :Ll 1- Lzl
it N=T) JWCTIepCHS,

ri ¥ r, — KOJIM4YeCTBa HelleH3ypHUPOBAHHBIX 3/IeMEeHTOB TePBOM M BTOPOU CPaBHHUBaeMbIX BHIOOPOK,
COOTBETCTBEHHO,

pacripe/iesieHa 10 CTaHJapTHOMY HOPMaJ/IbHOMY 3aKOHY.

CM. moHorpaduto CKpUITHHKA C COaBT.

17.2.6. Kputepunian N'exaHa

Kputepuii I'exaHa (0600111eHHBIN KpuTeprii BUTKOKCOHA) sSB/sIeTCs: 0000IIIeHreM KpUTepHUst
BunkokcoHa (cM. rnaBy «Hemapamerpuueckasi CTaTUCTHKa» ) Ha 1[eH3ypUpPOBaHHbIe BBIOOPKU. B
WCTOYHHKAX MOTYT ObITb /IaHbl pa3/IMUHbIe SKBUBA/IeHTHbIE (hOPMYJIbI U CXeMbI (UacTo
ONTUMU3UPOBAHHBIE /IJIs1 «PYUYHOTO» CUeTa) BhIUMC/IeHUsT KpuTepHst. CTaTUCTHKA KPUTEPHUS
BBIUMC/ISIETCS KaK
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noon

w=XXu,
i4 ;4

T7ie N — YUCJIEHHOCTh ITePBOM CpaBHHUBAeMOW BLIOODKH,

N, — YMCIIEHHOCTh BTOPOU CpaBHUBaeMOi BLIOOPKH.

BenmuunHbI 07 3HaKaMU CyMMBbI BBIUMC/ISIFOTCS KaK

Lx >y,
Lx =2y,
u;, ={- Lx, <y, i =1,2,...,n;j =12,...,n,,

< *
- Lx; =)

0,ecru _unaue,

rae x;, i = 1,2,...,n; — 37IeMeHThI TIepBOM CPaBHUBAaeMOW BbIOOPKH,

Vi, i = 1,2,...,n, — 37IeMeHThI BTOPOW CpaBHHUBaeMO BEIOODKH,

* — 3HaK, 03HAYAIOIIHA, UTO /IEMEHT BLIOOPKH I1eH3ypHUPOBaH.

[MpakTHueCcKu 3HAUMMOCTb MOXKET BbIUHC/ISITHCS TTIOCPeICTBOM HOPMaJIbHOM amnmpoKCUMaLuu
KPUTHUYeCKOro 3HaueHusi Kputepusi. [Ipy 3ToM MoaudULIMpoBaHHAasE CTaTUCTHUKA

A
ND
rae DW — nucnepcusi, BbluMcsisiemasi o (popmyisie

N N
2
”1”222(]1‘1

i=l j=l

N(N - 1)
LX, >X,
LX =X,
U, ={-LX,<X,, ij=12..,N,
-1LX, <Y,

b

1

|0,ecnu _unaue,

X, i =1,2,...,N — anemeHThl 06beITUHEHHON BLIODODKH,
N = n; + n, — YKCIEHHOCTh 00BbeJUHEHHOU BBIOOPKHY,
pacrpe/iesieHa 10 CTaHAapTHOMY HOpPMabHOMY 3aKOHY.
Cm. moHorpadmwuto JIu (Lee) c coaBr.

17.2.7. Mogenb nponopuMoHasibHbIX pUCKOB Kokca

[MTonynapameTpryeckas (semi—parametric) Mofie/ib MPOTIOPL[MOHATBHBIX PUCKOB
(TIpoTIOpIOHALHBIX MHTEHCUBHOCTEH) Kokca MOXKeT ObITh 3arucaHa B BUJe
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h(?)

hy (1)

rae h(t) — pyHKLusS puCKa,

ho(t) — 6a3oBast pyHKIMs prcKa (GyHKIMS prCKa ITPU HY/IeBbIX KOBapHaTax),

B — BekTOp (A/IMHON M) K03 uLrieHTOB Mogeu (ko3¢ dULeHToB MpU KoBapUaTax),

X — BeKTOp (a/IMHOM m) KoBapuar (TIpeIMKTOPOB He3aBUCUMbIX TlepeMeHHbBIX) MO/Ie/H.

C nomougeio Mmogenu Kokca uccienyetcst otHoteHue h(t) / ho(t), mosTomy 6a3oBasi pyHKLMS prcKa
B MoJieni Kokca He o1jeHUBaeTcs.

st oOyueHust MOJie/TM TIPOTIOPLIMOHATBHBIX PUCKOB, TIOMUMO JJTUTETLHOCTEH (n—MepHBIA BEKTOP t)
Y UHJUKaTOPOB L[eH3yPUPOBaHUs (n—MepHbIM BeKTop §), 0/DKHA ObITh TIpeJcTaBieHa n X m
Marpuija X KoBapuart, Tipe/iCTaB/Isitolasi CoO0¥ n m—MepHBIX BEKTOPOB X;, i = 1,2,...,n, KoBapuar AJis
Ka)X/]0r0 MHAWBUAYyMa o0yuatolieid BEIOOPKH, Ijje N — YUCIeHHOCTb BEIOOPKHU (KOJTMUeCTBO
nauyeHToB). Llesibto 00yueHus sIBIsieTCs onpe/ie/ieHre ONTUMaJIbHBIX 3HaUeHHUH KOMIIOHEeHT m—
MEPHOT0 BeKTopa Ko3(hhHUI[HEeHTOB MO/ie/H [3 MpX KOBapHarax.

[TpennioxkenHblii KokcoMm MeTos, yacTruHoro npaegonogo6us (partial likelihood) mo3BosisieT
OLIEHWTb 3HaueHusl KOMIIOHEHT BeKTopa K03((ULIMeHTOB MO/ie/iv, OCTaB/ISOLe MaKCUMYM TaK
Ha3bIBa€MOW YaCTUUHOU (DYHKIIMH MaKCHMaJibHOTO nipaBaonoaobus (PMIT). Yactuunas OMIT
vMeeT BUJ,

=exp(S'x),

d;
n
— T T
PL(B) =] ]| exp(8 x,«)/ 2exp(B'x)|
i=l JER;
rae R = {j: t; > t;} — MHO)XeCTBO TaKUX AJIUTENLHOCTEH j, 17151 KOTOPBIX t; > t;.
CootBetcTBytoLas gorapupmuyeckass PMII nmeet BUz

InPL(A) =3 6| Ax, - In| 3¥,(t)exp(B'x,)

roe Y(t), i = 1,2,...,n; j = 1,2,...,n — UHAUKATOp, paBHbI! 1 A7 t; > t; (BbIOOpPKA yriopsiioueHa) Win
paBHbIN 0 B UHBIX CyYasix.

i1 janpHEUIIMX pacueToB HeOOXOJUMbI aHATUTHYeCKHe TIPeJCTaB/IeH sl BEKTOPA TIepBbIX
TIPOM3BOAHBIX (TPaZiIMeHT) U MaTPULIbl BTOPBIX MPOU3BOAHBIX (MaTpulia ['ecce) norapudmuueckoit
OMIT 1o UCKOMBIM K03 duiieHTaM Moiesu.

['pagueHT, T. e. m—MepHbI BeKTOP MepBbIX MTPOM3BOAHLIX goraprudmMuueckod @MII, Berunc/iseTcs
o opmyrne

olnPL “ _
G(p) :T(ﬂ) =Y o[ - ¥,.5)
i=l
rae X(s) _ BEKTOp B3BeIIeHHbIX CPeJHUX 3HaUeHUU J/151 IJIUTe/IbHOCTH I, | =1,2,...,n,

BBIUMC/IA€TCA KdK
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3Y,)exp(87x))x,
x(t, ) == i =12,...,n.
Z Y (t,)exp(Bx;)

daKTHYeCKr COBOKYITHOCTh BEKTOPOB B3BeIlIeHHBIX CPeHUX Mpe/CTaB/IsieT cOO0M n X m MaTpuLly

X | 110 CTpYKType aHa/IOTMUHYIO 3a/JaHHON MaTpPHIIe KOBApHar.
Martpuiia 'ecce, T. e. m X m MaTpulja BTOPBIX MTPOU3BO/HBIX Jiorapudmudeckoii ®MIT,
BBIUUCISIETCS TTI0 hopMyJie

_OIPLB) Z e b - 5Pl - 7]

H(p) = T <
opop = Z_' Y. (t)exp(Bx,)

Mogenb MOXeT ObITh pellleHa € ToMoIIbio MeTozia HetoToHa—Padcona. MtepaiioHHasi cxema
MeToZia UMeeT BUJ]

Bt =B - [HPI'GP), [ =0,1,2,...,

rae [, [ = 0,1,2,... — HOMep UTepalyH.

HauasibHble IpUOIV>KEHUS /11 UTEPALIMOHHOTO TPOI[eCCa MOXKHO B3STh HY/IEBBIMHU.

Dp.,j=12,.,m,
HOucnepcuu "/ OLIeHOK K03()(PULIMEeHTOB MPH KOBapHaTax, BIUMC/IEHHBIX, KaK

T0Ka3aHO BBIIIIe, TIPE/ICTAB/ISIOT COO0M COOTBETCTBYIOIIME IMarOHa/TbHBIE 37IEMEHThI MaTPULIbI
Tecce (Ha mocsiefHeN UTepaluu), B3siThle C 06paTHBIM 3HaKOM. [loBepUTe/ibHbIe MHTEPBAJIbI
JTAHHBIX OL[EHUBAEMBIX KOI(PPUIIMEHTOB CUMTAIOTCS CTAHJAPTHO KaK

B, =| B, W+ p121DB,: 5, + W+ p12DB, |, =12,

rae BjsJ F12ssm, OLIeHKU KO3((ULIMEHTOB NPY KOBapuarax,

Y(.) — obparHas (GyHKIMS CTaHAAPTHOTO HOPMAasIbHOTO pacripe/iesieHus,

B — moBepuTe/bHBINA YPOBEHb, BbIDa)KEHHBIN B J0ISX.

[TocTpoeHHYI0 MOJe/ib IPONOPLMOHABHBIX PUCKOB IIPUMEHSIFOT TaKXKe /111 BBIUMC/IEHUS
perpeccru Kokca, KoTopasi 3ar1chbiBaeTcsi B BUfie

h(t) = ho(t)exp(B'x).

[Tpy HeO6XOJUMOCTH SIBHOTO MOCTPOeHHst (PYHKLIMU PUCKa C TIOMOLIbIO JaHHOW perpeccuu Ayis
KOHKPeTHOTO MH/MBH/IyyMa MOXKeT ObITh MCIT0/Ib30BaHa Jit00ast OAX0 s1jasi apamMmeTpuyeckKast
Mo/ie/Tb U3 UMC/ia MPe/ICTaB/IeHHBIX B paszese «Ilogbop pacrpenenenusi». [Tomyyatoriascs B
pe3yJibTaTe perpecCHOHHasi MOZle/lb YaCTO Ha3biBaeTCsl He perpeccreit Kokca, a o iMeHu
perpeccru 6a3oBoi GpyHKLMM pucKa (Harpumep, Belibysia unu [ommiepTiia).

Teopetnueckoe obocHOBaHKe cM. B MoHorpadusx Kokca c coasr., Knsita (Klein) c coasr., [ronon
(Dupont), ®optxodep (Forthofer) c coasr., Kemnbenn (Campbell). TexH1Ka BLIUMCTEHUH
nipeacraBieHa O’Ksuriu (O’ Quigley), Jlenecc (Lawless). Cm. Takke cratbu @aH (Fan) ¢ coasr.,
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T'omn (Ghosh D.), pabotsl Bunzep (Binder), Knapkcon (Clarkson) ¢ coaBT., COOTBETCTBYIOLYIO
CTaThIO SHLMK/IONIeANH 1107, pesi. ApmuTelizpk (Armitage) c coaBt. [Tpumepsi oTbopa KoBapuar
Ba/IMJal[MU Mojieniu cM. B cTatbsix JIu (Lee M.S.) c coaBr., Jle (Le).

B Mogiesin npornoproHaibHbIX PUCKOB MH/UKATOPHI L{eH3yPUPOBaHUsSI MOTYT IPUHKUMATh TOIBKO
3HaueHus O (TIaL[MeHT LIeH3ypUPOBaH, T. €. BBIObIT U3 UCC/Ie/IOBAHMS, U €T0 COCTOsIHUE HEeU3BECTHO,
W/IA yMep TI0 NIPUUKHE, He CBA3aHHOM C UCC/IelyeMOU naTosioruer) wiy 1 (manueHTt ymep 1o
TIpUYMHe, CBSI3aHHOM C ucc/ielyeMou rarosiorveit). OfHako BO3MOYKeH TakoW Cyuaid, 4YTo TIPUUMH
CMepTH, CBSI3aHHOM C MCCJIe/[yeMOH 1aTo/Ioruel, MoXXeT ObITh BbIsiB/IeHO Oostee 1. [Iist Takoro
ciydast pa3paboTraHa MojieTb KOHKYPHPYIOIHUX PUCKOB (competing risks), paccMoTpeHHasi B
mMoHorpadusx Kpayznepa (Crowder), Xenekepa (Hedeker) c coasr., Jurris (Diggle) c coasr.,
JlaumHa (Lachin), Kans6dusiiiia (Kalbfleisch) ¢ coasr., ITuntunum (Pintilie), IlITeitepbepra
(Steyerberg), ®urtumaypuca (Fitzmaurice) c coaBt., TBucka (Twisk), Bpayna (Brown), Uuanr
(Chiang), ®uokko (Fiocco) c coaBT.

NnaBa 18. AHaNn3 BpeMeHHbIX pagoB U
NporHosnpoBaHue

18.1. BBeageHue

PaCCMOTPEHbI K/IaCCHU4YeCKHe METOAbI aHa/IM3da BDEMEHHBIX PAAOB W IIPOTHO3MPOBAHMA.

18.2. TeopeTnyeckoe o60cHoBaHue

AHanu3 BpeMeHHbIX PSIOB OllepypyeT 3aBUCMMOCTBIO C/TydyaliHOW BeJIMUUHBI y;, [ =1,2,...,n, OT
KOHTPO/IMPyeMOU IepeMeHHOM t, B KaueCTBe KOTOPOM MOXKeT BbICTYTaTh BpeMsi. B psijie Mozesnel
TripeArnosaraeTcs, yTo C/aydariHas BeJIMUMHA COCTOUT U3 UCTUHHOTO 3HaueHus (TpeHza) C OLeHKOU
ni, i =1,2,...,n, ¥ HOPMaJILHO pacrpezie/IeHHON CTyYalHOMN cocTaBJisitolel (OIMOKY 3MepeHHi) ¢
HyJIeBbIM CpeJHUM 3HaueHreM. [lasnee, rpeAnoaaraeTcs, uTo CjiydaiiHble BeJIMUUHGI y;, | =1,2,...,n,
Ha0J/TIO/Ial0TCs Uepe3 paBHbIe TPOMEXYTKU BPEMEHH, a UMEHHO t; — t;1 = const, i =1,2,...,n. [JaHHOe
TIpe/INOIOKeH e 3HAUMTe/TbHO YTIPOIIIaeT BCe BBIK/IAZKH, TIO3BOJISIS TaK)Ke M30aBUTHCS OT BBOJA
BpeMeHHbIX OTMeTOK. VX posb UrpaetT HoMep oTcueTa. BBeZieHHbIe BbIlle MPe/noIoKeHus
SIBJISTFOTCSI OOITeNPUHSTHIMU.
ABTOpamu BbIJIe/ISIFOTCSI OCHOBHBIE 33/laud aHa/in3a BpeMeHHbBIX Ps/I0B:

* HCCeloBaHUE CTPYKTYPbl BDEMEHHOIO Psiia, B TOM YMCJIe OnucaTe/IbHble XapaKTepHUCTHKH,

BbIJIe/IeHUe MepruoIMUHOCTe!, CrieKTpaibHbIM aHa/Iu3,

*  Bbljle/ieHHe CUrHasia Ha (oHe 11yma,

*  (uibTpaLys U CraKuBaHue.
HomenkaTypa 3ajjau He MCYepIibIBaeTCsl IPUBEAEHHBIM CIIUCKOM. [T0CTOSIHHO BO3HUKAIOT HOBBIE
NIpUK/IaJHble 3a/aun. [locTaBieHHbIe 3a/jauu pelatoTcs pa3/IMYHbIMU MeTo/laMy aHa/lv3a, B TOM
YuC/ie COBOKYITHOCTBIO MPe/CTaB/I€HHbIX METO/I0B:
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*  MEeTO/ CKOJIb3ILEr0 CPe/IHEro,
*  Ce30HHbIN Pa3HOCTHBIN omeparop,

*  CUHTY/ISIDHBIW CTrIeKTpaJibHbIN aHau3,
* rapMOHUYeCKUW aHanu3 Dypee,

*  aBTOKOppe/SILMOHHAasH (PyHKLUS,

*  [epuojorpaMma.

18.2.1. MeTopA, cKONb3sLWEero cpegHero

MeTo/, CKOJB35IIIer0 cpeiHero (Moving average) OCHOBaH Ha CJIeAYIOIIUX cooOpaxeHusix. C
Y4eTOM C/ZieJIaHHbIX paHee Tpe/rnooXKeHuH, orpe/ie/iiM OL|eHKY TpeH/ia B BUie MOJIMHOMaA

/
— .
nj _Zx[+1] >.] _1:»25---’"’
i=0
rae n — 4ruCjIeHHOCTb BDEMEHHOI'O psAja,

x.,i =12,...,01+1, :
i — K03(pPULIMEHTHI TTOJTUHOMA, BEIUHC/IEHHBIE B TOUKE j,

[ — crenens nosmMHOMa.

B HeKoTOpbIX MCTOUHMKAX OLIeHKA TPeH/ja Ha3bIBaeTCsl IPOrHO30M (MPOTrHO3UPYeMbIMU
3HaueHUsIMU ), OJHAKO JJaHHOe HaMeHOBaHUe KOH(JIMKTYeT C MIOHSATHEeM MPOTrHO3a, MO, KOTOPbIM
roJpa3yMeBaeTcsl MPOJ0/DKeHre JTMHUY TPeH/ja 3a Tpe/iesibl HCXOJHOTO0 BpeMeHHOro psijia.
O603HauMM BeKTOp K03(hMULMEHTOB TT0/IMHOMA KaK X . MeTo70M HauMeHbIuX KBazparoB (MHK)
HalzIeHo, UTo

x=(A"4)"'4"y,

rae A — Marpuua pasmepoM (2k + 1)(1 + 1), sneMeHTbI KOTOPOU BBIYMCIISIIOTCA 110 opmyrie

a;, =(i- k-1 =1,2,..2k +1;j =1,2,...,1 +1,

k — monymmipuHa okHa (yCpeAHsIOL[ero MHTepBasa), 0COOEHHOCTb KOTOPOTO [/ JAHHOTO MeTo/a
TI0Ka3aHa HIXe.

KoadduireHThI MoiMHOMAa BBIYUC/ISIIOTCS HA OCHOBE UCXOAHOTO BPEMEHHOTO psifia i, i =1,2,...,n,
TIpUueM /1J1s1 BBIUKMCIeHWI UCT0/Tb30BaH UHTepBasl JaHHOTO Psijia C LIeHTPOM B TOYKE j, UMeOLLIWH
TPOTSHKEHHOCTh Ha Kk 3HaueHui y;, i =1,2,...,n, B/IeBO U BIPaBO OT LieHTpa UHTepBaJia.
EnuHcTBeHHOE TpeboBaHHe K BLIOOPY MOMYIIMPHUHLI OKHA orpeiesnisieTcsi, cormacHo MHK, tem, uro
YKCJIO0 TOUEK yYCPEeIHSIIOIIEro HHTepBasia JO/DKHO ObITh [ < 2k + 1.

[Tocne Bcex BCromMorareibHbIX BBIUMC/IEHHH B KaueCTBe 3HaUeHHUsl OLIeHKU TPeH/la B TOUKe j
Oepetcst 3HaueHHe x;. OcTasbHbIe KOMITIOHEHTBI BEKTOPA KO3(hGOHUIIMEHTOB TTOJTMHOMA TIPUMEHSIFOTCST
TIpU pacueTe KpaliHKUX TOUeK TPeH/la ¥ COOTBETCTBYIOIIMX CPeJHUX KBa/PATUUHBIX OTKIOHEHUH,
Kak Oy/IleT TIoKa3aHO HIDKe.

ANTOpYTM B Tpe/CTaB/lIeHHOM Bbillle (pOpMe He TI03BOJIsIET MOTYYUTh OLIeHKU TPeH/a MepBbIX k 1
rnociegHUX k Touek BpeMeHHOTO psifia. [17is BBIUMC/IeHUM KpaliHUX 3HaueHWM UCTI0/b3YIOTCS
BeKTOpa Ko3((ULIMeHTOB MMOIMHOMA, BbIUKC/IEHHbIE, COOTBETCTBEHHO, //II TOUeK C HoMepaMu k + 1
1 n —k no ¢popmysnam:
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[
n, =) x5 - k-1, ) <k,
i=0

/
n, =255 +k=n),j>n- k.
i=0

3HaueHus j B TIOKa3aHHBIX (hOpMysiax MOTYT OBbITh MIPOZIO/DKEHBI KaK BIIeBO (1711 iepBoi (pOpMYJIbI),
TakK 1 BrIpaBo (/17151 BTopoi ¢opmyiibl), obecrieurBasi moTpebHOCTH 3a7jauu TTPOrHO3UPOBAHUSI.
[17151 BBIUMCJ/IEHHOTO TPeH/ja OMpe/ie/IsitoTCs l0BepUTe/IbHbIe UHTepBasbl 1o (hopMysie

77ji =n, £e,8ty, j =1,2,...,m,

rae €11 —snemeHT ¢ uHzAekcamu (1; 1) MaTpHILIbI MpeoOpa3oBaHuUs

C =(4"4)",

s, ] =12,...,n,

: — OL[eHKa Cpe/iHero KBaJpaTUYHOro OTKJIOHeHUs, orpeesiseMast Kak
s—;zk'(y-nyj—l2 n

J Zk _ li:_k J i7 959 lly

TpyueM MH/IeKC CyMMHPOBaHUs B (hopMyJie SIB/ISIeTCSl OTHOCUTE/BbHBIM,

ts — 3HaueHWe obpaTHOU GyHKIUM t—pacnpezenerus CThrogeHTa ¢ mapametrpamu 2k — v (1 + )/ 2,
B — moBepuTe/bHBINA YPOBEHb, BBIDA)KEHHBIN B [OJISX.

[loBepuTe/bHBINA YPOBEHb BBIOMPAETCS U3 CTaHAAPTHOM JIMHENKH 1 TI0 yMoyTdaHuio paBeH 0,95.
laHHBI TTapaMeTp MOXKeT ObITh U3MeHeH T0/b30BaTe/IeM.

75151 mepBBIX Kk ¥ oc/eJHUX K Touek BpeMeHHOTO psifia OLjeHKa CpeJJHero KBaZipaTUyHoro
OTKJIOHEHUSI BLIYMC/ISIETCSI HA OCHOBE TOT'O K€ MPUHLIMIIA UCTI0Ib30BaAHMUS M0/TyUeHHBIX

k03¢ GULMEeHTOB MOJMHOMa, COOTBETCTBEHHO, /JIsl Touek ¢ Homepamu k + 1 un — k.

Cwm. kuuru bpanara, TroprHa € COaBT.

18.2.2. Ce30HHbIIi pa3HOCTHbLIW onepaTop

Ce30HHbIE Pa3HOCTHbBIE OIIEPATOPhI NPeJHAa3HAYEHbI 151 YAa/IeHHsT Ce30HHBIX KOMITOHEHT.
ITporeaypa ocHOBaHa Ha Gopmyrie

Vi =X, Xl =p +1,...,N,

LI =p+1,..
rae Yk =p+1l...N, _ 371eMeHThI TTPeoOpa30BaHHOTO BPEMEHHOTO0 Psifia,
x;,j =L2,.,N

’ — 97IeMeHThI ICXOHOTO BPEMEHHOT0 psijia,
N — unc/IeHHOCTh psfa,

D — TIeprof; Ce30HHOCTH.

[Tporiefypa yMeHbIIIaeT UACIEHHOCTD Psijla Ha BeJIMUUHY P.

OnucaHue CM. B KHUTe T}OPI/IHa C COaBT.
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18.2.3. CUHTYNSAPHbIA CNEeKTPasibHbIN aHa/IN3

CUHTY/IApHBIN CTIeKTpa/IbHBIN aHamm3 («['yceHuiia», singular spectrum analysis) ripejHa3HaueH st
paszesieHust UICXOJHOT0 BPeMEHHOT0 psifia Ha TPeH/0BbIe, Ce30HHbIe U MHbIe COCTaBstomye. Metof,
BKJTFOUAeT B ce0sl PsiJ| 3TAroB: BIOKeHHe, Pa3/ioykKeHre 110 CUHTY/ISIPHBIM UHMC/laM, BOCCTaHOBJ/IEHHE.
PaccMoTpuM JlaHHBIe 3Tarbl TOAPOOHO.

18.2.3.1. BnoxeHune

PaccMoTpuM BpeMeHHOM psif X, COCTOSIIIMI 13 37IEMEHTOB X;, | =1,2,...,N. Boibepem HekoTOpOE
1iesioe unciio L, 1 < L < N, KoTopoe Ha30BeM IIUPUHOM OKHa. 3aTeM OyzieM ZIBUraTb OKHO B/IOJb
BpeMeHHOro psifia. B pe3ynbTrare nmprMeHeHus JAHHOM NPOLe[ypPhl BIO)KEHUSI TOTYYUTCS TaK
Ha3blBaeMas TpaeKkTopHas Marpuiia A pasMmepoMm Kx L, rgpe K = N—-L + 1.

18.2.3.2. Pa3noxeHne No CUHIYNAPHbLIM Yucnam

KanoHunyeckast hopmysia pasioxKeHus1 1eHCTBUTeIbHOM MPSIMOYT0/IbHOM MaTpHULibl A pa3MepoM m X
n (m CTpOK, n CTONOLOB, M > n) TI0 CUHTY/ISIPHBIM YKC/IaM UMeeT B/

2 T
A=U| |V

0

)

rae U — marpuija pa3MepoM m X m, copMUpoBaHHasi U3 M OPTOHOPMUPOBAHHBIX COOCTBEHHBIX
BEKTOPOB, COOTBETCTBYOIINX COOCTBEHHBIM 3HaueHusM Matpuiisl AAT, U'U = I,
X — varoHasibHas MaTpuLja pasMepoM N X N, MaroHasabHble 31eMeHTbl KOTOPOW NPeZiCTaB/IsIoT
co0oif Tak Ha3bIBaeMble CHHTY/ISIPHBIE UMC/Ia — KBaZlpaTHble KOPHU U3 A;, i =1,2,...,n —
HEOTPHUIIaTe/IbHBIX COOCTBEHHBIX 3HAUEHHI MaTpHIibl AA,
0 — npsiMoyrosibHas Hy/eBas MaTpulLia pasmepom (m — n)n,
V — marpuija pasMepoM n X n, COCTOSIIIast U3 N OPTOHOPMHPOBAHHBIX COOCTBEHHBIX BEKTOPOB
marpuipl ATA, VIV = VW = [,
I — efyHVYHAsA MaTpULia COOTBETCTBYIOLLETO MOPs/AKa.
B zpyrot#i 3anvcy pa3ioxkeHue TI0 CUHTY/ISIPHBIM YKC/IaM UMeeT Oosiee TTPOCTOM B/
A=UzV,
rae U, — MaTpHLia pa3MepoM m X n, copMHpOBaHHasi U3 N OPTOHOPMHUPOBAaHHBIX COOCTBEHHBIX
BEKTOPOB, COOTBETCTBYIOIIUX N HAaKMOOJIBIIMM K3 M COOCTBEHHBIM 3HAUeHUsIM MaTpuiibl AAT,
vlv, =1,

PackpbiBasi ocsieiHO0 (hopMyiny, MOXKHO eCTeCTBEHHO TOYYUTh, C yUeTOM paBeHCTBa HYJIH0
BHe/IMaroHa/IbHbIX 3/IeMEHTOB MaTpULibl X, UTO

=34,
i=l

rae A, i =1,2,...,m — «371eMeHTapHble» MaTpULIbl pa3MepoM m X N, 3JIeMeHTbl KOTOPbIX
OIpe/iesIsSItOTCS COIIaCcHO (hopmysie
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a;, =AUV i =12, om, j =12....n,

rae U, i =1,2,...,m — cton6er; Matpuiipl U,
V,, j =1,2,...,n — cronber] MaTpuipi V.

Cwm. cratbu ['ony6a (Golub) c coarr., Ctroapta (Stewart), kauru Jemmers, ['onyba ¢ coaBT.

18.2.3.3. BoccTaHoB/ieHNe

CyuecTByeT B3aMHO OZJHO3HaYHOEe COOTBETCTBHE MeXX/Jy MaTpuLaMu A;, i =1,2,...,m, paamepoMm K
X L,mosiyyeHHbIMU Ha TMpebIAyILeM 3Tare, U «37eMeHTapHbIMU» BPEMEHHBIMU PsSiiaMU KaxKabId X,
i =1,2,....m, piuHou N. 3aech BeMMUUHY m, m < L, MO)KHO UHTePIPeTUPOBaTh KaK YMC/I0
BbI/Ie/IsieMbIX KOMITOHEHT BpeMeHHOT0 psifia (rapMOHUMK). Eciii BbIOpaHHOe T10/1h30BaTeIeM UrCIIo
rapMOHUK TMpeBbillIaeT YKa3aHHbIM Mpejie/l, OHO YMeHbIIaeTCs /10 BeJIMUUHbI 3TOTO Tpejea.
BoccraHoBneHre «3/1eMeHTapHbIX» BPEMEHHBIX PSZ0B MIPOX3BOJUTCS METO0M UaroHaIbHOTO
ycpenHeHust Matpul A;, i =1,2,...,m, eCTb KOTOPOTO 3aK/IF0YaeTCsi B TOM, UTO KaXK/bIi 271IeMeHT psijia
X;, i =1,2,...,m, Oy#eT Mo/y4eH Kak cpe/iHee apu)MeTHUeCKOe BeJTMUWH, CTOSIIUX Ha
«aHTU/IMArOHAJISIX» COOTBETCTBYIOIeM MaTpulibl A;, i =1,2,...,m.

B otinume ot rapMoHHueckoro aHanusa @ypbe, ONMCbIBAEMbI MeTO/, He TT03BOJISIeT MOTyYNTh
pa3/ioykeHre WCXOHOTO BPEMEHHOTO pPsifia Ha «UKUCThle» rapMOHUKU. [1o/ib30BaTesib MOXKET B 3TOM
y0beuThCs, TIPOBe/Is CPaBHUTE/TbHBIE pacueThl pa3HbBIMUA MeTO/[aMH. 3/1eCh 10JIe3HO TTPUBECTH
aHaJIOTHI0 CO CTYTeHYaThIM perpecCMOHHBIM aHa/IM30M, TIPe/ICTaB/IeHHOM BO 2 KHUre MOHOTrpaduu
[peunepa c COaBT. U NPOLUTUPOBAThH JJAHHOE TaM MOJIOJKeHHe: « ITOT MeTO/, He JjaeT MPaBUIbHOTO
MHK-—peltiienusi Ajis1 miepeMeHHbIX, BK/TFOUEHHBIX B UTOTOBOE YPaBHEHHE».

Cwm. pabotsl Borapga (Vautard) ¢ coaBrt., ['o/siHAWHOM € COaBT., AJileKCaHIpOBa C COABT.

18.2.4. FTapMOHNYecKnii aHanns dypbe

PaccmarpriBaeMblii MeTo/|, Ha3bIBalOT TApMOHUUYECKUM aHannu3oM Pypbe (rapMOHUYECKUM
perpeccruoHHbIM aHa/u3oM). KoHeuHslii psij, @ypbe npesicTaBisieT nepuoAndeckyro GyHKLuOo Y(t) B
BU/Ie JINHEHHOW KOMOWHAIUM I' TaDMOHUK (TapMOHUYECKHUX BEKTOPOB).

[TycTe BpeMeHHOM psJi 3a/1aH B Buzie N 0TCUETOB BDEMEHHOTO psifia Yo, n = 1,2,...,N, B
PaBHOOTCTOSIIIMX TOYKAX t,, n = 1,2,...,N. VIcxoqHbI!i BpeMeHHOM psifi MOKeT ObITh TpeJiCTaB/IeH B
BU/Jie KOHeYHOro psifia Pypre, onpesensieMoro GopmMysoi

c 2 c .2
v, =a, +Zak cos i +Zbk s1nﬂ,n =12,....,N,
k=1 N k=l N
rae Ko3hhULMeHTbl BEIUKCSIOTCS 110 hopMy/iam
1 N
a, =— ,
0T N kzz:yk
bo = O,
2 ¢ 27km
a, =— cos ,m=0,1,...,r,
m N kZ:: yk N
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N

b, ZEZyk sin 2am

N3 N
e Vi, k = 1,2,...,N — oTCUeTbl BpeMeHHOTO0 psifia B TOUKax ty, k = 1,2,...,N.
m — HOMep rapMOHUKH,
N — Ko/inuecTBO Hab/TFO/IeHUI — YKMC/I0 PaBHBIX YacTel, Ha KOTOPbIe paszie/ieH Mepro/] HabJTroieH s,
I' — KOJTAYECTBO FapMOHUK, ' < N / 2.
KonmuecTBo rapMOHMK BbiOMpaeTcsi. Ecu BbIOpaHHOE UKMC/I0 TADMOHMK MPEBBIIIAeT YKa3aHHbIN
Tripefiesl, OHO YMeHbIIIaeTCsl 10 BeJIMYUHBI ITOTO Tpejea.
JonomHuTeNbHO [/1s1 KaXKA0W FrapMOHUKMU:

A =ia +b ,m=0]1,..r
" moeom? 77T — aMIUIATYZQ,

0. = arctg(— bn / a») - 180/ m, m = 0,1,...,r — da3za.

PaccMOTpeHHBIH MeTOZ, OTIiCaH B O0JTBIIIOM UKC/Ie KTaCCUUeCKUX U COBPEMEHHBIX NCTOUHUKOB.
Cwm., Haripumep, IMaBy 18 crpaBoYyHMKa 10 pef. JInoliga ¢ coaBrt., c. 365 MoHOrpaguu
«IIpuKnafHOM aHanU3 CydarHbIX JaHHbIX» beHpara ¢ coaBr., c. 85 kuuru Hocaua.

,m=0,1,...,r,

18.2.5. ABTOKOppensayuoHHasa pyHKuua

BribopouHast aBTOKOppessiiMoHHas GyHKIIMsA (cepyuasibHasi KOPpessiys) CTPOUTCS 110 hopmyiie

3 (x,- B, - )

r, == — hk=12,..,N-1,
Z(xi - f)z
i=l
rze x;, i = 1,2,...,N — 3/1eMeHTbl BpeMeHHOr0 psijia,
N — uKrCJIeHHOCTh psfa,
1 N
X =—le.
NS

— OLIeHKa CpeJIHero 3HayeHusl.
I'paduk aBTOKOppESALIMOHHON (DYHKIIMU — KoppesiorpaMMa. Ha rpaduke moka3sbiBaroT Takxe 95%
JIOBEPUTE/TbHBIM UHTepBasl. I paHUIIbI JAHHOTO WHTepBasia Ha3bIBalOT KOPPEJISIIIUOHHON TPYOKOH U
BBIUMCJISIFOT TI0 (popmyrie

+ 1 2

rt=- e
n~n

[Togpo6HOe omMcaHue cM. B KHUTe TioprHa C COaBT.

18.2.6. Nepuoagorpamma

[TeprogorpaMMa BpeMeHHOTO psifia Vi, 1 = 1,2,...,N, cocTout u3 r = N / 2 3HaueHUH, Ha3bIBaeMbIX
VHTEHCUBHOCTSIMU Y BBIUKC/ISIEMBIX 110 JopMysie
N 2 2N
I(f;) :?(al +bl ),l :1,2,...,7',
rae a;, b, i = 1,2,...,r — ko3dduLreHTs psifa Pypoe,
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fi=i/N,i=1,2,..,r — i—s rapMOHHKAa OCHOBHOM UaCTOTBHI.

CMm. moHorpaguto «IIprkiazHoM aHann3 CyyalHbIX JaHHbIX» beHpara ¢ coaBrT., a Takxe C. 52
IIepBOro BbIITyCKa KHUTU bokca u [I>)keHKUHCa.

NnaBa 19. CtaTuCTUYECKMI KOHTPO/b KayecTBa

19.1. BBegeHune

Cratuctuueckue MEeTO/bl KOHTDOJIA KAaU€CTBAd KOHTPOJIA Ka4y€CTBa B na6opaTopH1/1 " Ha
MPpOU3BOACTBE IMPpeJHA3HAYEHbI AJIA J'IBGOPEITOPHOF 0 KOHTPO/JId, 4JI1 KOHTPOJIA Ka4eCTBa
BbIHYCKHEMOﬁ MpOAYKLIMH NI OKAa3bIBAEMBIX YC/IYT C LI€/IbI0 CBOE€BPEMEHHOI'O BBISAB/IEHHUSA
HBPYHJEHI/Iﬁ B OpraHM3aliy rpor3BOACTBA U B TEXHOJIOTUUECKHUX TTIpOLeCCaX, MPpUBOAAIINX K
CHWKEHHIO Ka4yeCTBa MPOAYKILWMH UKW YCIYTI HUKE HOPDM, 3d/IdHHBIX TEXHUYE€CKMMU YC/IOBHUAMU.
KOHTpOIIB KaueCTBd MUHTePeCEH KaK MHCTPYMEHT YCIIeLlIHOI'o 3(1)(1)8KTI/IBH01"O penmieHud 3a44d4,
BO3HHUKAIOIKWX Ha 3Tare BHEADEHHWS B IIPOMU3BOACTBO IePeAOBbIX METOA0B YIIDAB/IE€HUA.

19.2. TeopeTnyeckoe o60cHoBaHuNe

CoBpeMeHHOe yrpaB/ieHde KaueCTBOM OCHOBAHO Ha IIIMPOKOM UCTO/Ib30BaHUU CTAaTUCTHUYECKUX
MeToz0B. CTaTUCTUUECKUI KOHTPOJIb KaueCTBa, 10 orpejeneHuto Y. [leMuHra — 3To npuMeHeHue
CTaTUCTUUECKHX MPUHLIUIIOB U MPHUEMOB Ha BCeX CTaZUsiX MPOU3BOACTBA, HAallpaB/JeHHOe Ha
9KOHOMHYHOE TTPOM3BO/ICTBO U3/e/Hsl, MAKCUMAaJIbHO T10J/Ie3HOTO ¥ UMETOIIIero COBIT.
CraTtucTHuecKoe yrnpaB/jieHUe KaueCTBOM, M0 ornpefeneHuto ). Mepzioka — 3T0 COBOKYITHOCTb
METO/IOB OOHApY>KeHUs HeCTyYalHbIX (PaKTOPOB, TO3BOISIOIIUX AUArHOCTUPOBATh COCTOSTHUE
Tipoljecca, MPOBeCTH ero KOPPeKTUPOBKY U, B KOHEUHOM CueTe, CII0COOCTBYIOMIUX YIyUIlIeHUI0
KaueCTBa MPOAYKLIUH.
PaccMmoTpeHHbIe MeTO/IbI CTaTUCTUUECKOTO KOHTPOJIS KaueCTBa:

* THUCTOrpaMMma KauyecTBa,

* nuarpamma [lapero,

* KOHTpO/bHas KapTa —
TIpUHAaZIe)KaT K COBOKYITHOCTU CEMU 3/IeMeHTapHbIX MeTO/I0B KOHTPOJISI KaueCTBa, BBeIEHHOM B
KJ/IaCCMUeCKUX MCTOYHMKAX 10 KOHTPOJIO KauecTBa. K pyryuM, He pacCMOTPEHHBIM 371eCh
CTaTUCTUYECKUM MeTo/laM KOHTPOJISl KaueCTBa, OTHOCSTCS TOUeUHBIN rpaduk v Juarpamma
pa3bpoca. [TocneaHue ABa KacCHUeCKUX MeTo/ia: JuarpaMmMa VicukaBbl (ApiarpaMma «IpUYAHbL —
pe3y/nbTaT») U Tab/rila KOHTPOJISI — He OTHOCSTCS K CTaTUCTUUeCKUM MeTo/jaM.
Ananu3 bnanga—AbTMaHa rpeiHa3HaveH [jisi CpaBHEHUS IBYX METO/0B KJIMHUUECKOT0 U1
71abopaTopHOTO KOHTPOJISI.
laHHBIe METO/IbI TIPOCTBI, HATTISIIHBL, YI00HBL [IprMeHeHHe COBOKYITHOCTH 3THX METO/OB, TI0
YTBEPXKEHUIO OPUTUHABHBIX UCTOUYHHUKOB, peliaeT 95% BceX MpOU3BOACTBEeHHBIX TTpobieM. He
CTOUT, OIHAKO, IOHUMATh CTaTUCTUYeCKOe yIrpaB/ieHre KaueCTBOM B TOM CMBIC/Ie, UTO ero

@ o @ Copyright © 2017 Igor Gaidyshev



@ The ME.com

TipuMeHeHre JIaCT HeMe/lJIeHHbIN npakTudyecKuit 3 @ekT. CTaTuCcTHUeCKOe yIipaBieHne KaueCTBOM
He Tpe{Ha3HauYeHo [I7Isl pellleHNst B TIPUHITUITE Hepa3pelIuMbIX TTPOo0O/IeM.

OTMeTHM, UTO B CTaTUCTHUUECKOM YIIPaB/ieHUH KaueCTBOM UCIO/b3YIOTCSl pa3HOOOpa3Hbie MeTO/[bl
CTaTUCTUYECKOTO aHa/13a JaHHbIX: OIMcaTe/ibHasi CTAaTUCTHKA; APYTHe MeTO/IbI Mpe/iBapUTe/IbHOM
00pabOoTKM [JaHHBIX; KOPPE/ISI[MOHHbIN aHA/HU3.

[Tpu aHanM3e Mpe/CTaB/IeHHBIX TeOPeTUUeCKUX MaTepuasioB Y T0Jib30BaTesiel, He SIBJISIOLUXCS
CrieLidaMuCTaMH B CTaTUCTUUECKOM KOHTPOJIe KaueCTBa U TOTbKO HauMHAKIUX 3HAKOMUTBCS C
Teopuel U MPaKTUKOW CTaTUCTUUYECKOTO KOHTPOJIS KaueCTBa, MOXKeT BO3HUKHYThH BlieyaT/ieHHe, uTo
B CUTy 00/1b11I0T0 06BeMa Mpe/iylaraeMbIX MaTeprasioB UX U3yueHre MOXKET ObITh 0COOeHHO
TpyZAHbIM. Ha camoM fiesie peliieHre BO3HUKAOIIMX 3a/iay C/ie/lyeT HauaTh He C U3yueHusi
BCEBO3MO)KHBIX MaTepHasIoB, a C MOCTAHOBKH 3a/laui, BHaYasie CJI0BeCHOU («HY)KHO Y/IyUIlIUTh
KaueCTBO»). 3aTeM C/IelyeT MepeBeCTH MOCTAaHOBKY Ha HEKH TTPOMEXKYTOUHBIH SI3bIK («OT KaKUX
rlapaMeTpPOB 3aBUCUT KaueCTBO») U TOJILKO TIOTOM TePeX0JUTh K MaTeMaThuyeckoi (opMympoBKe
3a/lau CTaTUCTUUECKOTO KOHTPOJIS KaueCTBa.

Cwm. lop, KoygeH, Yunep c coaBt., MutTar c coas., [Tanze ¢ coaBT., X3HceH, [1ITopm.

19.2.1. N'ncTorpamma KayectBa

'mcrorpamMMa KauecTBa MO3BOJIsIeT B HAr/IsiiHON (hopMe 0TOOPa3UTh BhISIB/IEHHBIN XapaKTep
pa3bpoca 3HaueHHI KOHTPOJIMPYEMOro rlapaMeTpa. [JonomHUTebHO Ha TUCTOrpaMMe KayecTBa
MOTYT 0TOOpa)kaThCsl CpefjHee 3HaueHHe, CTaHJaPTHOe OTK/IOHeHWe U 3a/JaHHble T'PAHULIBI 0Ty CKa.
VicXoAHBIMY JJ@HHBIMY /17151 TOCTPOEHUsI TUCTOrpaMMbl KauecTBa CIy>KaT KOJIMUeCTBa BapUaHT
(uacToThI), OTHOCALLMECS K K&KOMYy UHTepBaly OTKJIOHEeHHUsI McciefyeMoro rnapamerpa. Ha
rpadrike yacTOThI OTKJ/Ia/IbIBAIOTCS M0 OCH OopAMHAT. I1o ocu abciyce OTKIabIBatOTCS KO/IOBbIe
0003HaueHUs1 UTHTEPBAJIOB OTK/IOHEHUs MapameTpa (k/accoB). I'mcTorpaMma MoXeT ObITh
TIOCTPO€EHA C NTOMOLLbI0 OJHOMMEHHOTO MeTO0/ja, Npe/CTaB/AeHHOro B I1aBe «OnucarenbHas
CTaTHUCTUKa».

MMcTorpamma ka4yecTea

&0
7,00 - —
6,00 - —
5,00 -
4,00 4
3,00 4
2,00 4
100 L
0,00 | |

YacToTel

1 OTKNO I Tpa

YMeHue unTaTh U aHaJIM3UPOBAaTh FTMCTOIPaMMBbI OKaykKeT HEOLIeHHMYH0 YC/IYTY CIIeLUaaucTy He
TO/ILKO B CTaTUCTUYeCKOM YIIpaB/IeHUH KaueCTBOM, HO TakKe U B IDYTUX pasfesax
CTaTACTUYeCKOIO aHa/n3a JaHHbIX.

@ o @ Copyright © 2017 Igor Gaidyshev



@ The ME.com

BcTrpeuatorcs ciefytoiiyie 0CHOBHbIE TUITbI THCTOTPAMM:

*  OObIuHBIH THM. ['MiCTOrpaMMa MMeeT CHMMeTPUYHYTO KOJIOKOoo0pa3Hyto gopmy. CpesHee
3HauyeHHe TIPUXOAUTCS IPUMEPHO Ha CcepeJiJuHy pa3Maxa JaHHbIX. DTOT TUI
CBU/IETE/ILCTBYET 00 OZIHOPOJJHOCTH MCXOJHBIX JJAHHBIX, @ B CTATUCTUYECKOM KOHTPOJIE
KaueCTBa — 0 HOPMaJ/IbHOM TMPOTeKaHWU TEXHOJIOTMYeCKOro nporiecca.

* [lonoxurensbHO (OTpULIATE/IBHO) CKOILIEHHOE pacripeziesieHre. dopmMa acMMMeTpUUHa.
CpeznHee 3HaueHUe JIOKaIM3yeTCsl CripaBa (C/eBa) OT cepeiuHbl pa3Maxa. Takas popma
BCTPEYAEeTCs, KOT/la HIDKHSISL (BepXHsIsl) TPAaHULIA PETYTUPYETCs MO0 TeopeThUeCKH, MO0 1Mo
3HaYeHHIO JIOMyCKa WX Koryia jieBoe (MpaBoe) 3HaueHKe Hefl0CTHKUMO.

* Pacmnipenenenvie ¢ o6priBoM cieBa. @opma acummerpuuHa. CpesiHee apudmMeTHyecKoe
JIOKanM3yeTcs cjieBa (CripaBa) OT cepe/iiHbl pa3Maxa. JTa ¢opMa Bcrpeuaetcs npyu 100%
NPOCeMBAHWM U3/le/IUi M3—3a IJI0X0W BOCTIPOM3BOAMMOCTH TpolLiecca.

* [lnato (paBHOMepHOe U MPSIMOYTOJ/IbHOe pacnpe/ieneHusi). Takasi opMa BCTpeuaeTcs B
CMeCH HeCKOJIbKUX pacripeiesieHrH, UMerOIIUX pa3/uyHble CpeJiHUe.

* bumoganbHOe (IBYXITMKOBOE) pacripefiesieHue. Takasi (hopma BCcTpeuaeTcsi, Korjia
CMeLLIMBAIOTCS /IBa pacIipe/iesieHUs C /lajieko OTCTOSALUMU APYT OT Apyra CpeJHUMU
3HaYeHUSIMU.

* PacnpeziesieHre ¢ U30/IMPOBAaHHBIM MTUKOM. Takasi hopMa MpOSIB/ISIeTCs TIPU HAJTMUUU Maslbix
BKJIIOUEHU W3 JIPYTOTO pacrpeziesieHusi (U3 Pyroro mporiecca), TosiB/IeHUST OLTHOKH
M3MepeHUsi UM B Cydae HapylleHWsl HOpMabHOCTH TpoLiecca.

PaccmoTtpum BivsiHHe (DOpPMBI TUCTOrPaMMBbl KaueCTBa Ha JIeMCTBUS ClieLaanucTa 1o KOHTPOJIIO
KauecTBa. B cstyuae 1 mpotiecc curTaeTcsi MPOTeKaroIIMM HOpMasTbHO. B ciiyuasix 2 u 3 TpebyeTcs
BMeIlIaTe/TbCTBO CIIeL[Ha/IMCTOB /i/Isi IPOBEPKU U, eC/iv MoTpedyeTcsi, HaaJKi TeXHOIOTHYeCKOTo
niporjecca. Cinyyau 4, 5 v 6 CBUZeTe/IbCTBYIOT O HEOAHOPOAHOCTH AaHHbIX. HeoqHOpogHOCTH
MO)KeT ObITb BbI3BaHa OLIMOKaMu Tpy cOope JaHHBIX WK CBU/IETEIbCTBOBATh O HECTaOUIBHOCTH
TeXHOJIOTMUeCKOro MpoLecca.

Kak y»ke ObI710 OTMeUeHO, B HEKOTOPBIX UCTOUHMKAX Ha TMCTOrPaMMY HaKJ/1a[bIBatOTCS TPAHULIbI
JoTyCKa (TIpOMEXKYTOK 0CH abCICC MeXy TPaHUIIAMU JIOTTyCKa Ha3bIBaeTCs TI0JIeM JI0ITyCKa).
MO’KHO pacCy’XaTh O TOM, AOTYCTUMO JIM Ha OJJHOM uarpaMMe oObeAUHATh rpaduK MopsiZKOBOM
TiepeMeHHOM (TMCTorpaMMa) U KOJTMUeCTBEHHOH (IpaHUIIbI IOMyCKa), a TaKue 3a0/TyK/eHHsT
pacrnpocTpaHeHbl MoBceMecTHO. OZIHAKO TaK Jie/latoT HEKOTOPbIe aBTOPbI, I03TOMY PaCCMOTPUM,
KaK MO>KHO C HEKOTOPO 1M0J1b30M NTPUMEHUTH AaHHyt0 nHbopMaluto. [Ipoijecc cuuTtaetcs
MIPOTEKAIOILMM HOPMaJIbHO, eC/IU MOUTH BCSl THCTOTPaMMa HaXxOJUTCs B TPaHMLIAX Aomycka. B aTom
ciyyae TpeOyeTcs UMb To/epKaHre CyLeCTBYIOIIero COCTOSIHUS TeXHOIOTHUeCKOTO TIpoLiecca.
Eciu rucrorpamMmMa He yZoB/IeTBOPSIET [OMYCKY, He00XOAUMO JOOUTHCS CMelljeHUsl CPeHero
3HaueHus1 O/voKe K LIeHTPY T0JIs J0TTyCKa.

19.2.2. Anarpamma Napeto

Huarpamma [Tapeto (#uarpamma pacripegesieHust [1apeTo) c/iy)kKuUT [/1s1 HAIVIsiAHOTO BbISIB/IEHUS
HauOosiee 3HAUMMOTO (haKTOpa, BIUSIOIIET0 Ha CHIKEHHE KaueCTBa TIPOAYKLUH.
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B pa3HbIX UCTOUHMKAaX Auarpamma [TapeTo MoxkeT U300paXkaThCsi MO—pPa3HOMY, O/IHAKO OOIIMM BO
BCEX UCTOUHMKAX SIBJ/IIETCS KOMOMHALIMS Ha T10J1e JAHHOM TUarpaMMbI JIBYX I'PadHKOB:
* rpadwuKa THUIA TUCTOTPaMMBbI, U300pa’karolliero MpoLieHT Opaka Mo BUHE TOT0 WA UHOTO
(akTopa,
*  JIOMaHOM JTMHUM (TIOJTUTOHOM, «KPUBOM 3(P(eKTUBHOCTU» ), OTpaXkatolljell HaKOTl/IeHHbIe
TIPOLIEHTHI.
[Tog 6pakoM 371ech TIoZipa3yMeBaeTCsi HECOOTBETCTBHUE JJOCTUTHYTHIX TTOKa3aresiell KauecTBa C
roKa3aTe/isiIM{ KaueCTBa TIPOM3BO/ICTBEHHOTO TPoLiecca, orpe/e/isieMbIMUA TeXHAYe CKUMU
3a/IaHUsIMU.

OuarpammallapeTo
100 _/,f-
50 —"
a0
70
&0 .//'
50

MpouenTsbl

40
30
20 4

10 e
]

DakTopbl

VicxogHbpIMU J@HHBIMU /17151 IOCTPOEHUS JuarpaMMel [lapeTo ciy>kaT KoiuecTBa BapyaHT,
OTHOCSAIIMECS K KaKI0MY (aKTOpy, OTBETCTBEHHOMY 3a CHIDKEHHe KaueCTBa MPOAYKIUH, 00
yactoTbl. Ha rpaguike 1o ocv opAvHAaT OTK/1aAbIBAIOTCS YaCTOThI, BbIDAKEHHbBIE B IpoLieHTax. [1o
ocu abCIMCC OTK/IA/IbIBAOTCS KOIOBbIe 0003HaueHus1 PakTOpoB. YacTOThl MOTYT OBITH HalJeHbI TaK
JKe, KaK yKa3aHo B pa3jieJie, OCBALeHHOM r'MCTOrpaMMe KayecTBa.

19.2.3. KOHTponbHada KapTa

KoHTposibHas KapTa rpejHa3HauyeHa /11 0OHapy>KeHUsI OTK/IOHEHHsI XapaKTePUCTUKHU KaueCcTBa
BBITYyCKAaeMOU MPOJYKLUM OT 3a/IaHHbIX TEXHOJIOTUYECKHUX HOPM U JIOITYCKOB.
KoHTposibHast KapTa rpe/cTaB/seT co6oi rpadvK W3MeHeHUs] UCCIelyeMO XapaKTepPUCTHUKU BO
BpeMeHU. Ha rpaduk J0MoTHUTETbHO HAHOCATCS TIPeAYTIPEXKAAroiias TPaHUIIA U FPaHULa
pery/MpoBaHusl. BeIe/IsItoT pa3/TMuHbIe THIBI KOHTPOJIBHBIX KapT. PacCMOTpeHHast KOHTPOJIbHast
KapTa OTHOCHUTCS K THIIaM:
*  «pn—KapTa», T. €. KOT/ia TIOKa3areb KauyeCcTBa MpeZCTaB/ieH YMCIOM AedeKTHBIX U3/e/nii B
TI0CJIeZI0BaTeIbHOCTH BBIOOPOK (hDHKCHPOBAaHHOTO 06BeMa,
*  «C—KapTa», T. €. KOT/ia yIpaB/ieHre KaueCTBOM KOHTPOJTMUPYEMOTO TIPOU3BOICTBEHHOTO
TipolLiecca Be/IeTCS 110 UMC/Ty ZieeKTOB B U3Je/TUSIX OJUHAKOBOTO pa3Mepa.
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KoHTponkHasA kapTa

—e— Pagl —— Mpenynpexgatwan rpaHuya [paHWLE PEFYIMPOEAHKA
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Honep esibopku

Ecnu xapakTepucTyKa KauecTBa IIPOM3BOJCTBEHHOIO NPOLiecca HaXOAUTCS HIKe
TIpe/IyTIpesK/arollieii rpaHUL{bl, TO TIPOLIeCC MPOTeKaeT HOpMaibHO. EC/ii XapakTepucTHKa mporecca
HaXOJUTCsl MeXX/ly Npe/iyTipesKatolileli rpaHuLieil ¥ rpaHuLieii perynvpoBaHus, TO
TeXHOJIOTHUeCKHU TIpoLiecc (pyHKLIMOHUPYET, HO He B COOTBETCTBUU C HOMUHA/IOM. [lomnasjanue
XapaKTepUCTHKY B 30HY BblIlIe TPaHULIbI Pery/IMpOBaHUs 03HauaeT, uTo /0/DKHA ObITh ITPOU3BeJeHa
KOPPEeKIMsI TEXHOJIOTMYeCKOr0 MpoLiecca.

3a rpaHuily pery/JMpoBaHHs 4aCcTO IPUHMMAETCS BelIMUYKHa, PaBHasi yTPOEHHOMY CTaHapTHOMY
OTKJIOHEHHIO, UTO, KaK M3BeCTHO, O3HAUaeT ToTa/jaHre B JaHHbIe TpaHuULbl 95% BapvaHT B TOM
clyyae, eCiv pacripejiesieHre HopMmasibHoe. [Tofipo6GHee 0 HOpMaIbHOM pacripefie/ieHiH U ero
npoBepKe CM. B 11aBe «[IpoBepka HOpMaIbHOCTH pacIipe/iesieHus ».

W cxoqHBIMU IaHHBIMU /1/151 TOCTPOEHUsI KOHTPOJIbHOM KapThl C/Iy’KaT KOJIMUeCTBa BapHaHT,
OTHOCSIMECS K KaKIOMY (pakTopy, OTBETCTBEHHOMY 3a CHIDKeHMe KadecTBa MpoAyKuuu. Ha
rpaduke 1o ocu opZiMHaT OTK/Ia/[bIBAIOTCSl YAaCTOThI, BbIpaKeHHbIe B aDCOMIOTHBIX BeJIMUMHAX (B
mtykax). [To ocu aberpice oTK/IaIbIBatOTCs KOZIoBble 0003HaueHNsi HOMepPOB BBIOOPOK, 0TOOPaHHBIX
B MpOL{eCCe TIPOM3BO/CTBA C 1ieJIbI0 er0 KOHTPOJIs. [lOTO/THUTE/IBHO B TeX JKe eMHULaX U3MepeHus],
YTO Y UCXOZHBIE IaHHbIe, 10/DKHBI ObITh 3a/jaHbl TTPeAYIPEXKAtolias TPAHULA ¥ TPaHHLa
peryiupoBaHUsl.

Cwm. AHJpeeB C COaBT.

19.2.4. AHanu3 bnaHga-AnbTMaHa

Metog Bianja—AsieTMaHa ripeJjHa3HauYeH /1/isi CDaBHEHHsI IByX METO/[0B K/IMHUUECKOTO UJTH
nabopaTopHOro KOHTposisi. MeToz OCHOBaH Ha aHanu3e rpadvka, KOTOpbI Tpe/iCTaBsieT cO00i
3aBHCUMOCTb Pa3HOCTU U3MePeHUH JBYX METO/IOB OT CPeJHEro JAHHBIX U3MepeHUl C YKa3aHHBIMHU
cpefHUM pasHocTel U 95% JoBepUTebHBIMUA UHTEPBa/laMU 3TOT0O OL|eHUBAaeMOI0 Cpe/iHero.
CpeaHue 3HaueHUs JBYX W3MePeHUH BBIUMCISIOTCS TI0 hopmyie

i ).

z, i =12,....n,

1

rge x;, i = 1,2,...,n — usMepeHusi 1-ro metoza,
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Vi, 1 = 1,2,...,n — u3MepeHusi 2-T0 MeTo/ia,

N — 4KC/I0 U3MepeHU KaXKoro MeToza.

Pa3HoCTM 3HaUeHU IByX U3MepeHU BLIUMC/ISIIOTCS 10 (hopmyrie

di =Xi—)Yi i= 1,2,...,1’1,

eCv cpefiHee 3HaueHre 1-To MeTo/a OoJibIlie cpe/iHero 3HaUeHusi 2—T0 MeTo/a, 11Mbo
di =Yi— X, i= 1,2,...,1’1,

ec/Ii cpefiHee 3HaueHue 1-To MeToJa MeHbllle CpeJiHero 3HaueHust 2—T0 MeToAa.

[Tpu 3TOM COOTBETCTBYIOIIME CPe/IHMEe 3HAUeHHsl BLIUUC/ISIFOTCS 10 hopMy/iam

CpeniHee pa3HOCTH BBIUMC/SIETCS 110 hopmyrie
— 1 &
d==)4d.

nig

BbluncsieHre JBYCTOPOHHErO I0BEpUTE/IbHOTO UHTepBasia OLieHHBaeMOro Cpe/iHero pa3sHoCTH
TIPOM3BOAUTCS T10 opmyie

- DD - DD
I3 = d -t '\fTQd +laip 1[7 )

rae DD — nucniepcusi pasHOCTH ,

t <
(+A)12 _ 3yayeHne obpaTHOU GyHKIMHU t—pacrnpenenenust CThiofieHTa ¢ mapametpamu n— 1 u (1 +

B)/2,

B — moBepUTe/bHBINA YPOBEHb, BbIDaKEHHBIN B [0MISX.

B o6cyx/1aeMoM MeTo/ie yC/IOBUMCH TIPUMEHSITh J0BePUTebHBIN ypoBeHb 95%.

[ucnepcust pasHOCTH BBIUMC/ISETCS KaK

DD _DX +DY
2

rge DX — gucniepcusi 1-ro MeToja,

DY — pucniepcus 2-ro MeToza.

ITpy 5TOM COOTBETCTBYIOLME AUCIIEPCUU BBIYUC/ISIOTCS 10 (hopMyiam

DX =12(x1. -X)? DY :lZ(yi - 9%
g u nig

CwMm. cratbu AnbTMaHa (Altman) u bnanza (Bland), leButte (Dewitte) ¢ coaBT., ManTta (Mantha) c

coaBr., Ctoksa (Stockl) c coaBr.

M
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FnaBa 20. OGpaboTKa NPoNyLWeHHbIX AaHHbIX

20.1. BBegeHue

PaccmarpuBaeTcst 06paboTKa pOMyIeHHBIX 3HaUeHUM pa3IMuHbIMA MeTozilaMu. [lepes
TIpUMeHeHreM MeTozia Heobxoaumo ybeUTbCsl, YTO OH COOTBETCTBYET IITKajie U3MepeHUs] UCXOAHbIX
JlAaHHBIX (TTPU3HAKOB).

20.2. TeopeTuUyeckoe 060CHOBaHUue

Moz cTaTUCTUUECKUMU JaHHBIMHU TTOHUMAIOT JIFOOYH0 CUCTEMY /IaHHBIX: YMC/IOBYIO ¥ HEUHC/IOBYHO
WH(OPMALUIO, U3B/IEKaeMYI0 U3 Pe3y/IbTaTOB BHIOOPOUHBIX 00C/Ie/[0BaHI M, BLIOOPKU U3 TFOOBIX
reHepaibHbIX COBOKYITHOCTEM, pe3y/bTaThl U3MepeHuH U T. 1. OfHaKO B MPaKTHUeCKOH
JiesITeTbHOCTH BO3HUKAIOT CUTYAIMU, KOT/Ia YaCTh CTaTUCTUYECKUX JJaHHBIX M0 Pa3/InYHbIM
00BEKTUBHBIM WJTH CyObEKTHBHBIM TTPUUMHAM OKa3bIBaeTCsl yTpaueHHOU. CyIIieCTBYIOT psifi
METO/I0B, TIO3BOJISIFOIUX CTelaTbHbIM 00pa3oM 06paboTaTh MpOMyIleHHbIe 3HaUeHUsI U BEPHYTh
yTpaueHHbIe JaHHbIEe B TTOC/IEYIOIIME MPOLIeAYPbI aHaIU3a:

* UrHopupoBaHue MPOITYCKOB.

* 3aroyiHeHWe CPeJHUM 3HaUeHUEM.

* 3arosiHeHWe perpeCcCUOHHBIMU 3HaUeHUsIMU.

* 3anojHeHue Cy4YyalHbIMU 3HAUeHUSIMHU.
Mbl He pacCMaTprBaeM TIPUYMHBI BOSHUKHOBEHUS TIPOITYII€HHBIX JAHHBIX, O[HAKO XOTe/I0Ch OBl
JyMaTh, UTO OHH 00YCJ/IOB/IEHBI 00CTOSTEIbCTBAMH, HE CBS3aHHBIMU C (PU3HMKOM siBNeHus. [lepes
nipUMeHeHreM MeToZI0B 00pabOTKH MPOIyIIeHHBIX JAHHBIX UCC/Ie[joBaTe b 10/DKeH TOUHO 3HaTh,
YTO JaHHbIe Ha MeCTax IMPOIYCKOB 00s13aTe/IbHO JO/KHBI ObITh, HO OTCYTCTBYIOT, CKaXkKeM, M3—3a
HeBHMMaTe/IbHOCTH JlabopaHTa, 0TKa3a U3MepUTe/IbHOrO IPUO0pa, HesIBKY TaljieHTa Ha ouepeiHoe
o0c/ieloBaHKe WM 10 IpYTUM (hOpC—Ma>kOpHbIM MpuurHaM. K TakuM nmpuurHam He OTHOCHUTCS
JIOCPOYHOE BBIOBITHE U3 3KCIIepUMeHTa 00beKTa, eC/id OHO BbI3BAaHO YCIOBUSIMH SKCTIepUMEHTa.
O6paboTKy TakuX [JaHHBIX TTPOU3BOJAT C TIOMOIIIbIO METOZIOB aHa/Ti3a 1IeH3yPHUPOBAHHbIX BBIOOPOK.
HamomHuM, uTO 11eH3ypUPOBaHHBIMH HA3bIBAKOTCS YCEUEHHBIE TI0 YCIOBUSM 3KCIIepUMeHTa
BbIOOpKHU. HarpuMmep, npy MCITBITAHUHN U3/e/TMH YaCTh UX MOXKET OTKa3aTh, a YaCTh HE OTKa3aTb B
TeueHHe Tepro/ia UCTTbITaHWH.
[MToaxopa, mpeiaraeMplii HEKOTOPBIMH aBTOPAMMU 1 3aK/TFOUAIOIIUHACS B COBMECTHOM aHaJTU3€
MaTpULIbI UCXOJHBIX JAHHBIX ¥ MaTPHIIbI MPOITyCKOB, BPSiZI /I TIPAaBOMEPEH, T. K. TIpe/rioiaraet
B3aMMOCBSI3b M3y4aeMOro Tporiecca ¢ MPUUMHON BO3HUKHOBEHHUS MPOIYCKOB. MBI ke
TIOCTY/TUPYEM, UTO 3TH SIBJIEHUSI COBEPIIIEHHO He3aBUCUMBI.

20.2.1. IrHoOpupoBaHue NPonyckoB

CaMbIM MPOCTHIM 1 HarboJiee TIOHATHBIM CT0c000M 00pabOoTKH MPOITyILeHHbIX 3HaUeHU SB/SIeTCs
WX UrHopupoBaHue. Ha MecTe mponyiijeHHbIX 3HAUeHW, eC/Ti He pacCMaTpUBaTh (hr3uueCKyro
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KapTHHY M3y4aeMoro siBJIeHHs], a UMEHHO TaK U MOCTyIIaeT HayKa CTaTUCTHKA, U He [|eJlaTh HUKAKHX
JOTIONTHUTE/TBHBIX TIPEZATIONIOKEH I, MOTYT CTOSITh JIFOObIe 3HAaYeHUs!.

MeTo[, peKOMeH/1yeTCsl IPUMEHSITh /ISl MaJIbIX BEIDOPOK C MaJjIbIM UMC/IOM TIPOIYCKOB, TIPUYeM
BBIOOPKH MOT'YT IPUHA/I/IeXKAaTh JF000M IIKae U3MepeHus..

20.2.2. 3anosiHeHne cpegHUM 3HaYeHnem

3arosiHeHue MPOMYIeHHbIX 3HaYeHUI HEKOTOPBIMU IOy CTUMbIMK 3HAUE€HHWSIMU SIB/ISIETCS
pacripoCcTpaHeHHbIM CII0COO0M X BOCCTAHOB/IEHHUs. B KauecTBe ZI0MyCTUMOro 3HaUeHust
BbIOMpaeTCsi BELIDOPOUHOE CpeJjHee 3HaueHHe, BIUUC/IsieMOoe TI0 hopmyiie

1 n
X Z—Z X,

LE
rae X, i = 1,2,...,n — IPUCYTCTBYIOIIYie BAPUAHTHI BLIOOPKH,
N — pa3HOCTb MEX/y UHC/IEHHOCTBIO BbIOOPKU M YMC/IOM IPOIYILL{eHHBIX 3HauUeHUH.
Mertop yz00eH TeM, UTO B pe3y/bTare ero NpruMeHeHHs BaKHeHIIas CTaTUCTHUeCKasi Mepa
TI0/I0)KEeHUs], 8 UMEHHO Cpe/iHee 3HaueHUe, B BEIOOPKe C 3aro/IHeHHbIMHU TPOITyCKaMU He
M3MeHsIeTCS TI0 CPaBHEHUIO CO CPeAHUM 3HaueHNeM, BBIUMCIeHHBIM [Jis1 BBIOOPKH C
NIPOITy1I|eHHbIMU 3HaueHUsIMU (MCXOQHOM BbIOOPKH). OZIHAKO MeTOZ, PUBOAUT K 3aHMKEHHON
BbIOOPOUHO OIeHKe [JUCIIePCUH C 3arl0THEHHBIMUA 3HAYeHUSIMA OTHOCHUTE/TbHO AUCTIepCUN
MCXOJHOM BbIOOPKU. [IpyrM HeloCTaTKOM SIB/ISIETCSl MICKaXKeHHe SMITUPUYeCKOT0 pacIpe/ieneHus
BBIOOPKM HE3aBHUCHMO OT THTIA IMITUPHUYECKOTO PACIpe/ie/IeHHs NCXOJHOM BEIOOPKHU.
Mertoz 3aro/iHeHUs1 CpeJHUM 3HaUeHHeM peKOMeH/1yeTCsl IPUMEHSITh i/t G0JIbIINX BbIOOPOK C

MaJibIM UHMCJIOM TTPOMYCKOB. BbIOOpKa A0/DKHA MPUHAAIEKaTh KOJTMUeCTBeHHOM 11Kase. [JaHHbIHI
MeTO/, IpeZicTaB/isieT coO0i YaCcTHBIN C/lyuyail 3aro/IHeHNs] perpeCcCHOHHBIMU 3HaYeHUSIMU.

20.2.3. 3anosiHeHne perpeccCUoHHbIMN 3HAYEHUAMU

B npakTryeckux HabmofeHUsIX OBIBAIOT C/Ty4yau, KOTjja M3MeHeHHI0 OJHOTO TIpHU3HaKa
COOTBETCTBYeT M3MeHeHre Be/IMUMHbI APYroro rnpusHaka B cpefjHeM. Takol BUJ, COOTHOLLIEHUI
Ha3bIBaeTCsi KOPPeJSILIMOHHOMN 3aBUCUMOCTbIO, WX Koppesslyeii. CuMTaeTcsi, YTo UCCeJOBaHUe
B3aUMHOM 3aBUCHMOCTH MPUBOJUT K TEOPUU KOPPEJISLIUY, TOTJa KaK U3yueHue 3aBUCUMOCTU BeJeT
K TeOpUu perpeccuu. PerpeccrioHHast MoZiesib TI03BOJIsieT BbIPa3UTh 3HaYeHHUsI 3aBUCUMOM
(perpeccroOHHOI) TIepeMeHHOM OT He3aBUCHUMOM TlepeMeHHOU 0e3 rccienoBaHus (PyHKIIMOHA/IEHOM
(mpyunHHOM) cBA3M. Hamuure cTaTUCTAYECKOW KOPPEJISILIMOHHOM 3aBUCUMOCTH He BlieyeT
3aBUCUMOCTHY NPUYMHHOM. VcciieoBaHre NPUYMHHOMN 3aBUCHMOCTH — MPeJMeT He CTaTUCTUKY, a
MaTreMaTHhyeCcKoro Mo/ieJTMpPOBaHUSI.

3aro/iHeHHe perpecCUOHHBIMU 3HaUeHUsIMU 0a3UpyeTCs Ha Mjiee 3arioTHeHUs TTPOITYCKOB,
OCHOBBIBAsICh Ha MH(GOPMALMHY O CBSI3U JAHHOMW BEIOOPKH C APYToii BbIOOPKOH. [1pu KoadduriipeHTe
KOPpeJISILIMH, 110 MOJY/TI0 O/TU3KOM K eJUHHLIE, MO>KHO TIPe/TIONIOKUTE CYIL[eCTBYIOIIYIO TeCHYIO
perpecCHOHHYI0 3aBUCUMOCTb MeX/ly He3aBUCUMOM X U PerpeCCUOHHOMN y rlepeMeHHbIMHU.
Kosdduiment koppesnsituu [TupcoHa BeruMcsieTcsi o popmysie
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Cov(x,y)

r = )
JCov(x,x)Cow(y, y)
rae Cov(.,.) — BLIDOpOUHast KOBapHal[ysi, BIUMC/IsIeMast 1o (hopmyiie

Cov(x,y) Zﬁi'(xi - f)i‘ (yl. - f),

Xi, i = 1,2,...,n — IPUCYTCTBYIOIIMe BapHaHThI BLIOOPKU (He3aBUCUMas TiepeMeHHast),

Vi, i = 1,2,...,n — IPUCYTCTBYIOII[E BaPHUAHThI BEIOOPKH (3aBHUCHMasi [IepeMeHHast ),

Nn — Pa3HOCTh MeXKY UHNC/IEHHOCTBIO BLIOOPKHU M UKMCJIOM TIPOITYILeHHBIX 3HaUeHHM.

[Tocne BburcaeHus KoadduieHTa KOppessiiug T0/b30BaTeTto TIpe/jjiaraeTcsi IPUHSATH peliieHue,
BBITIO/THSTH Jla/ibHeMIIe BbIUMC/IeHWsI WU HeT, TUIA TOrO, KaK M0Ka3aHO Ha PUCYHKe.

Buibop ganbHe HIIMX g HCTEMH L

‘;.:') K03 HUHEHT KoppenAunm: 0,631 748238161833, MNpoaon+HTE pacHeT?

Ecsiv mpuHATO pellieHre NIPOAOIKUTE, POU3BOAUTCS BbIUMC/IEHKE IMHEeHHOW perpeccuu. B
TIpOCTeMlleM Ciy4yae perpeCCUOHHYI0 3aBUCHMOCTb MOXKHO Mpe/ICTaBUTh MOJTMHOMOM 1—ii CTerneHu
y=ax+b,

rJie X — He3aBUCUMasi TiepeMeHHasl,

y — 3aBUCHMasi (perpeccrMoHHasi) riepeMeHHas,

a — k03 uLeHT TIpY NIepBOii CTeINeHH! X,

b — cBoOoAHBIN UeH — K03 dULIMeHT NPy HY/IeBOM CTEIeH! X.

WHaue aHHasi 3aBUCUMOCTh Ha3bIBAeTCsl JIMHEHHOM, T. K. TIPe/ICTaB/sieT CO00M ypaBHeHHe TIPSIMOi
JIMHWY Ha TiockocTy. KoadduiireHTh 1o/IMHOMAa BBIUMC/ISIIOTCS 110 (hopMynam

inyi - )_CZyi
i=l

a= i= ,
n n
2 x- %)
X; X X;
i=l i=l

b=y- ax.

Eciu ycTaHoB/eHa MMHelHast 3aBUCUMOCTDb MeX/y TlepeMeHHbIMH, MOXXHO TTOTbITaThbCs
BOCCTAHOBUTH OTCYTCTBYIOILIME 3HAUEHHsI He3aBUCUMOM NepeMeHHOM M0 perpeCcCUOHHOM, PellvB
oOpaTHyto 3azauy. B qaHHOM citydae ¢opmysia perieHUst 0OpaTHOM 3aZiauu IPUHUMAET BUIL:

x=2 b .

a
[laHHbIe BbIUMC/IEHUSI BO3MOXXHbI, KOHEUHO, eCJId B Mapax 3HaueHWM perpecCUOHHbIe 3HaueHUs!
M3BECTHBI, @ He3aBUCHUMbIe YTpadyeHbl. EC/TM yTpaueHHBIMM OKa3bIBalOTCSl 00a 3HaUeHUs,
3aro/iHeHHe MPOMYCKOB IMPOU3BOJUTCS CpeAHUM 3HaueHreM. BbibopKa /Jo/hKHA TPUHA/IIEXKATh

KOJINUeCTBEHHOM IIKajie B C/1ydae HeIIpepbIBHBIX ITPU3HAKOB, O/THAKO MO>XKHO IPEATI0/I0KUTE, UYTO
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HpEACTHBHEHHbIﬁ dJITOPUTM MOXET OBITh Pa3BUT U [Jid MIPU3HAKOB APYIr'UX TUIIOB, B TOM UMCJ/Ie OJId
CMeIIaHHBIX TIPU3HAKOB.

20.2.4. 3anosiHeHne cny4yamHbIMN 3HAYEHUAMU

Mertoz 3amo/iHeHs C/Ty4aiiHBIMU 3HaYeHHsIMU, BONIPeKY OBITOBOM TPAaKTOBKe HaMEeHOBAHHS, Ha
CaMoM /iejie TIPOM3BOJUT Haubosee KOppeKTHOe 3aroyiHeHHe TIPOIYCKOB M3 BCeX Mpe/iCTaBIeHHbIX
METO/IOB B CMbIC/Ie COXPaHEeHHsI HeCMeI|eHHOCTH CTaTUCTHYeCKHX TTapaMeTpOB BbIOOPKU. [laHHbIHI
MeTO/, TeopeTHUecKr 000CHOBaH ropaszo Jyuilie pyrux MeTofioB. B ocHoBe MeToza,
MOCTPOEHHOT0 Ha KBa3UpaH/I0MU3aLMOHHOM TOZXO0/ie, JIEXKUT MpeJIoI0KeH!e, YTO Mepbl
TIO/IO)KeHUs1 (Cpe/iHue 3HaueHus1) U Mepbl pa3bpoca (cpefHe KBajipaTHUeCKre OTKIIOHEHUsT) B
MIPUCYTCTBYIOIIEeH U B TIPOIYIIIeHHOM UacTsX BbIOOPKU paBHBI. OOLHiA IOAX0/ K €T0 peann3aLuu
3aK/TFOYAeTCsI B OTPeZie/IeHUH THIa TeOPETUYeCKOTO PacIipe/ie/IeH s SMITMPUYECKOW BIOOPKHU U
MOC/IeAYIOLIel C/TydaiHOM TeHepaliyd OTCYTCTBYIOLLeH YaCTH C TeM JKe TeOpeTHYeCKUM
pacripeie/ieHUeM.

Hamu peraercst 6osee uacTHasi 3a/ja4a: Tpe/TionaraeTcs, 4To pacrpezesieHre sBisieTcst
HOpMasbHbIM. Ecin pacrnipefienieHrie OTHOCUTCS K IDYrOMY CTaHZAPTHOMY THITY, TO IIPUBE/IeHHbIE
HIDKE BBIBO/IBI JIOJDKHBI OBITH C yUETOM 3TOr0 CKOPPEKTUPOBaHbL. MeToz rpe/jiaraeT 3aroHsITh
MpOIyILLeHHbIe 3HaYeH!sl C/Ty4YaliHbIMY 3HaUeHUSIMH, UMEROIIIMMU HOpMasbHOe pacripesiesieHue C
rapameTpaMH, BbIYMCIEHHBIMU T10 MICXOZJHOM SMITUPHYeCKOM BEIOOPKe.

- 2
TeHepariyisi BLIOOPKY, pacripefiesieHHOM 110 HOpMabHOMY 3aKOHY N(x,0 ), TIPOU3BOAUTCS T10
BLIOOPKe, pacripe/ie/ieHHOM 110 CTaH[apTHOMY HopMabHoMY 3akoHy N(0,1), ¢ moMotsio Gpopmyiibi
y, =x+ox;,j=12,..,m,

rje X — BBIGOPOUHOE CpejjHee 3HAaUeHHe MPYCYTCTBYIOIeH YaCTH BBIGOPKH,

0 — BbIOOpPOUHOE CpejiHee KBa/IpaTUYHOE OTKJIOHEHWe, KBaZlpaTHbIN KOPeHb U3 JUCIIePCUU
TIPUCYTCTBYIOLIIel YaCcTH BbIOOPKH,

Xj, j = 1,2,...,m — BIOOpDKa, CreHeprupOBaHHasi TI0 CTaH/lapTHOMY HOpMabHOMY 3akoHy N(0,1),
m — YKUCJIO MPOIYIeHHbIX 3HaYeHUH.

BribopouHoe cpesjHee ompe/ienisieTcs aHAJIOTMYHO MeTO/y 3allo/IHeHUsI CPeJHUM 3HaueHUEeM.
BribopouHast Aucnepcust BBIMUCSETCS TI0 hopMyrie

o =1 ¥ - ),
1
N

e X;, i = 1,2,...,n — IPUCYTCTBYIOII[Hie BApUAHThI BLIDOPKH,

N — pa3HOCTb MEXXy UMCIEHHOCTBIO BEIOOPKY M UMCJ/IOM TIPOIYIIIeHHBIX 3HAU€HHUH.

B paHHo# hopmysie B CyMMUPOBaHUM YUaCTBYIOT TOJIBKO MPUCYTCTBYIOLLME BAPUAHTHI BEIOOPKHU.
Bribopka, creHeprpoBaHHasi 10 CTaHAAPTHOMY HOPMa/IbHOMY 3aKOHY, ITOJTyueHa U3 BEIOOPKH C
paBHOMEpHBIM pacripesiesieHreM B uHtepsaiie (0,1), myTeM NMoJCTaHOBKU ee BaDUAHT B HOpMa/lbHbIN
uHTerpas (0bparHyto (DYHKIIMIO CTaHJaPTHOTO HOPMa/IbHOTO PacripeZiesieHust), Pe/ICTaB/ISIOITY IO
co0oii pelieHre 0OpaTHOM 3a/jauu
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X
O (x) =% e ay,
'7[ - 00
T. €. 10 u3BecTHOMY P(X) ompeenseTcs X.
PaCCMOTpeHHBlﬁ MeTO'Z[ peKOMeH'ELYETCH HPI/IMeHHTb 'I:[]'IH 6OHLUJI/IX BbI60p0K C 60]'IBU_IHM YUC/IOM
HpOHyCKOB, HPI/Iqu BbI60pKa ,E[O]DKHEI HpI/IHa,E[J'IE)KaTb KO]'II/II—IECTBEHHOIZ IIIKaJsie ,[[]'IH Cﬂyqaﬂ
HenpeprBHbIX HPI/IBHaKOB.

FnaBa 21. O6paboTKa BbIOPOCOB

21.1. BBegeHune

PaccmarpuBaetcst 06paboTka BeIOpOCOB. BeIOpOCOM Ha3bIBaIOT Pe3KO (IKCTpeMasbHO)
BbIJe/IsIOLeecst HabmoneHue. [IpeAnonoKuTeIbHO JaHHOe HAO/TIOeH e ClielyeT UCK/TFoUaTh U3
a”asm3a. XoTs BO3MOKHA CUTYalHsl, KOT/ja JaHHOe 3HaueHue JeliCTBUTeIbHO Hab/Foanoch B
9KCIIePUMEHTE U CJIeyeT HAWTH MPUUYMHY €T0 TIOSTB/IEHMSI.

[Tepen mpuMeHeHWEM JTF0O0TO MeTO/a aHA/IN3a JAHHBIX HEOOXOAMMO YOeAUTHLCS, UTO OH
COOTBETCTBYET ILIKa/ie W3MePEHUsI UCXOJHbIX IaHHbIX (TTPU3HAKOB). B ciyyae npriMeHeHuUs
TIpe/ICTaB/IEHHBIX 3/IeCb METOZIOB aHa/IK3a MPU3HAKHU JI0/DKHBI TIPUHA/JIEXKATh KOJTMUe CTBEHHON
IIKase.

21.2. TeopeTu4yeckoe 060CHOBaHue

[To cnoBam nipogeccopa Knunang (C. Cleland) u3 ynusepcutera Konopazio, «Crna Hayku — B
JKCIepUMeHTaIbHOM Tiofxozie. VicTopusi pa3BUTHS HAyKH CBU/IETE/TLCTBYET, UTO B KOHEUHOM UTOTe
VMMeHHO M3yJeHre aHOMa/ui MPUBO/HIIO K TIOTPSICAFOLM OTKPBITHSIM U CMeHe CYIIeCTBYIOIINX
HayUHBIX rapagurm». OfHaKo B MPaKTUUeCKOH /lesiTe/IbHOCTH UHOT/Ia BO3HUKAIOT CUTYaLlMH, KOrjja
9KCIIepUMeHTa/IbHbIe CTAaTUCTUYeCKYe JJaHHbIe TI0 00BeKTUBHBIM HUIH CyObeKTUBHBIM TIPUUMHAM
OKa3bIBalOTCSI 3aCOPEHHBIMU Pe3KO BBIJeJISIOLMMUCS, aHOMaTbHBIMU HaO/TFOJeHUSIMA
(BbiOpocamu). BeIOpOCHI TPAKTYIOTCS KaK IpyOble OIIMOKHM M3MepeHUi, BO3HUKAFOIIYe B pe3ysibTare
TIpocueTa, HeMpaBUILHOTO UTeHUsI MoKa3aHuM rpubopa U T.1.
Cyl111eCcTBYIOT psifi METOJ|0B, IOMUMO HelOCpPeJCTBEHHON «PYYHOI» NPOBEPKHU pe3y/IbTaToB
HabmroieHrH, MO3BOJISIFOIIMX CrielaibHbIM 00pa3oM 06paboraTh BEIOPOCHI. [laHHbIe METO/IbI
OCHOBaHbI Ha KPUTEPHSX UCK/TIOUeHUs] MUHUMA/IbHOTO (MaKCUMasbHOTO) HabmoieHus U ToApoOHO
OTMCaHbI B JIuTepatype. PacCMOTpeHbl MeTO/IbI:

*  Kpurepuit CMupHoBa—I'pab6ca.

* Kpurepuit TutbeHa—Mypa.

* IIpaBuno TomricoHa.

* Kpurepuii [JukcoHa.

* Kpurepui [Juna—/IukcoHa.

* Kpurepuii llloBene.
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* [IpaBU/IO «AIKK C yCaMW».

Kpurepun [lukcoHa u [JuHa—/JukcoHa pa3paboTaHbl crielidanbHO /171t 00paboTKU MasTbiX BEIOOPOK,
YMC/IeHHOCTHIO OT 3 710 30. [/1s ToKamM3aly MHOTOUMC/IeHHBIX BEIOPOCOB B 60/BIINX BEIOOPKaX
MOXKET MTPUMEHSIThCSI KpUTepril Youia.

Kputepuii KokpeHa, Tak)xe IPUMEeHSIFOIIUIACSA it 00pab0TKH BEIOPOCOB, TIpe/ICTaB/IeH B I7IaBe
«/lncnepcroHHbIN aHany3». st 00paboTKu BEIOPOCOB B MHOTOMEPHBIX JJAHHBIX MOTYT
TIPUMEHSITECSI MHOTOMEPHBIE MeTO/[bI, HarlpuMep, «PaKTOPHbIHM aHa/IM3» U «K/lacTepHbIi aHaImu3».
OCHOBHBI€ TIpe/TI0I0XKeHusI TIPYU pa3pabOTKe TIPe/ICTaB/IeHHBIX METOJ0B 3aK/TH0UAOTCS B
CJieIyroIIeM:

* VcxogHble JaHHBIE UMEIOT HOPMaJ/IbHOE paciipeZiesieHue.

* PaccmarpuBaem ciyuaii, KorJja OCHOBHbIE CTaTUCTUUECKHE ITapaMeTpbl COBOKYITHOCTH (Mepa
TIOJIO’KeHHs — CpeJjHee 3HaueHHe — U Mepa pa30dpoca — AWCIepcys) HeM3BeCTHBI U
BBIUMCJISFOTCS 110 BBIOODKe.

* B pacuerax orpaHMuUMBaeMcsl, KaK 3TO MPUHATO MPU 00paboTKe BBIOPOCOB, CTAHAAPTHBIM
YPOBHEM 3HAYMMOCTH, paBHbIM 0,05.

O BbIOOpKax, 3arpsis3HEHHBIX BEIOPOCAMH, CM. CTIpaBOUHHUK PoarioHoBa ¢ coaBT. O6 obpaboTke
BbIOPOCOB B MHOTOMEPHBIX BbIOOpKax cM. Adubu C coaBT.

21.2.1. Kputepuin CmupHoBa-Ipa66ca

Kpurepuit CmupHoBa—I'pab6ca (KpuTepwii pa3Horiacuii, Smirnov—Grubbs) npegHa3HaueH st
VICKJTIOUEHHSI OZJHOTO BBIOPOCA — Pe3KO BBIZE/SIOL[EroCsi MaKCMMaabHOTO U/IM MUHHAMAJTBHOTO
Ha0/r0ieHNsI U3 HOPMaJTbHO pacripeZie/ieHHOM BBIOOPKH.
Craructrka kputepuss CMupHoBa—I pab6ca oCHOBaHa, COOTBETCTBEHHO, Ha BeJTMUHHE
maxx, - X X - minx,
TN =t TN :—’,
5 W 5

Xy 5 Xs gy X o
rae ~1°72> N — pesynbraThl N HaO/oeHUH,

X — BbIOOPOUHOE Cpe/iHee 3HaueHMUe,
S — BEIOOPOUHOE CTaH/apTHOe OTKJIOHEHHe, KOPeHb KBaJJpaTHBIN 13 BEIOOPOUHOM JUCTTEPCHH.
BribopouHoe cpesiHee 3HaueHHe PaCCUMTHLIBAETCS 110 popmyJie

_ 1 i.

X =— X,
NS

d BLI60quHa$I AUCTIEPCHUA
1 N

2 —

s?=— Y, - xF.
N2

BenuuHa CTaTUCTUKY KPUTEPHUS] CDABHUBAETCS C KDUTUUECKUM 3HAUeHHEM, TOUHOE
pacripefiesieHre Kotoporo gaetcsi opmysiol (cm. pykoBoactBo NIST/SEMATECH)
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2
N-1 ta/N,N-2

\/N taz/N,N-z +N - 2’

r7e tu/ NN -2 — 3HaUeHHe o0paTHOM (PYyHKI[UY t—pacTipeesieHus ¢ mapameTpaMu o / Nu N — 2,

O — 3a/IaHHBIN YPOBEHb 3HAUMMOCTH, 00b1uHO 0,05.

[Tpu BeslMUMHe CTAaTUCTUKHU, OOJbIIeN KPUTHUYECKOTO 3HaueH!s, Hab/mofieHre UCKITFIoUaeTCs.
Haxoput npyumeHeHue ellje OJUH MeTOZ, NCK/TFOUeHHsi MaKCUMa/ibHOTO WM MUHUMa/IbHOTO
HabsroieHust — Kputepuii ['pab6ca (I'py66ca), CBA3aHHBIH C Mpe/ICTaB/IeHHBIM 3/IeCh KPUTEPHEM
TPOCTOM Popmysioit

1
GN =1- ﬁTi,

G, =

TI03TOMY [JAOLIVIA TOUHO TaKWe >Ke pe3y/IbTaThl CBOET0 MPUMeHEeHMSsI.

Kputepuii CMupHoBa—I'pab6ca, Kak u Kputepuii I'pabbca, He roguTCs 711 UCK/TFOUeHHST
HeckobKUX (k > 1) BBIOPOCOB M3—3a T. H. MacKupytolrero 3¢ dekra. Mackupyromumm 3¢ deKTom
BbIOpOCa, MPH urc/ie BLIOpOCoB Oosiee 1, Ha3bIBAIOT TaKOe CMeEIl[eHHe ITapaMeTPOB BLIOOPKH,
KOTOpOe He T03BOJISIeT MeTOly 0OHapy>KUTh BCe BLIOPOCHI. [103TOMy BLIOPOCHI y>Ke He MOTYT B
paMKax JJaHHOTO MeTO/la PaCCMaTPUBAThCS KaK HETUITWYHBIe. [1/1s1 UCK/TIOUeHUsT He CKOJTbKUX
BBIOPOCOB pEeKOMEH/IyeTCsl TpUMeHsTh KpuTepuii TutbeHa—Mypa.

CMm. Mronnepa c coaBt., Motynbscku (Motulsky) c coaBrT.

21.2.2. Kputepui TutbeHa-Mypa

Kputepuii Tutbena—Mypa (Tietjen—Moore) siByisieTcst 060611ieHMeM kputepus ['pab6ca Ha ciyuait
HECKOIbKUX BbIOPOCOB. CTaTUCTHKA KPUTEPHS UCK/TFOUEHHS K HauOOJTbIINX WM HAUMEHBITIHX
aHOMaJ/IbHBIX 3HAUEHWI 0CHOBaHA, COOTBETCTBEHHO, Ha BEJIMUMHE

N-k N

3G, -x) DXCREN
—_id T

— i=k+l
Lk

Lk -~ >
NG, - 3

=
NG, - 3
i=1 nin

T X1,X2,...,Xy — YTIIOPsIOUeHHbIe TI0 BO3PACTaHHUIO pe3ynbTaTsbl N HabmoAeHui,

X — BpIOOPOUHOE CpeiHee 3HaueHMe,
BribopouHoe cpeHee 3HaueHHe (/11 BCei BLIDOPKK) pacCUMTBIBAeTCs 1Mo (hopmysie

_ 1 g
X_W,Z:l'xi’

d Cpe,Z[HI/Ie 3HAUEeHUd T10C/1e 0T6paCbIBaHI/IH k HaI/I6OJ'II:H_II/IX WJIN HAUMEHBbIIINX 3Haq6HI/II‘;I
paCC‘-II/ITbIBaI-OTCH, COOTBeTCTBEHHO, IT0 CpopMynaM
l N-k R 1 N

LI P S
N - i= iU N - i=k+1
BEJII/II-II/IHa CTATUCTUKU KpI/ITepI/IH CpaBHI/IBaETCH C Ta6fH/IquIM 3HAUeHUeM. HPI/I Be/IMYHUHe

CTaTHUCTHUKU, MeHbIlIel TabIMYHOro 3HaueHmus, HH6JIIOA€HI/IH NCKIKYATCH.
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KpuTtepuii TurbeHa—Mypa 1103B0JIsIeT 60POTHCS C MAaCKUPYHOIUM 3¢ deKkToM. MacKUPYIOIIUM
3¢ dekToM BbIOpPOCa, MPU UKC/Ie BRIOPOCOB Oosiee 1, Ha3bIBAIOT TaKOe CMelljeHHe TTapaMeTpOB
BBIOODKH, KOTOPOE He 1M03BOJIsieT MeTOAy 00HAapPY>KUTh BCe BLIOPOCHL. [T03TOMY BBIOPOCHI YoKe He
MOT'YT B paMKaX JIJaHHOTO MeTO/la paCCMaTPUBATbCsl KaK HETUITUUHBIE.

OrnucaHue KpUtepusi CM. y AiiBa3siHa C COaBT.

21.2.3. NMpaBuno ToMmncoHa

B nipaeusie TomricoHa (KpuTepun Poiiiepa) /i/isi UCK/TFOUeHHs BLIOPOCOB MCITO/Ib3YeTC sl CTaTUCTHUKA
_|xi } ’_‘|

P T i =12, N,

/€ X1,X2,...,Xn — Pe3y/bTaThl N HaO/Mo1eHHH,

X _ BpIGOpPOUHOE CpesjHee 3HaUeHNe,

S — BEIDOPOUHOE CTaH/[apTHOe OTK/IOHEeHHe, KOPeHb KBaJpaTHBIN 13 BEIOOPOUHOM TUCTTEPCHH.
BribopouHoe cpefjHee 3HaUeHHe PaCCUMTHIBAETCS TI0 hopMysie

_ 1 i.
X =— X,
N i= l
d BBI60p0‘-IHa$[ JAucrnepcus — 110 (bOpMYJ'Ie
1 N
st =— (x - )?)2.
N

Ilo AdHHBIM HEKOTOPBIX UCTOUHHUKOB, ITPU BBIUMC/IEHUH CTaTUCTUKH MOXET TIPUMEHATHCA
HeCMellleHHad OLeHKa AWCIIepCHUr

1 —
# =1 3G - 3N
N-195
BennuuHa cTaTUCTHUKUA KpuUTepus CpaBHUBAETCA C KpUTHUUYECKHUM 3HAUEHHWEM, TOUHOe
pacripefiejieHle KOTOPOro jaeTtcsi hopMy/oin

2
(N' l)tl-a/Z,N-Z
2 b

tl-a/2,N-2 +N-2

t

T =

r7ie t, — 3HaueHWe oOpaTHOM QyHKIMM t—pacrpeiesieHus ¢ mapaMeTpaMu 1 —a /2 u N — 2,
O — 3a/laHHBINA YPOBeHb 3HAUMMOCTH, 00b1uHO 0,05.

[Tpu BelMUKMHE CTAaTUCTUKU, OOJIbITIeH KPUTHUECKOTO 3HauUeHHs, Hab/IofieHre UCKITIOUaeTCsl.
[Tporieypa MOBTOPSIeTCS [J1s1 KaXX[0r0 HaO/IIOieHusI.

Cwm. Mronsiepa ¢ coaBr.

21.2.4. Kputepuii JUKCOHA

Kpurepnii [IukcoHa (KpUTepUM 3KCTPeMaIbHbIX 3HaUeHWI) IPUMEHSIeTCs /11 UCK/TFOUeHUs! OFJHOTO
MaKCHMaJIbHOTO M/ MUHUMAa/IbHOTO Pe3KO0 Bbl/leIsitolerocsi HabmozieHus B BbIOOpKe
yrcieHHOCThIO 0T 3 710 30. B kpurepuu [IMKCOHa /1715 UCK/TIOUeHUsT BBIOPOCOB MCTIO/IB3YIOTCS
CTaTUCTUKU
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rae zi, i = 1,2,...,N — ynopsiijoueHHbIe 110 BO3pacTaHuto (MpY TeCTUPOBaHUM MaKCHMaIbHOTO
3HAuUeHWsI) WK TI0 YObIBaHHIO (TIPU TECTUPOBaHUM MUHUMAJILHOTO 3HaueHus1) N HaO/moneH .
Ecsu XoTst Ob1 OfIHAa U3 CTaTUCTHK TIPEBLIILIAET COOTBETCTBYIOLIee eii KpUTHUeCKoe 3HaueHre Ha

z
3a/laHHOM ypoBHe 3HauumocTH (06s1uHo 0,05), HabMroeHre, COOTBETCTBYOIee ~V , UCK/IFOYaeTCsl.
Tabu1el KpUTHYECKUX 3HAUEHUH CTAaTUCTUK KPUTEPHS MO/TyueHbl METO/IOM KOMITbIOTEPHOTO
MoZie/TUpOBaHusL. [/1si pacueToB Tab/ULIbI arirpOKCMMUPOBaHbI TUTepOoIaMu.

CwM. pe3ynbrathl Mak—beiiHa (McBane).

21.2.5. Kputepuin AnHa-[AnKCoHa

Kpurepuii [Inna—/InkcoHa (Q—kputepuii [lrHa v JIUKCOHA) IPpUMeHSIeTCs [i/1s1 UCK/IFOUeHUsI OIHOTO
MaKCHMaJIbHOTO M/ MUHUMA/IbHOTO PEe3KO BbI/IeISOIerocsi HabmoieH!s B BbIOOpKe
yKrCIeHHOCTHIO 0T 3 10 30. B Kputepuu [ijist UCK/TIOUeHUs] BBIOPOCOB MCTIO/IB3YeTCsT CTAaTUCTHKA

_|Zl 3 Zz|
Q =1 4

|Zl T Zy
rae z, i = 1,2,...,N — yropsiioueHHbIe 110 yObIBaHUIO (TIPY TECTHPOBAHMH MaKCHMAa/TbHOTO 3HAUeHH)
WM TI0 BO3pacTaHuto (TIpY TeCTUPOBAaHUMA MUHUMA/IbHOTO 3HaueHus) N HabroeHU.
Ecv 3HaueHre CTaTUCTUKY NIpeBbllllaeT KpUTUYeCKOe 3HaueHue, COBIaZiatolllee C KpUTUYe CKUM
4

>

3HaueHWeM CTaTUCTUKU KpuTepusi [JUKCoHa “! Ha 3aZlaHHOM ypoBHe 3HauumocTH (06brunHo 0,05),

dHOMdAJIBHOE Haﬁmo,quHe, COOTBETCTBYHOLIIEE 4 , ACK/TFOUaeTCs.

21.2.6. Kputepui LLloBeHe

KpuTepuii [1loBeHe npefHa3HaueH [ijisi UCK/IFOUEHUsI OTHOTO MaKCUMaTbHOTO WX MUHHUMAaIbHOTO
aHoMasibHOTro HabmomeHusi. CTaTUCTHKA KPUTEepHsl OCHOBaHA Ha BeJIMUMHE

maxux; - X
Sy =Nil-I|—/——|},

s

TJIE X1,X2,...,Xn — Pe3y/bTaThbl N HaOJTIOeHUH,
X _ BbIOOPOUHOE Cpe/iHee 3HaUeHue,
S — BLIOOpOUHOE CTaHZAPTHOE OTK/IOHEHHWe, KOpeHb KBa/[PaTHBIA 13 BHIOOPOUHOM AUCITEPCHH,
I[.] — HOpMasTbHBIN UHTETpasl.
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BribopouHoe cpesjHee 3HaUeHHe PaCCUMTHIBAETCs IO hopMmysie
_ 1
TS %

N3
a BbIDOpOYHAs UCTiepCHst — 1o hopMyrie

1 g =

¢ =L 3G - %)

N'=
HopwmasnbHblii uHTErpan ornpegesnsieTcs: popMymnoi

X

I(x) = J'e"z/zdt

NEER
Y C YUYeTOM CUMMeTpUM (PyHKLIMU TIJIOTHOCTA HOPMAa/bHOTO pacripe/ie/ieHusl BLIUMC/ISIETCS uepe3
(yHKIMIO CTaH/IapTHOTO HOPMAaJILHOTO pacrpeziesieH s KakK
I(x) = 2[®(x) — 0,5].
BesmunHa CTaTUCTUKU KpUTEpUsi CPaBHUBaeTcs co 3HaueHueMm 0,5. [Tpu BesliuniHe CTaTUCTHKU,
MeHbIen 0,5, HabMOaeHNe UCKITI0UAeTCs.
HekoTopbIMu aBTOpaMu peKOMeH/yeTCsl He IIPUMEHSITh KPUTEePHii BTOPO# pa3 C UCTIOh30BaHUEM
TepeCcYnTaHHBIX 3aHOBO (TI0C/Ie UCK/TFOUeHUsT OHOTO aHOMA/TbHOTO Hab/Tk/ieHNs) 3HaUeHH
CpeJHero U AUCTIepCUH.
Omnucanue cM. B MoHorpaguu Telinopa.

21.2.7. NMpaBUNoO «ALWUK C ycaMmun»

[TpaBU/IO «AIUK C yCaMK» TOJYYM/IO Ha3BaHHe OT THIAa COOTBETCTBYHOIIero rpaduka,
HCTIO/b3YEeMOT0 [I/Isl HaTJIsSJHOTO TIPe/ICTaB/IeHus pa30dpoca SMIMUPUUECKUX JAHHBIX C HaHe CeHHbIMU
3HaueHWsIMU Me/IhaHbl U KBapTUJIEH.
[TopsimoK BeIUMCIEHUS CeyOLW:
*  OrpeesnisitOTCSt BBIDOPOUHBIE 3HAUEHUSI MEXXKBAPUTUIBHOTO pa3Maxa f U Me/iiaHbl |
(mogpobOHee 0 IaHHBIX MOKa3aTe/sX CM. TnaBy «OnucaTesibHast CTaTUCTHKA» ).
* BribopouHble 3HaueHMs], MeHbIHe [ — 1,5f 1 6onbive p + 1,5f, Ha3bIBAIOTCS MATKUMH
(TIo/103pUTE/TEHBIMUI ) BEIOPOCAMHU.
* BribopouHsble 3HaueHMs], MeHbIIHe [ — 3f 1 O6osbliie i + 3f, Ha3bIBalOTCS SKCTPEMa/IbHBIMU
BbIOPOCAMU U JIO/KHBI OBITh UCK/TFOUEHBI.
Kpurepuii ynobeH /7151 aBToMaTH4eCcko uaeHTHUUKALMY TF000ro Urcia KCTpeMasbHO MaslbIX U
OosbIMX 3HaUeHUH BRIOOPKU. KpuTepHii oueHb TOIY/ISIpEH, OJJHAKO ero PeKOMEeH/IyeTCsl IPUMEHSITh
TOJBKO B C/Ty4ae, eCJid UMCIeHHOCTb BLIOOPKY BeJHKa.

21.2.8. Kputepuit KokpeHa

Kputepuii G Kokpena (cratuctvika KokpeHa) ucrnosnb3yeTcst [Jist IPOBEPKU HY/IEBOM TUITOTE3bI O
paBeHCTBe JJUCIIePCH HOPMa/IbHBIX TeHepabHbIX COBOKYITHOCTEH 110 He3aBUCHMbBIM BBIOOPKaM C
OJJMHAKOBBIMM UMC/IEHHOCTSIMU. Brlunc/ieHre CTaTUCTUKY KPpUTEPHs IPOM3BOAUTCS 10 (popmysie
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max s,.2
— 1<i<k
G="—,
25
Si
i=l
2 .
sTi=12,...k o
rae — BbIOOPOUHBIE AUCTIEPCHUU COBOKYITHOCTEH,

k — uncio ctonb1oB (BEIOOPOK).
YcraHoB/IeHO, UTO P—3HaueHre MOAUMDUIIMPOBAHHOM CTaTUCTUKU

G = Gk-1)

1- G
MOXKET OBITh BEIUMC/IEHO KaK
p =k 'F'(n-l),(n—l)(k-l)(G’)’

rae F_(.) — pyskuus F—pacripesienieHus,
N — YAC/IEHHOCTb KaXX/0M COBOKYITHOCTH.
Cornacio 'OCT™:

* Ecsu 3HaueHue TeCTOBOU CTaTUCTUKU MeHbllle (UM paBHO) 5%—T0 KPUTUYEeCKOr0 3HaueHus,
TeCTHUPYEMYIO MMO3ULIMIO NTPU3HAIOT KOPPEKTHOM.

* Eciu 3HaueHre TeCTOBOM CTAaTUCTUKH Oobiiie 5%-T0 KPUTHUECKOTO 3HAYeHUsT U MeHbIIIe
(v paBHO) 1%-T0 3HaUeHus1, TECTUPYEMYHO TIO3UL[MI0 Ha3bIBAaIOT KBa3UBBIOPOCOM U
OTMeyYaroT OJJHOM 3Be3/J0YKOH.

* Ec/i 3HaueHMe TeCTOBOM CTaTUCTUKU Oosbliie 1%-T0 KpUTHUECKOTO 3HaueHwUs,
TeCTUPYEeMYO TIO3ULMI0 Ha3bIBAOT CTATUCTHUECKUM BEIOPOCOM M OTMEUAIOT ABYMSI
3Be3/J0UKaMH.

Mertop, peanu3oBaH B «/JyCriepCHOHHOM aHaju3e».
OrnvcaHve KpUTepus 1 TipuMepbl cM. B MoHorpadusx Mrosiepa ¢ coaBt., HaivuMoga, Siegel ¢
COaBT.

naBa 22. PaHgomMmusauua n reHepauus cnydyamHbIX
nocnepoBaTtesibHOCTEN

22.1. BBegeHue

PaccmoTpeHbl MeTOZIbI paHIOMU3aLMU U TeHePUPOBaHKSI MaCCUBOB CJIyYalHbIX YUCE C
paBHOMEepHbIM pacripesiesieHeM. OHU MOTYT IPUMEHSTLCS [J151 KOMITbIOTEDHOTO MO/|eTUPOBAHUSI.

10 T'OCT P NCO 5725-2-2002. ToyHOCTb (TIpaBM/ILHOCTD U NPELM3UOHHOCTh) METOJ|0B U pe3y/bTaToB U3MepeHuil.
Yacts 2. OCHOBHOM MeTO/, OTipe/ie/ieHHst TIOBTOPsIEMOCTH U BOCIIPOM3BOAUMOCTH CTaHJapTHOTO MeToAa
r3MepeHuit.
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22.2. TeopeTu4eckoe 060CHOBaHue

Moz panzoMu3ariyeli MOHMMAIOT CIy4YaiiHOe pacripeZiesieHre 00beKTOB UCCIeA0BaHus 110 TPYIIaM
(HamprMep, KOHTPOJILHOM U OTILITHO#M). PaHj0Mu3a1{usi npe/irosiaraeT co0sitofieHre JBYX YC/IOBUMA:
Herpe/iCKa3yeMbli (C/TyuyaiiHblil) XapakTep pacripe/ie/ieHusi alueHTOoB 10 TPyIaM U «C/IeNon»
ot6op. CHauasia pelliaeTcs repBasi, MaTeMaTrhyeckas, 4aCTh 3a/laud. Bropasi uacTh 3ajjaum
(«csemioii» 0TOOP) HOCUT B OCHOBHOM OPTaHU3aLIMOHHBIN XapakTep.

AropyTM paH[0MH3alMK HAUMHAEeTCsl C FreHepaljuu MCeBJ0CIyYaiiHOM N0oC/1e10BaTe/IbHOCTH
yuces. 3aTreM, B COOTBeTCTBUM C J@HHOW MOC/Ie/]0BATe/IbHOCTBIO, OCYILIeCTBIISIeTCS «IIePeTacOBKa»
BCEro CIYCKa (Harpyumep, CIKCKa MalieHToB, 3aJaHHbIX HOMepaMU UCTOPH 00/1e3HH, (haMUTUSIMU
W JIFOOBIM IPYTYM YA0OHBIM /1711 TI0/Tb30Baresisi Criocobom). [17ist 3Toro MeHsIFOTCSl MeCTaMu
yeHTU(UKaTopbl C HoMepamu I 1 J criycka NnalyeHTOB B COOTBETCTBUU C (POPMYJION

J=Int(N - R/ + 1),

rie N — UHMC/IeHHOCTh UCXOAHOU BBIOOPKH (T10/] BLIDOPKOM MOHUMAETCSI COBOKYITHOCTb 0OBEKTOB,
UZeHTU(PULIMPYIOLLMX MMaleHTOB),

R; — uncno nceBpocayyaiiHOM NOC/Ie0BaTe/IbHOCTH, CTOsILLee Ha MeCTe C HOMepoM 1.

[Tocsie 3TOrO MPOX3BOAWTCS pasfiesieHre «IepeTacoBaHHOI0» CIMCKA Ha 3a/laHHOe YWC/I0 TPYMI.
3T0 MOryT OBITH KOHTPOJIbHAS U OTIBITHAS TPYIITIbI, FPYTIIbI C APYTUMU XapaKTepUCTHUKaMHU, B
3aBUCUMOCTH OT YC/JIOBUM IKCIIePUMEHTA.

22.2.1. PaHpomMusauyusi B 6MoMegULUHCKUX UccnesoBaHUsIX

B Hacrosiiiiee Bpemst ecTBYIOT «EiyiHbIe TpeOOBaHUs K PYKOITHCSIM, TIPeJCTaB/IsieMbIM B
OvoMeUITMHCKIe )KypHa/ib» BceMUpPHOI accolaliuy peaKTOPOB MeAULIMHCKUX YKy PHA/IOB
(World Association of Medical Editors, WAME), o6weaunstolieii pegaktopoB 6osee 700 HayUHbIX
>KypHanoB u3 routy 80 crpan. OpuruHanbHas Bepcusi « TpeboBanuii» nog Ha3BaHueM «Uniform
Requirements for Manuscripts Submitted to Biomedical Journals: Writing and Editing for
Biomedical Publication» goctynHa Ha caiiTe MexXlyHapOJHOTO KOMUTEeTa PeJlakTOPOB
MeAULIMHCKUX >KypHasioB (International Committee of Medical Journal Editors, ICMJE). Ero
TIOBCEMeCTHOe pacIipocTpaHeHue B MH()OPMALMOHHBIX IIe/IsIX U TIpUBejeHre TpeOoBaHUH /1St
aBTOPOB BCEX MeAULIMHCKUX )KYPHAJIOB B COOTBETCTBHE C JAHHBIM JJOKYMEHTOM ITPUBETCTBYETCS
ICMIJE.

«TpeboBaHuUsI» I1aCST, UTO «COOOIIEHUS O TIPOBeJIeHUH PaHAOMU3UPOBAHHBIX KOHTPOUPYEMBIX
WCC/IeZIOBaHUH [JO/DKHBI COZlep>KaTh MH(OPMaLHio 000 BCeX OCHOBHBIX 3/IeMeHTaX MCCIeA0BaHuS,
BKJTFOUasi TIPOTOKOJI (M3yuaemast TOTyJISILIUSI, CTI0COOBI JieueHrsl WK BO3[eNCTBUS, UCXO/bI U
000CHOBaHME CTaTUCTUYECKOTO aHa/IM3a), Ha3HaueHue JiedyeHus: (MeTo/bl paHJOMH3aLIH, CTI0CO0bI
COKpBITHSI )OPMHUPOBaHUS TPYTII JIeUeHHsT) ¥ MeTO/ibl MaCKUPOBKH (00ecTiedeHus «CIeroro»
KOHTPOJIsT). ABTOPBI, MPeJICTaBIISIOIIEe 0030DbI IUTEPaTyphl, JO/DKHBI BK/IIOUMTD B HUX pa3fel, B
KOTOPOM OITMCHIBAIOTCSI METO/IbI, MCTIO/Ib3yeMble /s HaXOKJeHUsI, 0TO0Pa, TOTyueHust
WH(OPMAIUKU U CUHTe3a JAHHBIX. DTU METO/Ibl TAK)XKe JI0/DKHBI ObITh TIPHUBE/IEHBI B PE3IOME».
«[IpuBeauTe metanu mporecca paHgoMu3sauu. ONUIINTe, KaKue MeTOAbI ObLTY PUMeHeHbI J17Is
obecrieueHus «CJIETIOT0» KOHTPOJISt U HACKOJIBKO YCITELTHOY.
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[Toka3zaHO MpUMEeHeHHe METO/[0B PaHAOMHU3alMU B JIFOObIX 00/1aCTsIX, Tie U3 HEKOTOPOTO CITHCKA
Heo0X0/IUMO TIOJTYUHTh TOT JKe CITUCOK, HO B KOTOPOM TO3UIMU OyyT PacrioyioyKeHbl B C/TyYaliHOM
ropsiike, obecrieurBasi paBHOTIpaBUe BbIOODA.

O paHZOMU3aLMK B KJIMHUUECKUX UCCIe0BaHUAX CM. MOHOTrpaduio CepryueHKo € COaBT.

22.2.2. leHepayusa cnyvaiiHbIX nocnegoBaTe/IbHOCTEN

PasnuuatoT ciyyaliHble U rceBAoCTyYaliHble uiciaa. OHY pa3/inyaroTcsi TeM, UTO TiepBble U3 HUX
reHepUPYIOTCS KAKUM—TM00 CTOXaCTUYeCKUM YCTPOWCTBOM, a BTOPbIe TeHepUPYIOTCS
aprdMeTHUeCKUM UKC/IeHHBIM a/irOpUTMOM. U B TOM, U B [pyroM CJlyuae rocjiefloBaTe/IlbHOCTH
yrcen 00/1a/jar0T OTIpeZie/IeHHbIMH CTaTUCTUUECKMMH CBOMCTBaMH. B HarlleM citydyae reHepUpyroTCs
TICeB/j0C/TyuaiiHble yKc/ia, paBHOMEpPHO pacripeZiesieHHble B uHTepBaie [0,1]. Vicnonb3ytoTes 2
MeTo/ja reHepaLyy NCeBj0C/TyyaiiHOM 10C/1e[,0BaTe/IbHOCTH YMCeT, OTHOCSILMEeCS! K KOHTPYSHTHBIM
reHeparopam:

*  CTaHJApPTHBIV T'eHepaTop, peKOMeHJ0BaHHbI KoMUTeTOM ANSI,

*  MY/JbTUIUIMKATUBHBIN TMHEUHbINA KOHIPYSHTHBIN JaTuuK.
B Teopun uncen npusita ocobasi 3arich BeIPaKeHUH, He3HaKOMasi MHOTHM CIelianicTaM, He
MMEIOIIUM CITeIajlbHOTO MaTeMaThieckoro obpa3oBanusi. HarioMHuM, uto oHa o3HauaeT. ITycThb a
1 b — yenble uncna. Eciu X pa3sHOCTb Je/IMTCS Ha YMCIIO M, TO 3TOT (paKT BbIpa)kaeTCsl 3aKChI0
a = b(mod m).
3anuch YATaeTCsl «a CPaBHUMO C b o Mofyto my». JlenuTesib m NoaoxKuTe/nbHbIA. OH Ha3bIBaeTCs
MO/Iy/ieM CpaBHeHHUsI.
ITokasaHHasi popmyna OyKBasIbHO O3HaUaeT
a-—b = mk,
rae k — 1jeyioe uucIo.
[Tpotue roeopsi, pyHkiusi mod B 3amucu b(mod m) ornpeziesisieTcsi Kak 0CTaToK OT AeseHust b Ha m.
[TeTpoBHU C COABT. Mpe/CTaBWIM aTUMKHU C/IydyalHbIX YKMCes C Pa3/IMUHbIMUA 3aKOHAMH
pacripefiesienusi. CM. Takxke KHUTY D@poca. VI3 Apyrux mrpoKo NpuMeHsieMbIX COBPEMEeHHBIX
aJIrTOPUTMOB Ha30BeM reHepatopbl @OOHAYUH, OMTHUCAHHBIE B JTUTEPATYpe.

22.2.2.1. CtaHfapTHbIn reHepaTop ANSI

Cranpapthbii reHepatop ANSI, oH >Ke TMHENWHBIN KOHTPYSHTHBIN 1aTUMK, [JaeT
BBICOKOKaueCTBeHHbIe C/Ty4yaiiHble YHCa, JOCTaTOYHbIE /11 HEKOTOPBIX MPaKTHUeCKUX
NIpUMeHEeHHUH.

Bbluncienue rocsieioBaTeIbHOCTH MICEBIOC/TyUaiiHbIX YK CesT IPOM3BOJUTCS 10 (popMmyrie
R, =(a R, +c)(modm),

rJie a — My/IbTUIIIMKATop,

C — UIHKPEMEHT,

m — MOJY/b.
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Llesible KOHCTAHTHI A, €, M BLIOKMPAIOTCS OTIpeiesieHHbIM 00pazoM. dopmyra faet
TI0CJIe/I0BaTe/IbHOCTD TICEB/J0C/TyUaiiHbIX YKCerl, IPUTOHYIO [/1sl IPaKTUUeCKHUX PUMeHeHUH B
HEKOTOPBIX 00/1acTsIX, HarlpuMep, paHJ0MH3aL[iH, OJHAKO [I/Is Ljesieli KOMITbIOTePHOTO
MO/ieJTMPOBaHus [pacrpe/iesieHuii ] moc/iel0BaTeIbHOCTb, TIOMy4YeHHasi C TIOMOLLbIO
paccMaTpuBaeMoro reHeparopa, CYMTaeTCsi MajJlopUTrOJHOM.

22.2.2.2. MyNbTUN/IMKATUBHbIA IMHENHDBIA KOHTPY3HTHbIA AaTunK

Ecu B COOTHOIIEHMU /17151 TMHEHHOTO KOHTPY3HTHOTO aTuMKa MOMI0KUTh 3HaUeHe UHKpeMeHTa C
= 0, TO OHO yIIPOCTHUTCH 10

Rqa = (a - R;)(mod m).

[laTuvKy, OCHOBaHHbIe Ha 3TOM (JOpMYJie, Ha3bIBAKOTCS] MY/IbTUI/IMKaTUBHBIMU JTMHEWMHBIMU
KOHrpy3HTHbIMM faTturkamu (MJIK/T). MJIK/] B ucTouHMKax Ha3blBaeTCsl TaKKe reHepaTopoM
[Tapka—Muniepa (Park, Miller) B uecTb aBTOPOB, MCC/IeZIOBABIITNX HAOOPHI KOHCTAHT, BXO/SIINX B
dhopmyny.

Cyl11iecTBYIOT pa3/iiyHble BePCUM peasin3aliiii reHepaTopa, B TOM urcyie 00be/MHeHUsT He CKOJTbKUX
MUJIK/]. OnHoM 13 U3BeCTHBIX peasv3alii Takoro reHeparopa cocrassieHa Jlekroiie (L’ Ecuyer).
HauasibHOe 3HaueHUe [l PeKyppPeHTHOU (hOpMYJIbI MOXKeT BIOMPAThCsl Pa3/IMUHbIMU CIIOCOOaMHU.

FnaBa 23. NpeoOpasoBaHUA AaHHbIX

23.1. BBegeHue

[TpencTaBieHbl KacCUUeCKre MeTOZbl TTpeobpa3oBaHus JaHHBIX.

23.2. TeopeTu4yeckoe 060CHOBaHue

Bce npeobpa3oBaHusi JaHHBIX MOXKHO Pa3e/uThb Ha 2 TPYIIIIbL:
* yHUBepCajbHbIe,
*  YaCTHbIe.
YHuBepcanbHOe Tipeobpa3oBaHue — Mpeobpa3oBaHye K HOPMaIbHOM JTMHEMHOW MO/IeJH.
[pescTaBneHsl cyielyoLie METO/bI YHUBEPCATbHOTO NMpeobpa3oBaHus JaHHBIX:
* mpeoOpa3oBanue bokca—Kokca,
* mpeobpa3oBaHue 3estHepa—PeBaHKapa,
* mipeoOpa3oBaHMe THUTIEPOOTUUECKOTO apKCHHYCA,
 npeo6pasoanue Veo—/[)KoHCOHa,
* mpeobpa3oBanue /)xoHa—/lpeiinepa,
* mpeobpa3oBaHre MaH/y,
* MHOromepHoe rpeobpasoBanue bokca—Koxkca.

YacTHble mpeobpa30oBaHusI TIOZIPa3Ae/IsIFOTCS Ha MpeoOpa30oBaHus:
*  HOpMaJIM3YHOII1e OIIUOKH,
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*  CTaOUIM3UPYIOLLME TUCTIEPCUU.
YacTHble MeToibl MpeoOpa30BaHMsl PACCMATPUBAIOTCS TIPH U3YUE€HUU KPUTEPHEB 0OHAPY>KeHUsT
reTepoCKeJaCTUYHOCTH U CTIOCOOOB ee yCTpaHeHUs, YaCTO B Kypce 3KOHOMeTPUKH. CM.
moHorpacuu Cokan (Sokal) ¢ coasr., 3ap (Zar).
Bribop npesicTaBieHHOM HOMEHK/IaTypbl METOZOB 00y C/IOB/IEH XapaKTepUCTUKAMU UCXOIHBIX
JIAHHBIX, KOTOPbIE METO/[bI MOTYT 00pabaThbiBaTh:

*  Kjaccuueckue ripeodpa3oBanusi bokca—Kokca u 3estHepa—PeBaHKapa — TOJIBKO

HeOoTpULiaTe/IbHble BapDUAHTBHI,

*  OCTaJIbHbIe MEeTO/[bl — IF0ObIe BapUAHTHI.
BhIuncsisieTcst onTManbHOE 3HaUeHre rapaMeTpa rpeobpa3oBaHusl U COOTBETCTBYIOIIEe eMy
3HaueHue joraprudmMuueckor GyHKIIMM MaKCUMa/bHOTO TIpaBgomnoaoous (PMIT), a Takke BBIBOJUT
rpeoOpa3oBaHHbIe JIaHHBIE, CTPYKTYPA KOTOPBIX COOTBETCTBYET UCXOAHBIM JaHHbIM. OMIT
XapaKTepU3yrT KaueCTBO NoAroHKu mogenu. ®MII st pa3mMuHbIX METOL0B MOT'YT CPaBHUBATbCS
MEXy COOOH.

23.2.1. OgHomMepHOe npeobpa3oBaHue

Knaccrueckoe ofHOMepHOe ripeoOpa3oBaHye IPUMEHSIETCS B CTyJasix, Koryja:

» TIlpencraeneHa ofHa BbIOODKa.

* IlpexcTaBneHa COBOKYITHOCTb BBIOOPOK M3 OfIHOM M TOM ’Ke reHepasbHON COBOKYTTHOCTH.
[laHHas cuTyauys BO3HMKaeT, HallpuMep, B 04HO(AKTOPHOM HUCIIePCUOHHOM aHau3e (CM.
rnaBy «/lucriepcoHHBIN aHam3»). UMCIeHHOCTH KaX/J0M BBIOOPKH (KaXX0r0 CTo/I01a
Tab/MUIIBl) B JAHHOM CJTydae MOTYT COBIMAZATh WIW Pa3nyaThCs. [Ipy 3TOM C TOUKU 3peHUst
ONTUMU3ALUY BCSI COBOKYITHOCTb CUMTAETCS OZJHOU BHIOODKOM.

[TapameTp npeoOpa3oBaHMst HAXOJUTCS U3 YCI0BUSI MakciMyMa PMII, ¢ TOUHOCTBIO 10 KOHCTAHTHI,

L) =317, (x)- glnéz(/l),

rae G (A) _ OlIeHKa /IUCTIepCUH TTpeobpa3oBaHus,

A — CKaJISIpHBIN MapameTp rpeobpa3oBaHus,

N — YMCJIEHHOCTh BBIOOPKH,

X, I = 1,2,...,n — UCXojHasi BLIOOPKa,

yi(A), i = 1,2,...,n — ipeobpa3oBaHHbIe /JaHHbIE,

Jy(.) — sKoOMaH npeobpa3oBaHus (OTIPee/TUTe/b MaTPULbI TPOM3BOAHBIX Vi(A) 110 X;),
paccunThIBaeMbIii 10 COOTBETCTBYHOLLIeH hopMyIe, 3aBUCSILel OT IPUMeHsIeMOro MeTo/ja
npeoOpa3oBaHUsI.

OtleHKa AUCTIePCUHU MOXKeT OBITh pacCUMTaHa 10 CTaHZAAPTHOU (opmyrie

G = Sym- | Sra| |

n-1\%

[Touck makcumyma @MIT ocyiecTBisIeTCS YMC/IEHHO OJHUM M3 METOZ0B JIOKa/JIbHOU
onTuMM3aLyy. [IpumeHsieTcs: JUXOTOMUYeCKUN TIOWCK (MeTO, ie/ieHUs OTpe3Ka I10110JiaMm).
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23.2.1. NpeobpaszoBaHne bokca—Kokca

ITpeobpa3oBanue bokca—Kokca (Box—Cox transformation) /st Ka>k/[0i HeOTpHUIAaTeTbHOM

BAdPUAHTHI PICXOAHOI?I BbI60pKI/I 3dITMIIETCA KaK
A

X
— A #0,
vi(A) =y 4
Inx,, A =0,
r7ie A — mapaMeTp rpeoOpa3oBaHus,
X, I = 1,2,...,n — UCcXoiHasi BLIOOPKa,

yi(A), i = 1,2,...,n — mpeobpa3oBaHHbIe JaHHbIE,

N — YUCJIeHHOCTb BHIOOPKHU.

SIkobuaH rpeobpa3oBaHKsi paCCUMTHIBAETCs 10 (hopmysie

J,(x,)=x"i =1,2,..,n.

Cwm. cratbu Bokca (Box) c coasrt., CriuTiiepa (Spitzer), Menr (Yang) ¢ coapr., Jlunrona (Linton) c
coarT., Cakua (Sakia), buken (Bickel) c coaBT., MoHOrpaduu ApmMuT3iizx (Armitage) ¢ coabT.,
Cokan (Sokal) c coarr., pabotsl 3apembka (Zarembka), IxoHcoHa (Johnson R.A.). MeTop
YIIOMHHAETCS B yueOHMKAX 110 SKOHOMEeTpPHKe, HarpumMep, loyrepTy.

23.2.1.2. NpeobpasosaHne 3ennHepa—PeBaHkapa

[Tpeobpa3oBanue 3emiHepa—PeBankapa (Zellner—Revankar transformation) ayis Kaxkzaoi
HEeOTpHUIIaTe/TbHON BapUAHThI UCXOZHOM BBIOOPKH 3aITUIIETCS KaK

y.(A) =In(x,) + Ax,i =1,2,...,n,

r7ie A — apaMmeTp rpeoOpa3oBaHus,

Xi, i = 1,2,...,n — ucxoHas BbIOOPKa,

yi(A), i = 1,2,...,n — mpeobpa3oBaHHbIe /JaHHbIE,

N — YUC/IEHHOCTh BBIOOPKH.

SIkobuaH rpeobpa3oBaHusi paCCUUTHIBAETCs TI0 (hopmysie

J,(x;) =xl.'1 +2Mx,,1 =L2,...,n.

Cwm. crarbu 3ennHep (Zellner) c coasr., JIunToH (Linton) ¢ coaBT.

23.2.1.3. MNpeobpasoBaHne rmnepbo/M4ecKoro apkcuHyca

[Tpeo6pa3oBanue runepbommueckoro apkcuHyca (Arcsinh transformation) st KaXk101 BapuaHTbI
MCXO/IHOU BBIOOPKH 3amMILIEeTCsT Kak

Yi(A) =Ash(Ax;)) /A, i=1,2,...,n,

rae A — mapametp rpeo6pa3oBanus, A # 0,

Xi, i = 1,2,...,n — ucxomHasi BBIOOPKa,

Yi(A), i = 1,2,...,n — mpeobpa3oBaHHbIe /JaHHbIE,

N — YMCJIEHHOCTh BBIOOPKH,

Ash(.)— pynkims rurnepbosmueckoro apkCHUHyca.
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'unep6osiyeckuii apKCHHYC MOXKeT ObITb TIOACUYUTAH 110 opMyJie

Ash(a) =ln(a +l+a’ )

SIkoObuaH rpeobpa30BaHMsl PACCUMTHIBAETCS 110 (hopMyIie
J,(x) =+ Ax}) "2 =1,2,...,n.
Cwm. cratbu JInntoHa (Linton) c coarr., xorcona (Johnson N.L.), PobuHcona (Robinson).

23.2.1.4. NpeobpaszosaHue eo—[xoHcoHa

[Tpeobpa3oBanue Veo—/IxoHcoHa (Yeo—Johnson transformation) zi/1st Ka)koi BApHaHThI UCXOAHOM
BbIOOPKH 3amMILIETCs KaK

[(x, +1)* - 1]/, #0,x, =0
In(x, +1),4 =0,x, =0 _
1

-[(1- x)* - 11/2- A),A #2,x, <0

- In(1- x),A =2,x, <0
rJe A — rmapaMmeTp rpeobpa3oBaHus,
Xi, I = 1,2,...,n — UCX0/{Hasi BLIOOPKa,
yi(A), i = 1,2,...,n — ipeobpa3oBaHHbIe JaHHbIE,
N — YACIEHHOCTh BBIOOPKU.
sIkoOuaH rpeobpa3oBaHusl paCCUUTHIBAETCS TI0 (hopmysie

I (x +1)*' x>0 | _
J,(x;) —{(1_ o) x<O,Z =12,...,n.

Cwm. rnaBy 7 moHorpaduu Baiic6epra (Weisberg).

yi(A) = =1,2,...,n,

23.2.1.5. NpeobpazoBaHue [xoHa—[pelinepa

[Tpeob6pa3oBanue /IxoHa—/]petinepa (John—Draper transformation) /st Ka>k/10¥ BApHaHTbI
HCXOZIHOM BBIOOPKHM 3aITUIIIETCS KaK

. A

) = {szgn(xam 5D - AAR0
sign(x,)In(] x, | +1),4 =0

rJie A — mapameTp rpeobpa3oBaHus,
X, I = 1,2,...,n — UCXojHasi BLIOOPKa,
yi(A), i = 1,2,...,n — mpeobpa3oBaHHbIe JaHHbIE,
N — YHUCIEHHOCTh BBIOOPKU.
SIkobuaH rpeoOpa30BaHMsI paCCUUTHIBAETCS TI0 (hopmysie
D(x) = sign(x)(Jxi| + D1, i =1,2,...,n.
Cwm. cratbu IxoHa (John) c coaBr., ¢don Xurmrens (von Hippel), YUen (Chen) c coasr.
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23.2.1.6. MNpeobpasoBaHe MaHNn

[Tpeobpa3oBanve Manu (Manly transformation) i KaXkmoii BapyaHThbI HCXOHOM BEIOOPKHU
3aIUILeTCs Kak

(™ - 1)/ A, A #0

yi(A) = =121,
x;,A =0

rae A — mapaMmeTp mpeoOpa3oBaHus,

X, I = 1,2,...,n — ©CXoHasi BLIOOPKa,

yi(A), i = 1,2,...,n — mpeobpa3oBaHHbIE [JaHHEIE,
N — YMC/IEHHOCTh BHIOODKU.
SlkobmaH npeoOpa30BaHMs pacCUUTHIBAeTCs 1Mo (hopmyrie

J,(x)=e™,i =1,2,...,n.

CwM. cratbto Manmu (Manly).

23.2.2. MHOromepHoe npeoo6pasoBaHue

MHoromepHoe rnpeo6pa3oBaHye IPUMeHSIeTCs B C/Tyuae, eC/ld IaHHbIe TIpe/ICTaB/IeHbl B BUle OJHOM
MHOroMepHo# BbIOOpKU. [Ipezronaraercsi, 4YTo 1o CTPOKaM TabIUL[bl TIPH 3TOM PaCTIO/IOKeHbI
BapUaHThI, 110 CTo/01[aM — rapaMeTpbl. UMC/IeHHOCTH CTO/IOLIOB B IaHHOM CJTyuae JJO/KHBI
COBIA/aTh.

bb110 61 HEBepHBIM /17151 KaXKA0T0 rapaMeTpa MHOTOMePHO# BBIOODKM BMeCTO MHOTOMEPHOT'0
ripeoOpa3oBaHus IPUMEHNUTh OJJHOMEPHbIe MapruHajbHbIe IPeoOpa3oBaHus, T. K. LIe/bI0
MHOTOMepHOT0 1peoOpa3oBaHusl SIB/ISIETCS JOCTKeHHe TpebyeMoro sddekra (Harpumep,
MHOTOMepPHOM HOPMaJIbHOCTH) BCei MHOTOMEPHOU BBIOOPKH, a He TOMBKO ee KOMITOHEHT.

B MHOroMepHOM ciyyae yZ0OHO BeKTOpHbIe TTapameTpbl 0003Ha4aTh COOTBETCTBYIOLUMU
TIPOIMCHBIMU JIATUHCKUMHU Y TPeUYeCKUMHU JIuTepaMuy. B 3TOM cilyyae BeKTOpPHBIN ITapaMeTp
nipeoOpa30BaHUs HAXOAUTCS U3 YCI0BUsI MakcuMyMa @MIT, ¢ TOUHOCTBIO /10 KOHCTAHTHI,

n
L(A) =X InJ(X)- JIn | X(8))

i=l
rae X(/\) — oljeHKa AUCIIePCMOHHO—KOBApHAI[MOHHOM MaTPHIIbl TIpeobpa3oBaHUs,
|.| — orepariiusi BIUMCI/IeHUS OTIpe/iesTuTels,
/\ — BEeKTODHBII napamMmeTp nipeoOpa3oBaHus,
N — YUCIEHHOCTh MHOTOMEPHOH BBIOOPKH,
X;, i = 1,2,...,n — UCXojHasi MHOTOMepHast BLIOOPKa,
Yi(A\), i = 1,2,...,n — ipeoOpa3oBaHHbIe JIaHHbIE,
JA(.) — sAxobuaH Tipeobpa3zoBaHus (OTpee/MTe b MaTPULIBI POU3BOAHBIX Yi(A) 1o X)),
paccurThIBaeMblii 0 COOTBETCTBYHOLLel opMyIie, 3aBUCSILIel OT MPUMEHsIeMOro MeTo/a
1ipeoOpa3oBaHus.
[Touck makcumyma @MII MoskeT 0Cy11leCTBAATHCS YACIEHHO OJHUM U3 MeTO/ 0B JIOKaIbHOM
ontumu3sauyu. [IpuMeHsieTcst MeTo, iepeMeHHOM MeTpUKU (MeTos bpoiieHa—®DneTuepa—
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Tongdapba—IllanHo). Onpenenvtensd 3hHEKTUBHO PaCCUMTHLIBAETCS KaK TTOOOUHBIN TTPOAYKT
pasnoxxeHusi ['pama JucriepcMOHHO—KOBapUALMOHHOW MaTpPULbL.

MeTozbl ONTUMHU3ALIMKM CM. B KHUrax JIsHHUCA ¢ coaBT., Hocaua, Oprera ¢ coaBT. O pa3nokeHuu
MaTpuL] CM. MOHOTpapHi0 YUIKMHCOHA C COaBT.

23.2.2.1. MHoromepHoe npeobpasoBaHne bokca—Kokca

MmoromepHoe nipeobpa3oBanure bokca—Kokca (multivariate Box—Cox transformation) aist Kaxmoi
HEeOoTpUIlaTe/TbHOM MHOTOMEPHOM BapUaHThl UCXOJHOW BBIOOPKH B IT03/IEMEHTHOM BH/IE 3aTTUIIIETCS
Kak

4

Sy
y;‘/(ﬂ/): ﬂj T ’

Inx;, 2, =0,
e A, j = 1,2,...,p — KOMIIOHEHTBI BeKTOPHOTO TlapaMeTpa npeobpa3oBaHus,
X, 1 =1,2,...,n; j = 1,2,...,p — KOMITOHEHTbI UCXOAHOW MHOTOMEPHOM BbIOOPKH,

vi(Ay), i =1,2,...,n; j = 1,2,...,p — KOMIIOHEHTbI TTpe0Opa30BaHHbBIX JJAHHBIX,
N — YKCJIEHHOCTh MHOTOMEPHOM BbIOOPKH,

D — Pa3MepHOCTb MHOTOMEPHOU BBIOODKH.

sIkoOuaH rpeobpa3oBaHMsI paCCUUTHIBAETCS TI0 (hopMysie

I, () =x i =1,2,,m =12, p.

C yueToM AiaHHOM siBHOU (hOpMBI siKoOMaHa jorapudmuueckast GyHKI[HUS MaKCUMa/IbHOTO
TIPaBAOIOA00OUS /15 TIPe/ICTAaBIEHHOTO MeTo/la TTpeoOpa30BaHus 3aMUIIeTCs B BU/Ie

L(A) :f(zj - 1)f1nxy - gln IS(A)],

rae X(/\) — oLjeHKa A1CIIepCHOHHO—KOBapUALIMOHHOM MaTpHLIbI peobpa3oBaHus,

/\ — BEeKTOPHBII IMapaMeTp rpeobpa3oBaHus,

|.| — omepariusi BLIUMC/IEHHUS OTIpeiesTuTelIs.

[Tpu BEIOOpE TIPEICTAB/IEHHOTO MeTO/ia TIpeo0pa30BaHMUsI M0/Tb30BATE/TI0 TIPE/I0CTAB/ISETCS
HaroMHUHaHUe 0 HeoOXOAUMOCTU COXPaHUTD JaHHBIe Tiepe/i TTPOM3BO/JCTBOM pacyeTa. ITO BbI3BaHO
BO3MO)KHBIMU BBIUHC/TUTE/TBHBIMU ITPOO/IEMaMU PeIleHHs J0CTaTOYHO CJIOYKHOM ONMTHUMU3aLMOHHOM
3agaun. Eci Takve npo6sieMbl BO3HUKIIM, aBapUMHOE CHSITHe 3a[jauM C BBITIOJTHEHUsI TIPOU3BOAUTCS
CpeAiCTBaMU OTepaLiiOHHON CUCTEMBI.

B ominune oT oHOMePHBIX METO/IOB, B pe3y/ibTaTe paboThl JAHHOTO MHOTOMEPHOTO MeTo/a
BBIBO/ZIAATCSI KOMITOHEHTHI BEKTOPa MapaMeTpa nipeobpa3oBaHus. PacrionoskeHre BbIBeJeHHbIX
KOMTIOHEHT COOTBETCTBYIOT MOPSIIKY IapaMeTPOB UCXOJHOW MHOTOMEPHOM BbIOODKH.

MeTtog ripeficTaB/ieH B ctatbe JHAPIOC (Andrews) ¢ coaBrt., pabote Yunbsamc (Williams) ¢ coaBr.,
nipenipuHTe Pynnepra (Ruppert).

Copyright © 2017 Igor Gaidyshev



@ The ME.com

naBa 24. MaTpuuHasa n nMHenHasa anreopa

24.1. BBegeHue

HomeHK/1aTypa MaTpUYHBIX OMepaLjiii HaCUUTHIBAET JIMIIIb HeCKOIbKO Harboree yroTpebuTenbHbIX
MeTozi0B. OfiHaKo 6osiee C/IOKHBIE OTepaliii MOTYT OBbITh peanr30BaHbI MOC/Ie/[0BaTe/IbHbIM
TIpYMeHeHNeM TIpe/ICTaBIeHHbIX 3/IeMeHTapHBIX Orepalyii B TpebyeMoi KOMOMHAIWK.
[TpescTaBieHbl HECKOIBKO OCHOBHBIX a/ITOPUTMOB, COCTABJISIFOLUX MPeJMeT JIMHeHHOM anreOphbl.
MeTozp! akTOpU3aLyu (pas/ioykeHusl, JeKOMIIO3ULIMK) MaTpyL] IOMOT'YT IIPU KOHCTPYUPOBaHUU
aZIrOpUTMOB, NTPUMeEPBI KOTOPIX TPUBOJATCS.

24.2. TeopeTu4eckoe 060CHOBaHue

B pa3szen BK/roueHbI HEOOXOAMMbIE B TTOBCEAHEBHOM paboTe Hcciie[oBaTest anrOpUTMbI
MaTpUUHBIX BBIUMCIEHUH U THeHON anre6pbl. OT MX KaueCTBEHHOT'O UCIIO/THEHHSI BO MHOTOM
3aBUCUT He TOJIBKO 3¢ (eKTHBHOCTh, HO ¥ caMa paboToCIOCOOHOCTD IPYTHX alrOPUTMOB.
HariomMH¥M, uTO MaTpHLeli Ha3bIBaeTCs TIPSIMOYTO/TbHAs Tab/HLIa urces (CKa/isipoB) pa3MepoM n
CTPOK Ha m cTonbroB. [Ipu 3TOM MaTpHLia pasMepoM n X 1 Ha3bIBaeTcsi CTO/IOLIOM (BeKTOp—
ctonb1jom), a MaTpuija pa3mMepoM 1 X m Ha3bIBaeTCs CTPOKOM (BeKTOp—CTPOKO#). [Ipy m = n
MaTpHulia Ha3blBaeTCs KBa|paTHOM.

V3 mpepiaraeMbix arOPUTMOB MaTPUYHBIX OTepaLyii MOTyT ObITh CKOHCTPYHPOBaHbI MIOUTH BCe
orepary, BCTpevarolecs Ha rpakTuke. Tak, HarpuMmep, C UCIO0/Ib30BaHUEM a/lfOPUTMOB
CJIOXKEHUSI MaTPUL] U YMHO>KEHUsT MaTPHUIIbl Ha UKCJIO, B JAHHOM C/Ty4ae Ha —1, Mo)keT ObITb
TI0JIy4YeH a/JIrOPUTM BBIYUTAHUS MaTpUL.

24.2.1. TpaHCNOHUpPOBaHUEe MaTpUulbl

TpaHCrIOHMPOBaHHOW Ha3bIBaeTCsI MaTPUIIA, TIOJyUeHHas! U3 JaHHOM MPSIMOYTOJIbHOM MaTpHLIbI
MyTeM 3aMeHbI ee CTPOK COOTBETCTBYHOII[UMH CTO/IOI[aMH.

TpaHcrioHMpOBaHHe MaTPUIIbl B MATPUYHOM 3aMyCH 3aryiChIBaeTCs Kak:

C=A"

rie A — ucxoHasi MaTpuIia,

C — TpaHCTIOHUPOBAHHAsI MaTpUIIa.

TpaHcrioHMpoBaHKe MaTPULbl BefleTcs 1o GpopMyrie (B MO3/1IeMeHTHOM 3aIicHh):

c; =a,,i=12,.,nj=12,.,m,

rJe d. — 3JIeMeHT UCXOAHOW MaTpULbl,

C.. — 37IeMeHT TPaHCIIOHUPOBAaHHOW MaTpULbl,

N — YKCJI0 CTPOK B Matpulle A U cTo010B B Matpuie C,
m — YKCJI0 CTOJIOLIOB B MaTpuije A U CTPOK B MaTpuiie C.

24.2.2. CnoXxeHue martpuy,

CnoxkeHue ABYX MaTpHL B ManI/I‘JHOﬁ 3dITMCH 3aITMChIBAe€TCA KadK:
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C=A+B,

re A — repBoe cjiaraeMmoe,

B — BTOpOE CiiaraemMoe,

C — mMarpulia — cymma JIByX MaTpHuil.

Cro)keHre ABYX MaTpul] BefieTcsi 1o (hopmysie (B 1O37eMeHTHOU 3aruch):
ci=a;t bij, i= 1,2,...,n;j = 1,2,...,m,

r7le a. — 37eMeHT MaTpUL{bl — IepBOro C/1araeMoro,
b. — snemeHT MaTpuLIbl — BTOPOT'O CJIaraeMoro

C..— 37IeMeHT MaTpuLibl — CyMMBI,

N — YKC/I0 CTPOK B KaXK0W U3 MaTpHLl,

m — UnCJIo CTONOL[OB B KaXK/I0M U3 MaTpHII.

24.2.3. NpousBegeHne matpuy,

[Tpou3sBesieHre JBYX MaTpPUL] B MaTPUYHOM 3aIMCH 3alyChIBaeTCs Kak:
C = AB,

rae A — Marpulia — NepBblid COMHOXUTe b,

B — mMaTpwu1ia — BTOPO COMHOXUTEJIb,

C — mMaTpulia — Ipor3Be/ieHUe.

[TpousBesieHue MaTpuL] BefieTcs 1o (opmyie (B 103/1eMeHTHOM 3alucH):

¢y :Zaikbkj,i =L2,..,n;j =1,2,...,1,
k=

rJie a. — 571IeMeHT MaTpUL{bl — IePBOT0 COMHOXUTeTIS,
b. — snemeHT MaTpHULIbl — BTOPOTO COMHOKUTEJIS,

C.. — 3JIeMeHT MaTpULibl — IPOX3Be/ieHNs],

N — UMCJI0 CTPOK B TIEPBOM COMHOKUTEJIE,

m — YKUCJIO CTOMOIIOB B [1€PBOM COMHOYKHTEJIE U CTPOK BO BTOPOM,
[ — uncno cTonb10B BO BTOPOM COMHOXKHUTEJIE.

24.2.4. O6partHaa maTpuuya

[TycTb McxoHasi KBaJjpaTHasi MaTpuiia A UMeeT OTJIMYHBIN OT HyJIs onpeZiesiuTesb. Torga
cyujecTsyer Marpuia A~ (M pocTto A”), Takas, uTo

ATA=AA" =1,

rae [ — eqUHUYHAS MaTpUIa, TO eCTb MaTPHILia, UMeloL[asi eJMHULIbI Ha [VIaBHOMW /IMaroHas i U Hy/Iu
Ha MeCTe 0CTajIbHbIX 3JIEMEHTOB.

Ksagparnas matpuija A HaseIBaeTCs MaTpuLieii, 00paTHOM JaHHoM MaTpuiie A. Kpurtepuii
00paTHMOCTH MaTpHULIBI IaeT ee OTpe/ie/UTe b: eC/IA OH PaBeH HYJII0, MaTpHIia BEIPOK/EHa, eCr
He paBeH, TO MaTpHIja oOpaTumMa.
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24.2.5. Onpegenurtesnib matpuLbl

OnpegenvreneM (JeTepMUHAHTOM) MaTPUL{bl Ha3bIBAETCSI MHOTOUJIEH OT 37IEMEHTOB KBaJJpaTHOM
MaTpHILIbI A TIOpsiZiKa N, KaX/IbIi usieH KOTOPOTO SIB/ISIeTCs TTPOM3Be/[eHHeM N 3IeMeHTOB, B3SIThIX 110
OZIHOMY M3 Ka)KZ0To CTo/0Ia 1 KaXK/I0M CTPOKH, U CHaOXKeH orpeZie/ieHHbIM 3HaKOM: TTFOCOM, eCJTH
repecTaHOBKa UeTHa, ¥ MUHYCOM, eCJTU lepeCcTaHOBKa HeueTHa. YKC/I0 n Ha3bIBaeTCs MOPSJKOM
orpe/ie/TuTeIsl.

[To onpeneneHuto, IeETEPMUHAHT MOXKET OBITh Pa3/IOXKeH I10 37IeMeHTaM JIF060ro cTosib1ia (CTPOKK):

n
detd =D a, A, .k =12,..n

j= ,
rae k — Homep cTosib1a (CTPOKH),
A = (-1Y ¥ My — anrebpanueckoe JONOMHEHYE 3/IEMEHTa dj,
Mjx — MUHOD 3/1eMeHTa Qjx, TO eCTh OTpe/ieIuTe/Nb nmopsifka n — 1.
MWUHOp TI0/Ty4YaeTcsi PU BbIYePKUBAHUN M3 UCXOJHOW MaTpHULIbI j— CTPOKU U k—To cronbiua. [Ipu j
= k MUHOPBI Ha3bIBaIOTCs TJITAaBHBIMHU.
Omnpenenurenb SBSETCS OFHOM U3 BXKHEUIIINX XapaKTePUCTUK KBa/[PAaTHOW MaTpPHULIbI,
ompe/iesisitolliel ee TOBe/IeHHe B Pa3/IMUHbIX afroputMax. OrpeesMTe/iu HaXoAsIT U
CaMOCTOsITe/TbHOe TIPUMeHeHre, HarlpyuMep, TIPU PellieHuH CUCTeM JIMHeHHbBIX ypaBHeHU MeTo/joM
Kpawmepa.
[Toka3aHHas Beille (hopMysia Ha3bIBaeTCsl peKYPCUBHBIM OTIpefieiuTesieM ieTepMuHaHTa. OjHaKko Ha
TIPAKTHKe, 0COOEHHO C Pa3BUTUEM CPE/ICTB BBIUMCIUTEHHON TeXHUKH, aHHas (popMyria He
TIpUMeHSIeTCsI BC/IeZICTBYE ee HU3KOTO ObICTPOZeNCTBUS U TeH/IeHIIMY HaKOTUIeHUs! OIIMOKH
BbIuMc/ieHuH. [IpakTHUeCcKy 1eTePMUHAHT BBIUKCISIETCS Uuepe3 MPOAYKThbl HEKOTOPBIX BU/IOB
(axkTopu3aLuu (pasioyKeHus1) MaTpULl, HarlpuMep, pa3/ioykeHust X0JIel[KOTo U pas/ioykeHust KpayTa.

24.2.6. YMHOXeHMe MaTpulbl Ha ckansap

C moMo11IbI0 JaHHOW Oomeparyy MPOM3BOUTCSl YMHOXKEHUE KaXK/I0T0 37ieMeHTa MaTpuL{bl Ha
3a/JaHHYIO CKaJ/IIPHYIO BeJINUMHY.

YMHO)KeHHe MaTpHLIbl Ha CKa/IsIp B MaTPUYHOM 3allyCH 3ariChbiBaeTCsl Kak:
C=KA,

rae k — ckassip — epBblii COMHOXKUTEJIb,

A — ucxopHas MaTpulia — BTOPOM COMHOKUTeJIb,

C — mMarpuLia — Mpou3Be/ieHue.

YMHO)XeHHe MaTpULIbl Ha CKassip BefeTcs 1o ¢opmysie (B M03/1eMeHTHOM 3aucH):
Cij = ka,»,-, i= 1,2,...,n;j = 1,2,...,1,

rae k — 3HaueHHe CKassipa — [IepBOro COMHOXKUTEJIS,

a. — 371eMeHT UCXOHOW MaTpULIbl — BTOPOTO COMHOKUTEJIS,

C.. — 37IeMeHT MaTpUL{bl — [IPOU3BEeZIeHNs],

N — UMCJIO CTPOK B K&)XKJ0M MaTpulie,

m — YKC/IO CTOMOIIOB B KaXK/]0W MaTpHLie.
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Oneparysi HAXOAUT MPUMEeHeHWe B KOHCTPYUPOBAaHUU Pa3/IMUHBIX anropuTMoB. Tak, Harpumep, C
WCIO0/b30BaHWEM aJITOPUTMOB CJIOKEHUS MaTPUL] U YMHOXKeHUs] MaTpHLIbl Ha CKassip, B JAHHOM
cyiyuae Ha —1, MOKeT OBbITh TTOJTyUeH aJlrOPUTM BbIUMTAHKS MaTPULI.

24.2.7. NceBpooGpaTHas martpuua

[lns jercTBUTe/IbHOU MPSIMOYTO/IbHOM MaTpHLbl A pasmepa m X n, Tje m — Yic/o CTPOK, N — YAC/IO0
CTOJIOL[0B, BBOAWTCS TIOHSITHE TICEBA000pAaTHOM MaTpHLbl A*, TO eCTh TaKOi MaTpHLIbI pa3Mepa n X
m, 4TO UMEIOT MeCTO CBOWCTBa

AA'A = A,
ATAAT = A%,
(AAN)' = AA",
(A'A) = AA,

[MTporiegypa BeIUMCIEHUS TICeBA000paTHOM MaTpulIbl (Ha3biBaeMasi Takke obpaijeHreM Mypa—
[Tenpoy3a) ocHOBaHa Ha ()YHKL[MW Pa3/10KeHUsI TIPSIMOYTO/IbHOW MaTPUL{bI 110 CUHTY/ISIPHBIM
YKC/iaM, alTOPUTM KOTOPOU TpeOyeT BLITIOIHEHUS YCJIOBHSI M > N.

O6cyxaenue cM. B uctounrkax: ['ony6 (Golub) ¢ coaBT., YunkuHcoH, J[3HHUC € coaBT., MarHyc.

24.2.8. PelneHne CUCTEMbI IMHEWHbIX YypaBHEHUN

MeTo/ibl pellieHns] CUCTeM JIMHEMHBIX a/iredpandecKUX YpaBHEHUH Tpe/iCTaB/IeHbI 3/1eCh

MeTO/I0OM MCK/IoUeHus ['aycca ¢ BHIOOpOM Befiyiero (I71aBHOro) ssneMeHTa. CrcremMa TMHEHHBIX
anrebpanyecKuX ypaBHeHU B MaTPUUYHOM 3aMUCH BBITTISIIUT KaK

Ax = b,

rJe A — MaTpulia CUCTEMBI,

X — BEKTOP TO/|/Ie)Kall[iX OTpe/ie/IeHNI0 Hen3BeCTHBIX,

b — cTon6Ger; cBOOOHBIX WIEHOB.

PeliieHre BO3MOXXHO, €C/TM MaTpPHLia CUCTEMBI He BBIDOXK/IeHa.

[TpearmosaraeTcsi, UTO CUCTeMaA SIBISIETCS OTIPe/Ie/IEHHOM, T. €. UMC/I0 YpPaBHEHU PaBHO UMCITY
HeHn3BeCTHbIX (MHadye MaTpulja A — KBazipaTHasi). O pellileHUU Heorpe/ie/ieHHbIX (UMC/I0 ypaBHeHUM
MeHbIIIe UHC/Ia HeU3BECTHBIX) U TIepeoripe/ie/ieHHbIX (UMC/I0 YpaBHEHUH OoJiblile uncsia
HEW3BECTHBIX) CUCTEM CM. I7IaBy «Pacro3HaBaHHe 00pa3oB ¢ 00yueHreM».

YacTo Bo3HUKAeT HeOOXOAMMOCTh PEIlIUTh TaK Ha3bIBAEMYI0 MaTPUUHYHO CUCTEMY JIMHEMHBIX
ypaBHeHUM

AX = B,

I7ie BEKTOP HEHM3BECTHBIX U CTO/I0e1] CBOOOHBIX U/IeHOB 0000111at0TCsA /10 MaTPHL], COOTBETCTBEHHO,
XuB.

dakTryecku rocsiesiHsist hopmysia BKIHOYaeT B Ce0st HeCKOTBbKO CUCTeM JIMHEMHBIX YDaBHEeHUM,
00beIMHEeHHBIX 00ITel MaTpUIlel CUCTeMbI YpaBHeHUH A, HO UMEOIIUX Pa3/InUHbIe CTOOIbI
CBOOOZIHBIX U/IeHOB, COCTaBJISIFOIIME MaTpully B. B aTom ciiyuae 3¢ dekTrBHee peliatb CUCTEMY C
TIOMOII[BI0 OZIHOM YHUBepCabHOM (DYHKIMK. MaHUMY/SAIUKA C MaTPULIeH CUCTEMBI, T JKe CaMble
JUIs1 KaXK/I0T0 CToJI01a CBOOOAHBIX WIEHOB, BHITO/[HEe TTPOM3BOJUTH TOBKO O/IWH pa3. EcTecTBeHHO,
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Y 0OBIYHBIE CUCTEMBI, KOTZIa B TIPABOM YaCTH CUCTEMBI CTOUT CTOJI0el] CBOOOAHBIX U/IeHOB,
pelLLaroTCs C TIOMOLL[BI0 JAaHHOW (hYHKIUMU.

24.2.9. CTaHpgapTHaAa npob6nema Co6CTBEHHbIX 3HAYEHUI

PaccMoTpuM CTaHAAPTHYO MPO0/IeMy COOCTBEHHBIX 3HAYEHUH

Ax; = )\iXi, i= 1,2,...,“,

rje A — KBaZipaTHasi MaTpuLia pa3MepoM n X n,

A, i =1,2,...,n — COOCTBEHHBIE 3HAUEHHST MATPHILIbI A,

Xi, i = 1,2,...,n — COOTBETCTBYIOIIIE€ COOCTBEHHBIM 3HAUEHUsIM A;, | = 1,2,...,n, BEIYKC/IEHHBIE C
TOYHOCTBIO [0 MHOXKUTeJsI COOCTBEHHbIe BeKTOpAa MaTpULbl A.

CaoiicTBa COOCTBEHHBIX 3HAUEHHM 1TOAPOOHO TpeCTaB/eHbl B OOLIMPHOM TUTEpaType U
pPacCMaTpUBAKOTCS B BY30BCKOM KypCe JIMHeMHOM a/reOpbl (HallOMHUM, UTO JIMHEHHYIO anreopy
COCTaBJISIIOT [iBa OCHOBHBIX pasfie/ia: pellleHre CUCTeM JIMHeNHbIX YpaBHeHUH U pelleHNe
npo06sieMbl COOCTBEHHBIX 3HAYEHUH).

PemaeTcst craniapTHasi mpo6sieMa COOCTBEHHBIX 3HAUeHUH CUMMEeTPUUYeCKOl (CUMMeTPUUHON
OTHOCUTEJILHO IVIaBHOM [IMaroHanu) AelCTBUTeIbHOM MaTpuLbl. CHMMeTPUUHOCTh MaTpULIbI
rapaHTHPYeT, YTO BbIYUCIeHHbIE COOCTBEHHbIe 3HaUeHus OyayT JelicTBUTeIbHBIMU. B KayecTBe
VICXOJHBIX [JaHHBIX MPY BbIUKMC/IEHUU HCII0/Ib3yeTCs TOJIbKO BePXHUM TPeyrojbHUK MaTpuLipl. B
CBSI3M C 9THUM TIPOBEPKa CUMMETPUUHOCTH He TTPOM3BOAWTCS, a TPAaBU/IbHBIM MOXKeT OBbITh TOJBKO
BEPXHHUH TPeYro/IbHUK MaTpPULIbL. BEIYMCIIAIOTCS Bce COOCTBEHHBIE 3HAaUeHHs1 M COOTBETCTBYIOLIVE
1M coOCcTBeHHbIe BeKTopa MaTpulibl. COOCTBeHHbIe 3HAUEHHS BHIBOASTCS B HEYTIOPSZ0UeHHOM
Bujle. Pacrosio)keHre BBIBOJUMBIX COOCTBEHHBIX BEKTOPOB COOTBETCTBYET TOPSIIKY COOCTBEHHBIX
3HaueHuH. [I71s1 perieHust MCTI0/Ib3yeTcss MeTof, SIKoOm.

CM. YWUIKWHCOH.

24.2.10. O606LLeHHanA Npobema COOCTBEHHbIX 3HAYEHWA

PaccmoTpum 0600111eHHY 0 TIpo61eMy COOCTBEHHBIX 3HAUEHUIH

Ax; = AiBXi, i= 1,2,...,n,

rae A — cuMMeTpryUecKasi MaTpULia pa3MepoMm n X n,

B — cuMMeTpUuecKast NoJI0KUTEIBHO OTpe/ie/ieHHasi MaTpuylia pa3MepoM n X n,

Ai, i =1,2,...,n — COOCTBEHHBIE 3HAUEHU,

Xi, I = 1,2,...,n — COOTBETCTBYIOLI[1I€ COOCTBEHHBIM 3HAUEHUsIM A;, i = 1,2,...,n, BEIUUC/IEHHBIE C
TOYHOCTBIO [0 MHOXKMTEJISI COOCTBEHHbIE BEKTOPA.

O06o00611eHHast TIpob/ieMa COOCTBEHHBIX 3HAUEHUM, TTyTeM 3aMeHbI ITepeMeHHbBIX U UCTIONb3Ys
pasioykeHre X0J1elKoro, MPUBOAUTCS K CTaHJapTHOM npobsieMe cOOCTBEHHBIX 3HAUEHHH.
CM. YUIKUHCOH.

24.2.11. Pa3noxeHune Xonewuykoro

Pa3znoxenue Xosenkoro (cxema XoJeI[KOro, CxeMa KBaZ[paTHOTO KOPHsI) OCHOBaHO Ha TeopeMe
XoJ1erkoro, a UMEHHO: eCii A — CUMMeTprYecKast TIOJIOKUTEeTbHO OTIpe/ie/ieHHasi MaTpHULIa, TO
CYIIeCTBYeT pa3jioyKeHne
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A=LL",

rae L — peiicTBUTeIbHAsi HEeBBIPOXK/IEHHAsI HYDKHSISI TPEYTo/bHasi MaTpulia.

PaccmarpriBaemMoe passioxKeHue MoTyuaeTcst U3 Pa3/ioyKeHust

A=LDL",

rae L — HYDKHSISL TPeyrosibHasi MaTpuylia C e AMHUYHOM JUaroHasbo,

D — niuaroHasibHasi MaTpuUlia € MOJIOXKUTETbHBIMU AUAaroHaIbHBIMU 3/IeMeHTaMH,

Kak

A =LD"*D"2[T ZZL—F,

YTO C TOYHOCTHIO /10 0003HAUEHHMH COBIIA/IaeT C TT0Ka3aHHOM BhIille OPMYJIOH.

IToT 3 heKTUBHBIN BU/] PA3/I0KEHUST MOXKET TIPUMEHSIThCSI B psifie TIPOLIeAYP JIMHeHHOM anreOphl,
HarpuMep, MpH peIleH|H 3a/jauu TprBeeHust 00001TIeHHOM TTPO6IeMbI COOCTBEHHBIX 3HAUEHUH K
CTaHapTHOM MpobeMe cOOCTBEHHBIX 3HAUEHHH U [I/IS1 PeIlleHUs] CUCTeM JIMHEeHHBIX YpaBHEHUM.
Pa3nuHble acreKThl CXeMbl XO0JIELIKOTO U ee PUMeHeHUs] pacCMOTpeHbl MaiH/10Ha/II0M.
Pasno)keHre MOKeT ObITh YCIIeITHO UCII0/Ib30BaHO [I7Is BLIUKMC/IEHUS OTIpeZie/TUTeNs U B 3aaue
reHepaLii MHOTOMepHOT0 HOpMaJIbHOTo pacrpesienenusi (Mrosep ¢ COaBT.).

CM. TakKe YWUIKMHCOH C C0aBT., [ ¢ coaBT. O BeIUMC/IEHUU Pa3/ioykeHust cM. COOPHUK HayUHbIX
rporpaMm Ha PoprpaHe.

24.2.12. Pa3noxeHue Kpayta

Ecm A — Heocobasi MaTpuLia, TO CYIL{eCTBYeT pa3/ioyKeHHe:

A=LU,

rge L — HWKHAS TpeyrosibHas MaTpuLa,

U — BepxHss TpeyroabHasi MaTpylLia C eIMHAYHOW JMaroHaJblo.

Pasnoxxenue He euHCTBeHHO. Ecin ero 3amnucarhb Kak

LU = (LD)(D'V),

rie D™'U ecTh BepXHSist TPEYTO/IbHAS MATPUIIA C eIMHUYHOMN JMArOHA/IbI0, MBI [TOJTYyYUM
passioxxeHue Kpayra.

[TpuBeseM nprMep NpUMeHeHHUs1 paCCMaTpUBaeMOro Pas/IOKeHHUs B 3a/jaue pelleHus: CUCTeMBI
JIMHEUHBbIX YpaBHEHUM:

Ax =b.

Boeruncims matpunsl L v U, cBOAMM 3a/iauy K BYM 3/IeMEHTapHO pellaeMbIM CUCTeMaM C
TPeyro/IbHBIMU MaTpULIAMU

Ly=buUx=y.

I[TepBast U3 AByX nocaeHUX (HopMysT Ha3bIBaeTCsl TIPSIMBIM UCK/TIOUeHHEM, a BTopasi — 00paTHOi
MOJCTaHOBKOM, UTO TIOJTHOCTBIO COOTBETCTBYeT BbIUMC/IUTE/IbHON cxeMe MeToza ["aycca.
OKBHBa/IEHTHOCTh METO/|a UCK/TI0UeHus ['aycca ¥ paccMaTpruBaeMoro TUMa Pas/iokKeHHs TT0poOHO
obcyxaetcss CTpeHromM: pacCCMOTPEHHOe pa3JioKeHHe TIpe/[CTaB/sieT cob0ii pocTo yno0HY0
3anuch MeTozia uckodeHus 'aycca. CM. Takke YWIKMHCOHA C coaBT., PopcanTa ¢ coasT. O
BBIUMC/IEHUU pa3sioykeHUst cM. COOpHUK HayuHbIX Mporpamm Ha dopTrpane.
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24.2.13. PasnoxeHue QR

B HeKoTOpbIX PUTIO)KEHUSIX TIPUMEHSIeTCsl pa3/ioyKeHre TIPOM3BOIbHON HEBBIPOXKAEHHOM MaTPULIbI
A, c momMo1bto nporiecca oproroHanusanuu I'pama—IlImuara, cnenyroiero Buza:
A =QR,
rge Q — opToroHasbHas MaTpuLa,
R — BepxHsig TpeyroJyibHasi MaTpuLia.
[anHoe QR pa3yioykeHue 3KBUBAJIeHTHO ITOCTPOEHHI0 OPTOHOPMUPOBAHHOM CUCTEMbI BEKTOPOB B
rE0ePTOBOM TMPOCTPAHCTBE, TTOPOXK/AIOIIel TO JKe camoe JIMHeliHoe MHOroobpasue, 4To 1
3aziaHHast cucrema. [poriecc I'pama—IIIMuzaTa MOXKET OBITH UCTOJTKOBAH KaK pa3/ioyKeHHEe
HEeBbIPOKZIEHHOUW MaTpHI[bl B IPOM3Be/leHre OPTOrOHa/IbHOM MaTpHlIbl U BepXHel TPeyroibHOM
MaTpHL{bI C TI0JIOKUTE/IbHBIMU JUarOHa/IbHBIMU 371eMeHTaMu. PellleHye BeleTCsl IO peKyppPeHTHBIM
dbopmynam

i
TVt =€ Vi =€y T Z(“k’em i =12,
k=

rJie U — OPTOHOPMHUPOBaHHAs CUCTeMa BEKTOPOB,

e — 3a/laHHasi CucTeMa BeKTOPOB,

N — YXCJI0 BEKTOPOB.

HeTpyziHO BUJeTb, UTO BbIUKC/IEHHBIE BEKTOPBI N MPeCTaB/ISIOT C000# CTONOLBI OPTOrOHAIBLHOMN
MaTpuLbl Q.

Cwm. CTpeHr.

24.2.14. Pa3no)eHne no CUHTYNIAPHbIM Yucnam

PaccMOTpuM pasfiokeHue JeHCTBUTE/bHON TPSIMOYTO/TbHOM MaTpHIlbl A pa3MepoM m CTPOK Ha n
CTONOLIOB, MpHUYEeM m > n, BUa

S T
A=U|" 7,
0

rae U — marpuiia pa3sMepoMm m X m , chOpMUpPOBAHHAs U3 M OPTOHOPMHUPOBAHHBIX COOCTBEHHBIX
BEKTOPOB, COOTBETCTBYIOI[UX COOCTBEHHBIM 3HaueHustM Matpuiipl AA", U'U = I,,,

V — MaTpuija pa3MepoM n X n, COCTOsIII[asi U3 N OPTOHOPMHUPOBAHHBIX COOCTBEHHBIX BEKTOPOB
marpuLl ATA u obnagarouias ceoiicteamu V'V = VV' =1,

S — IuaroHasbHasi MaTpUIIA, AUaroHaIbHbIE 37IEMEeHThI KOTOPOU IPeCTaB/ISIOT COO0M TakK
Ha3bIBaeMble CUHTYJISIPHbIE UKC/la — KBa/IpaTHbIe KODHU M3 HEOTPUIIATeTbHBIX COOCTBEHHBIX
3HaueHui MaTpurisl A'A,

0 — mpsiMoyTo/IbHAsE HY/IeBasi MaTpULIa pa3MepoM m — N CTPOK Ha n CTOJIOLIOB,

I_ e/IMHUYHAsi MaTpHLja COOTBETCTBYHOLL[ETO MOPsiAKa.

PaccMoTpeHHOe pa3/iokeHre Ha3bIBaeTCsl pa3/ioykKeHreM T0 CUHTY/ISIPHBIM Urc/iaM (CUHTY/ISIPHBIM
passioxkeHueM). B apyrotii 3anvcu

A=USV",
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rae U, — MaTpulia pa3MepoM m X n, fiajiee Jijist IPOCTOThI 0003HauaeMasi, Kak U, u chopMupoBaHHast
13 N OPTOHOPMHUPOBAHHBIX COOCTBEHHBIX BEKTOPOB, COOTBETCTBYIOIUX N HAUOOJIBIIIM U3 M
cob6CTBEHHBIX 3HaUeHHM MaTpuribl AA”, u o6iajarorast CBOWCTBaMH

U'u=viv=vw'=1,.

CwM. uctounuku: ['ony6 (Golub) c coaBrt., [IsHHuUC ¢ coaBT., CTpeHT, YWIKHMHCOH C COaBT.

24.2.15 MynbTUKONNNHEAPHOCTb

BekTopa Ha3bIBalOTCs KO/UTMHEeAPHBIMH, €CJIA OHM JIeXKaT Ha Mapajuie/ibHbIX TPSIMBIX JIM0O0 Ha OfHOM
nipsiMoii. [ToHATHe Ko/ITMHeapHOCTH, NpUILIe/iliee U3 aHaIUTUUeCKOW TeOMeTPUH, TOXKeCTBEHHO
JMHeWHOW 3aBUCUMOCTH U3 TMHeHHOW anreOpbl (/TMHelHasi 3aBUCHUMOCTD — TaKyKe KpUTepHid
MY/IBTUKO/ITMHeapHOCTH). Heo6xoauMOoCTh McciefoBaHus KOJUTMHEAPHOCTH BO3HUKAeT, HallpuMep,
riepe/i IpUMeHeHreM psiJia MeTOI0B MHOTOMEPHOT'0 CTaTUCTUUeCKOTO aHamm3a (MHO)KeCTBeHHast
perpeccusi, (pakTOpHbIN aHaINU3) C Lie/IbF0 UCK/IIOUeHUS U3 paCCMOTPEeHMUs IMHeHHO 3aBUCUMBbIX
rapamMeTpoB. JTO He0OX0IMMO KakK /il yMeHblleHUsI pa3MepHOCTH 3a/lauu, TaK U JI/Isl CHUDKeHUsT
BBIUMC/IUTE/IBHBIX CJIOXKHOCTEM.

®appap (Farrar) u I'nay6ep (Glauber) npeaioxua COBOKYIMHOCTb CTaTUCTHUECKHUX METO/I0B
orpeZie/ieHUs Ha/IMuMsi My/IbTUKO/IJTMHEapHOCTH, M3BEeCTHYO 110/, HAMMeHOBaHUeM alrOpUTMa
dappapa-Inaybepa.

I[TycTtb 0603HaueHo:

N — YMCJI0 CTPOK B MATPHLie UCXOJHBIX JaHHBIX (YMC/I0 HaOHOAeH!H),

m — YKMCJIO CTOMOIOB B MaTpHLie UCXOAHBIX JAHHBIX (UMC/I0 BEKTOPOB, B aHA/M3e JaHHbIX — UHCJIO
rapaMeTpoB, B 9KOHOMETPHKE — UHC/I0 OOBSICHSIOLMX TlepeMeHHbIX),

R — KoppesisiLMoHHas MaTpuLia (0 ee BBIYMC/IEHUH CM. I71aBy «KoppessijMOHHbIN aHaIu3»),

C — marpuiia, oOpaTHast KOPPEJIALIMOHHOM.

Anroputm ®appapa—Iaybepa cratucTiueCcKy UCCIelyeT MPOsiB/IeHNs] MYJIBTHKO/TMHEAPHOCTH,
TIpe/iCTaB/IeHHbIE Jjajee.

24.2.15.1. Koppenauna mexay napametTpamu

BbluncrisieTcs cTaTUCTHKA KpUTEpPUsT

S=-[n-1-(2m+5)/6]InR|,

rje |.| — onpesnenurens.

CraTucTHKa UMeeT pacripefiesieHre Xu—KBazpar ¢ m(m — 1) / 2 crenedsimu cBo6ozbl. [1py 3HauMMoOM
CTaTUCTHKe XM—KBa/lpaT eCTb OCHOBaHUe TIPeAT0/I0KUTh HalluuKe SIBJIeHHs
MYJIBTUKO/I/TMHEApPHOCTH B UCCTIeZlyeMOW CCTeMe BEKTOPOB.

24.2.15.2. KoathpuumeHTsl AeTepMmHanmm BEKTOPOB

17151 KaXX[j0r0 BeKTOpa BbIUMC/IETCS KO3((ULIMEeHT JeTepMUHaLUU
2 —
R, =1-1/¢, .k =12,....m,

re Cu k =12,...m
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Takke /11 KaXKZ0ro BeKTOpa BbIUYMC/ISIETCS] CTaTUCTUKA

n-m
F, =(cy - 1)—1,k =1,2,...,m.

F .k =12,..,m,
CTaTUCTUKU MOJUUHSIOTCS F—pacripesie/IeHUIO CO CTereHsIMA CBOOOABI N — m U m
— 1 Ilpu 3HauMMbIX F—CTaTUCTUKaxX €CTb OCHOBaHHWe IMPeII0I0KUTh KOJIJIMHeapHOCTh JaHHOTO
BeKTOpa C HEKOTOPLIMH WJ/IM BCEMU OCTa/lbHBIMM BeKTOpaMU. Takuie BeKTOpHI (B 3afjaue
pacro3HaBaHusi 00pa30B COOTBETCTBYHOIIME TApAMeTPaM PAClio3HABaHUS) C/IelyeT UCK/TFOUUTh U3
MaTpHLbl UCXOAHBIX TaHHBIX.

24.2.15.2. YacTHble Koa(hpuumeHTbl Koppenayum

17151 KayK[I0ro BHEAMAroHAILHOTO 3/IeMeHTa KOppesiLMOHHOM MaTpulLibl (B CUTY CUMMETPUX
WCCIe/IyeTCsl TOJIbKO BEPXHSISl UaCTh) BBIUMC/ISIETCS YUaCTHBIN KO3(PPUIMEeHT KOppesIiiuu

C,.
r, =- L,k =1,2,...m-1;j =k +1,...,m.

J
Crk€ jj

Taxxke [/151 KQKJ0T0 YaCTHOTO KO3 duLeHTa KOpPpesLiy BEIUUC/ISIETCS] CTaTUCTUKA

rgNn-m
tkj 2—2
A= 7y

Lk =12, om- 1 j =k +1,..m

Kk =12,...m- 1) =k+1,...m.

CTaTUCTUKU > MIOJUMHSIOTCS t—pacIipe/ie/IeH|I0 C N — m CTereHsIMHU
cBoOOzBI. [TpH 3HAUMMBIX {—CTaTUCTHKAX eCTb OCHOBaHKE TIPEATTO/IOKUTh KOJUTMHEAapHOCTh B
HccelyeMoi rape BeKTOPOB K U j.

O630p MeTOZIOB MCCJIeJOBAaHUSI MY/IBTUKOJIZTMHEAPDHOCTH CM. B MOHOTpadusix depcrepa C COaBT.,
AtiBassiHa c coaBT. CM. TakKe OpuUrHMHaibHbIe cTatbi Pappapa c coaBrt., KapHeca (Carnes) ¢ coagBr.,
Yumiepca (Wichers). Cwm. ctatbio Pokyasnna (Rockwell), kaury bopoauua (Bk/rouasi BEIBOZ,
OCHOBHBIX (hOpMy/T U peKoMeH/laTe/TbHbIe MepbI 10 YCTPaHEeHUI0 MY/IbTUKOJI/TAHEADHOCTH).

24.2.16. KpoHeKkepoBCKoe npousBegeHue

A =(a;)

KpoHekepoBCKUM TpOM3Be/ieHNeM MaTpHI] pa3MepoM m X n v B =(by) pa3MepoM p X q

naspiaercs Marpuria C =4 ® B pasmepom mp x nq Takas, uto
a,B -+ a,B

n

a,B - a,B

CM. moHorpagwuro MarHyca.
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FnaBa 25. O6GbIKHOBEeHHbIe gudpdpepeHynanbHbIe
ypaBHeHUA

25.1. BBegeHune

[TpencTaBeHHbIE METO/bI OTPAYKAIOT MHOTO0Opa3ue MO/X00B K PeIleHr o pob1eMbl U
Tipe/jHa3HaueHsbl 711 pellleHrsl ypaBHeHHH COOTBETCTBYIOLUX THUIIOB.

25.2. TeopeTuyeckoe 060CHOBaHue

[Mopsigkom auddepeHIManbHOTO YpaBHEHHST Ha3bIBalOT HAaMOOJIBIINIA TIOPSZOK BXOASIIUX B HETO
Npor3BOAHbIX. [l depeHiianbHOe ypaBHeHYe MIEPBOro MOPsi/iKa Ha3bIBAeTCs TAKKe
0OBIKHOBEHHBIM /i depeHLIMaTbHBIM ypaBHEHHEM U MOKeT OBbITh 3aMMCcaHo Kak

F(xyy") =0,

I7le y — CKasisipHasi Wi S—KOMITOHEeHTHasi BeKTOpHasi (PyHKLMS, TIOZJIeXKalliast orpe/ie/IeHuIo, B
MeXaHHWKe Ha3bIBaeMasi BeKTOPOM 0000IIIeHHBIX KOOD/IMHAT,

X — He3aBHCUMas NepeMeHHasi, Py UCC/ie/J0BaHUM JUHAMUKU MIPOTSDKEHHBIX BO BpeMeHU
TIPOLIECCOB B ee KauecCTBe OepeTcs Bpems t,

IITPUX O3HAYaeT MOJTHYIO ITPOU3BOAHYIO TI0 He3aBUCHUMOM NepeMeHHOM X ¥ MOXKeT ObITb 3aMeHeH
CTaH/IapTHLIM 0003HaueHWeM d / dx.

Ecu B sBHOM BH/Jie He3aBHUCHMasi llepeMeHHasi B ypaBHEHUsI He BXOZIUT, CCTeMa ypaBHeHUH
Ha3bIBaeTCsl aBTOHOMHOM. Ec/iu crcTeMa ypaBHeHH He aBTOHOMHA, TO MO>KHO BbIOpaTh B KauecTBe
BpeMeHU HOBYIO He3aBUCHMYIO ITePeMeHHYIO T, a 3aTeM, 00aBUB K CHCTeMe ellje OJHO ypaBHEeHHe
dt/dt=1,

TIPeBPaTUTh UCXO/IHYI0 CUCTEMY YPaBHEHUM B CCTeMY aBTOHOMHYO, XOTsI SBHOU BBITOZIbI OT
JAHHOTO TIPOIiecca MOYKHO M He OIIyTHTb. Beirozia MoXeT ObITh TIO/TyYeHa MPU BBIYUCIEHHUSIX, eCIU
COCTaBJ/IATh BCE aJITOPUTMBbI TOJIBKO /1151 aBBTOHOMHBIX CUCTEM ypaBHEHU. TO HECKOJ/IBKO YTIPOCTUT
vHTepdelic cocTaB/eHHbIX (PyHKLMM. MO)XHO Tak)Ke 3apaHee TIpelyCMOTPeTh aBTOMaTUueCcKoe
npeoOpa3oBaHie HEABTOHOMHOM CHCTeMbI YpaBHEHHI K aBTOHOMHOW CUCTeMe YPaBHeHHUH 110
PacCMOTPEHHOMY BbILlIe TIPOCTOMY a/ITOPUTMY.

Crenensto auddepeHLManbHOTO ypaBHEHYsI Ha3bIBalOT BBICIIMI 0OKa3aTe/lb CTelleHH, B KOTOPOi
CTapluasi MPOU3BOJHAasi BXOJUT B YypaBHEHUe I10CJ/Ie TOrO, KaK ypaBHeHHe TIPUBeJEeHO K
pauroHanbHOMY BuAy. Eciiu B ypaBHeHHe McKoMasi (yHKLMS U BCe ee TIPOM3BO/IHbIe BXOJSAT B
TIepBOM CTereH, ypaBHeHHe Ha3bIBaeTCsl JIMHEMHbIM, B TIPOTHBHOM CJlyyae ypaBHeHue OygeTt
He/TMHEeHHBIM.

Ecu ucxogHoe ypaBHeHre pa3pelnmo OTHOCUTE/bHO MPOU3BOJHOM, TO TI0/TyUaeTCsl ypaBHEHHUE
y' = fx.y),

rze f(x,y) — GyHKLYs TTpaBbIX yacTel (TpaBasi uacTh).

Ob6ee pemenyve auddepeHaIbHOTO YPaBHEHHUS OTIPe/IeNsIeTCs C TOYHOCTBIO /10 MOCTOSHHBIX C,
OTpeie/ISIFoLIMX CeMelCTBO KPHBBIX

y =y +C.

Copyright © 2017 Igor Gaidyshev



@ The ME.com

[pu 3afiaHKK HAYaIbHOTO YCJIOBUSI M B C/Tyuae BHITIOJTHEHUsI TePeYrC/ieHHbIX TpeOoBaHUi pellieHre
CyILLIeCTBYeT U eIMHCTBeHHO. 3ajaua Ko popMynrpyeTcst Kak aHaIuTHUeCKoe U YUC/IeHHOe
pelilieHre CUCTeMbI S 0OBLIKHOBEHHBIX AuddepeHLIanbHbIX YpaBHeHUH, B 0011eM cityuae

x€la,b]

HeJIMHeMHbIX (C HesIMHeMHOM (yHKIMel npaBbIX yacTeid), HA UHTepBaJe C Haua/IbHbIMU

YCJIOBUSIMA
¥(x0) =Yy,
e Y0 T

WHoraa, uToObl OTIMUKTE OAHO AuddepeHI[abHOe YpaBHEHNEe OT CUCTeMbI U hepeHI[HaTbHBIX
ypaBHEeHUiA, TlepBoe Ha3bIBalOT CKaJISIPHLIM JuddepeHIMaabHbIM YpaBHeHHEM. YpaBHeHHe
BBICITIErO TIOPSiIKa MOXKET OBbITh CBe/IEHO K CUCTeMe YPaBHEHUH MePBOTO MOPsiZKa MPOCThIM
r3MeHeHreM 0003HaueHU 1 BBe/leHHeM HOBBIX TlepeMeHHbIX. Pa3MepHOCTb CUCTeMbI — 3TO UKCIIO
ypaBHeHHUH, cofiep Kalllix MPOU3BOJHbIe TIOPsi/iKa He Bbillle 1epBoro. Bce BLIBOAbI, C/ie/IaHHbIe
OTHOCHTEJIbHO 0HOTO U depeHIMaTbHOr0 YPaBHeHUs], eCTeCTBEHHO 000011[at0TCst Ha CUCTEMY,
M03TOMY B TeOpPeTUUeCKUX BBIK/Ia/[Kax He [ieJlaeTCsl Pa3HULIbI, SIB/ISeTCS y CKaIsIPHON WK S—
KOMIIOHEeHTHOM BeKTOpHOM (yHKIMel. Bce moka3aHHbie (GOpPMY/ibl MOTYT OBITh UCIO/Ib30BaHbI Kak
ISl UCCTIeJOBaHUSI OIHOTO YPaBHEHUs], TaK U /IJisl UCC/Ie[lOBaHKUsI CUCTEMbI ypaBHeHUil. B
Toc/ie[HeM CTy4dae MOXKHO TPOCTO CUMTaThb, UTO BeJTMUMHBI, BXO/SIIMe B HOPMYJIbI, TIPe/ICTaBIISIOT
co0oi1 He CKassIpbl, a BEKTOPBI.

Be3sne npuBoasaTcs GyHKLUM pellieHus TOJbKO OHOTO ypaBHeHUs], OJHAKO HETPYAHO 00600IUTL X
Ha pellleHre CUCTeMbI ypaBHeHUH. []/is 3Toro nmotpebyeTcsi MO/lepHM3aLUS IPUBEIeHHBIX (DYHKIIWH.
YroObl HAyUUTh UX pelliaTb CUCTeMbl ypaBHEHUH, C/ielyeT 3aMeHUTh BeKTOpaMH (MaCcCUBaMH)
(dyHKIMM U BXoAsire B GopMyJibl CKasipHble apameTpbl. KpoMe Toro, Tam, rje mpou3BOJUTCS
TIPOBEpPKa TOUHOCTH, HY>KHO B L[UKJ/Ie TIPOM3BOJUTD TIPOBEPKY KaXKAOro 3ieMeHTa BeKTopa (MIn UxX
COBOKYTHOCTB), OTBETCTBEHHOI'O 32 TOYHOCTh PelleHUs.

EnvHcTBeHHasi 0c0O@HHOCTh CUCTeMbI YPaBHEHUI OTHOCUTETbHO OHOTO ypaBHEHUS 3aK/IH0uaeTcst
B TOM, UTO MPUHSITUE pellieHus B Clydae HeZJoOCTaTOYHON TOUHOCTH CJieiyeT JiefiaTh Ccpasy ke, Kak
TOJIBKO OZIMH U3 37IeMeHTOB BeKTOpa AACT /ISl 3TOro MoBo/,. [IpuHsTHe e pellieHUs B Clydae
Yype3MepHOU TOUHOCTHU [e/1aTh TOIBLKO MOC/Ie TOr0, KakK MPOBEPKU BCEX 3/1eMEHTOB MOKaXKYT, UTO
TOYHOCTbH upe3MepHa (CM. BTOpo¥ BapuaHT MeToZia MepcoHa). [1jisi cucTeM, COOTBETCTBEHHO,
JIO/DKHBI OBITh M3MEeHEeHbI TAaK)Ke KpPaeBble — Haua/IbHbIe ¥ TPAHUYHBIE — YCJIOBUS 3a/JauM.

B 3ak/toueHue pa3ziesia OTMETHM OZIMH Hay4HbIN (aKT, KOTOPBINA OyZeT UCI0/Ib30BaH B Aa/IbHEHIIINX
paccyxaenusx. CucreMa HeJTMHEHHBIX U depeHINaIbHBIX ypaBHEHU MOXeT ObITh
TipeZicTaB/ieHa B BU/le JIMHeapru30BaHHOM CHUCTeMbI, KOTOpast IoiyyeHa C UCI0/Ib30BaHHEeM TOJTbKO
TIepBbIX /IByX UJIEHOB pa3/ioykeHUs pellieHus B psifi, Teitnopa

y'=JXy + (%),

rae J — [/1okampHO] MocTOsTHHAs MaTpyiia SIKoOM CUCTeMbI — MaTpUILIAa YaCTHBIX TIPOU3BOHBIX
TpaBbIX yacTei of / 0y,

(**) — HenMMHelHbIEe UJIeHBbI.
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25.2.1. MaTtemaTnyeckoe moagennpoBaHue

MaremarudeckuMy ¢hopMysiaMi MOYKHO OTHCaThb, HO HeJlb3s1 00bCHUTD (DH3UUeCKYI0 KapTUHY
sBneHuid. Hamuue gopMys, onvchiBaroIux Hab/IogaeMoe siBJieHHe, He KOMITEHCUPYEeT OTCYTCTBUS
TOYHBIX 3HAHUW WM XOTS ObI TMIOTE3 O MPUUKHE SIBJIEHUS.

PeasibHble 0OBEKTBI WU SIBJIEHUS TIPE/ICTABIISIOT COO0H CYIIHOCTH ¢ 6@ CKOHEUHO O0OraThiM
coziep>kaHueM. bosiee TOro, OHM CaMOCTOSITe/TbHO U/ B COBOKYTTHOCTH C IDyTUMH 00beKTaMH WU
SIBJIEHUSIMHU CITOCOOHBI TIOPOXK/JAaTh HOBBIE CYIITHOCTH. B MaTeMaTrueckoi Mo/ie/ii riepeMeHHbIe U
KOHCTAHTBI MOJIeJIUPYIOT peasibHble CYIIIHOCTU, HO He MOTYT CaMOCTOSITe/IbHO UX TTOPOXK/aTh,
nipe/iCcTaBIsist COOOM TO/IBKO CUMBOJIBI Ha OyMare WM Ha 3KpaHe Komribiotepa. [Tpu mombiTkax 6osiee
JIeTaIbHOTO UCC/Ie[JOBaHUs U/IH TT0JTyUYeHUH HOBBIX KCITIePUMEHTA/IbHBIX JaHHBIX TIPUXOJUTCS
Co3/laBaTh HOBbIe MaTeMaTHuyeCKre MO/ieJd WU COBEepIIIeHCTBOBATh cTapkle. [103TOMY T/1aBHOE B
MaTeMaTH4yeCKOM MOJIeJTMPOBAHUY — BbIJle/IeHHe CBOMCTB UCC/Ie[yeMbIX OObeKTOB WM SIBJIEHUH,
CYILIIeCTBeHHBIX [I7Is pelllaeMOl B IaHHBIM MOMEHT KOHKPeTHOM MpaKTHUuecKol 3afaun. «/lath
TOYHOE OTMCaHKe HaOJIIoIaBIINXCS SIBJIEHUH TIPUPO/IbI, BBIXBATUTh U3 MHOT000pa3us aetasei u
Mesioueii T7IaBHbIe, XapaKTepHble UepThl, B pPe3Koi U KpaTkoii (hopme chopMyupoBaTh BCe, UTO
BU/IeJI IV1a3 U 0XBaTW/Ia MBIC/Tb — 3TO HACTOJIBKO CJIOYKHASI M BayKHast 3a/laua, uTo repej| Heid
OnemHerOT BCe TPYAHOCTH 1abOPaTOPHOTO MCC/Ie0BaHMUS WJT TeOPeTHUeCKOTO aHaIu3a B
KabuHeTax yueHbIx» (A.E. ®epcman).

[TeITasich omucaTbh BCEBO3MOXKHbIE XapaKTePUCTUKU SIB/IEHHS, 10 KOTOPBIX UCC/IeI0BaTe b TOMBKO
CMOT J100paThCsl, OH PUCKYeT 3alyTaTbCsl B YaCTHOCTSIX M He OTUCaTh UX BoBCe. TOMBKO OTBIT U
3[paBbiii CMBIC/I IOMOT'YT OT/IMUUTh BIUSIHUE CYI[eCTBEHHOUW YaCTU BUSTHUS Ha UCC/elyeMbli
TIPOLIeCC OT COBOKYITHOTO B/IMSIHUSI Ma/I03HAUMTE/IbHBIX uepT. «CKyCcCTBO ObITh MyZApPBIM COCTOUT B
YMEHUH 3HaTh, Ha UTO He cjenyeT obparatk BHUMaHus» (Y. [keiimc). VicTriHa He MOXKeT OBbITh
CJIOYKHOM /17151 TIOHUMaHUsI — B IPOTUBHOM CJTy4yae He MOXKeT OBITh /laXke yCTaHOBJIEHO, UTO eCThb
ucThHA. Pa3yMHbIN ypOBeHb aOCTPAKTHOCTH TTO3BOJIUT AOOUTHCS yCIiexa MpH UCC/IeI0BaHUU aKe
OYeHb CJIOXKHBIX SIBJIEHUH.

Cka3zaHHOe B TIpe/ibiIyIIieM a03alle He 03HauaeT, YTO MCC/Iel0BaHHe MaTeMaTHueCKIX Moiesieit
TI03BOJISIET TOJIBKO OMUCAaTh Y HAIVISIAHO OTOOpa3uTh sIB/IeHHs], KaK 3TO Jie/lal0T MeTO/bI
omcaTebHOM cTatucTUKU. HaoboporT, ncciefoBaHie KOPPEKTHO COCTaB/IEHHBIX MO/iesieid
TI03BOJISIET BBISIBUTH COBEPIIIEHHO HOBBIE, UaCTO HETO/IatoIecs PSIMOMY MCC/Ie[JOBaHUIO B
9KCTIepUMeHTe, XapaKTePUCTUKU SIBJIEHWM, TOTIOHSIS U laXke MHOT/Ia YaCTUYHO 3aMeHsisI
JKCIepUMeHTa/IbHbIe MeTO/[bI CC/IeIOBaHUM, U TIOPOAUTH HOBbIe HEOXKU/JaHHbIe HIEeU.

B MaremaTrueckoM MoJie/TMPOBAHMH, KOT/Ia MO/Ie/Tb 3alicaHa B BUZIe CUCTEMbI 0OBLIKHOBEHHBIX
mvddepeHIMaIbHBIX YpaBHEHUM, MCKOMasi (DYHKI[MsI y YaCTO Ha3bIBaeTCsl BBIXOJJOM MOJIe/U B
MIPOTHUBOIO/IOKHOCTb TOMY, UTO ee SKCTiepUMeHTabHbIM «aHa0r» Ha3bIBaeTCsl BLIXOAOM
JKCrepyuMeHTa. BbIXo Mo/iesii B MaTeMaTHueCKOM MO/IeTMPOBaHUM MOJKeT TaK)Ke TIPe/ICTaB/IsTh
co0oli Ty WM MHYI0, B TOM UHC/Ie HEJTMHEHHY10, KOMOMHAIIUIO BCEX U/TM HEKOTOPBIX U3 S
KOMTIOHEHT (DyHKLIUHM y MO0 TOJIBKO HabJIr0laeMy o 4acTb KOMIIOHEHT BeKTOPHOM (QYHKIMU Y, eC/TU
TI0 YCJIOBUSIM 3KCITEPUMEHTA Hab/TFo/ieHe BCeX KOMITOHEHT 3aTPYAHUTETBHO.
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[lanyM HeCKoJIbKO Ompe/iesieHnH, KOTOpble MOTYT IIPUTOAUTHCS [PU MaTeMaThuyeCKOM
MO/Ie/TMPOBAHUU U UCC/IeZIOBAaHWY MaTeMaThueCKUX Mo/iesield, B TOM UKrcJie Ha Tpe/ie/IbHbIX
(KpUTHYeCKUX) pe)KUMax.

[leTepMyUHUpPOBaHHasi CICTeMa — TakKasi CUCTeMa, [ijisi KOTOPO# CyIIleCTByeT MpaBuo B BU/e
mddepeHIManbHBIX WIKM Pa3HOCTHBIX YpaBHEHUH, ompefienisitoliiee ee Oyzyiiee rIoBe/ieHUe, UCXOAS
13 3a/]JaHHBIX Haya/IbHbIX yC/10BUH. [IpOTHBOMOMOKHOCTBIO /eTePMUHUPOBAHHOM CUCTEMBI
SIBJISIETCSI CUCTeMa BepOsITHOCTHasI (CTaTUCTUYeCKast).

BbI160p a/ieKBaTHOM MaTeMaTHueCKOH Moienu (IeTepMUHUPOBAHHOW WA BEPOSTHOCTHOM) MOXKET
OBbITh C/le/laH Ha OCHOBe WH(MOPMAI[MOHHOTO aHa/TH3a W3yuyaeMou (pU3nueCcKol CUCTEMBI.
[MToreHIMaBHOM Ha3bIBaeTCs CUIa, paboTa KOTOPOH 3aBUCHUT TOJILKO OT HAaYa/IbHOTO M KOHEYHOTO
TI0JI0)KEHUS TOUKHU ee TIPUJIOKEHHUSI ¥ He 3aBUCUT OT BU/la TPAEKTOPUU Y 3aKOHA JBHKEHUS TOUKH.
['aMUIBTOHOB TIOJX0/] K OMMCAHKIO0 JUHAMUKY (PM3UUYeCKHUX CUCTeM OCHOBAaH Ha cucTeMe
00BLIKHOBEHHBIX AU hepeHIaTbHbIX YPaBHEHUH

g, =0H /dp,, p, =0H / 8q,,i =1,2,...,n,

I7le TOUKa O3Ha4yaeT MOJIHYH0 MTPOM3BOJHYIO 110 BpEMEHH,

L p,i=12,..n
@i> Pi>t =h%Th _ coorBeTCTBEHHO, 0G0GLIEHHBIE KOOPAMHATH X 0G0BIIEHHbIe HUMIYJIbChI, UX
COBOKYTTHOCTb Ha3bIBaeTCsl KAHOHMUECKMUMH TIepeMeHHbIMH,
N — YKC/Io cTerneHel cBOOOABI (UMC/I0 He3aBUCUMBIX 0000IIIeHHBIX KOOPHUHAT),
H = H(q,p)- ¢dyskuus ['amuibroHa (raMU/IbTOHUAH), XapaKTepu3ytolijas (pr3rueckoe COCTOsSTHUE
CUCTEMBI.
t =t

3ajiaua peliaeTcsi C HauUaIbHBIMU yCJIOBUSIMU TIPH 0

— .0 — 0
pi(ty) =pi»q,(t) =q;.
Ecnu cucremMa aBTOHOMHA U [IeMCTBYIOIIME CHJIBI TIOTEHL[UA/TBHbI, TaMU/IBTOHUAH SIBJISIETCS TIOTHOU
3Heprvel CUCTeMbl, BLIpaXKeHHOW yepe3 KaHOHUUEeCKHe TlepeMeHHbIe.

Perienue HpE,[[CTElBJIEHHOﬁ BBbIIIE€ CUCTEeMBI MO>XHO IIPpEACTABUTE KdK ABM>XKE€HHE TOUYKU B 2n_

MepHOM rpocTpaHcTse ¢ koopauHatamu ¢ u P . Takoe npocTpaHCTBO Ha3biBaeTCs (ha3oBbIM, €T0
TOYKH — (Da30BBIMU TOUKAMU, a TPA€KTOPHU ABWKeHUs (ha30BbIX TOUeK — (ha30BBLIMU TPAEKTOPUSIMU
(azoBbiMU KpuBBIMU). COBOKYITHOCTh (pa30BbIX KPUBBIX Ha3bIBaIOT ITOTOKOM.

KoHcepBaTuBHasi crcTeMa — CUCTeMa, ZIJis KOTOPOU MMeeT MeCTO 3aKOH COXPaHeHUsI SHepruHu.
[pyrue 3aK0HBI COXpaHeHUs (HarpuMep, KOJTMUeCTBa JBMKEeHUsT), MOTYT He coOsmtonaTbest. [st
KOHCepBaTUBHOM CUCTEeMBbI 3/ieMeHT (Da30BOT0 MPOCTPAHCTBA U3MeHsieT OpPMY, HO COXpaHsIeT
o6beM. [IprMepomM KOHCepBaTUBHOU CUCTeMBI siBysieTcs CosTHeuHast CucTeMa.

[nst ['aMUTBTOHOBBIX CHCTEM TpaeKTOpru B (ha30BOM MTPOCTPAHCTBe He TiepeCceKaroTCsl.
['aMU/ITOHOBBI CUCTEMBI KOHCEPBATHUBHBI. BOMBITMHCTBO M3yUaeMbIX CUCTEM He SIBJISTFOTCS
['aMUTBTOHOBBIMU.

[uccumnatyBHas CUCTeMa — CUCTeMa, ITOJIHasi MeXxaHudecKast SHeprysi KOTOpoi (KMHeTHuUeCKasi TUTFC
TIOTeHIIMa/IbHast) TP IBM)KEHUH YObIBaeT (paccenBaeTCsi), Iepexo/is B ipyre (hOpMbl SHEPTHH,
HarpuMep, B SHEPTUIO TETVIOBOTO XaOTUUECKOTO JIBIXKeHUsT MosieKy/. K AuccumnaTiBHBIM cCCTeMam
OTHOCHTCS OOJTBIIIMHCTBO U3yYaeMbIX cucTeM. [IpyuMepaMu IMCCUMIAaTUBHBIX CUCTEM SIBJISTFOTCS
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MeXaHUUeCKHe CUCTeMBI C TPeHHEM, JBIKeHHUe BS3KUX >KUAKOCTel. [I/isi TUCCUTIaTUBHOM CHUCTEeMBI
o0beM 371eMeHTa (Pa30BOro MPOCTPAaHCTBA COKpaiaeTcs (ha30BbIi 37IEMEHT CKMUMAETCS) C
TeueHreM BpeMmeHU. CokpailjeHHe (a30Boro oobema rpuBoJUT K TOMY, UTO TIpU t — o, T7ie t —
rapameTp (BpeMmsi), BCe pellieHHs AUCCUTIaTUBHON CUCTeMbI OYZ[yT CTATUBATLCS K HEKOTOPOMY
TIOZIMHOKECTBY (Pa30BOr0 TIPOCTPAHCTBA, HA3bIBAEMOMY aTTPAKTOPOM.

HekoHcepBaTHBHasI CUCTEMa MOYKET He ObITh IMCCUITaTUBHOMW, eC/IU B Hell paccesiHie SHeprun
KOMTIEHCHPYeTCsl TIPUTOKOM HEePTyu U3BHe, XOTSl MHOTHEe aBTOPhI He [Ie/Ial0T TaKUX TOHKUX
oT/inuui. Tak, B O[HOM JINTepaTypPHOM MCTOUHHKE YTBEP)KJAeTCsl, UTO B IMCCUIIAaTUBHOMN CUCTeMe
Tiepexof, K XaoCy BO3MO)KeH SIKOObI TOJTBKO TIPY BHeLITHeM BO30y KAeHuH (TTOJjBOZie SHepTryu B
OTKPBITYHO0 CUCTEMY U3BHE).

25.2.2. OCHOBHbI€ npeanosnoXxeHusa

BBezieM npe/iriosnioykeHNst OTHOCUTEIbHO CBOMCTB MCC/IelyeMOM CUCTeMbl JuddepeHMaabHbIX
yPaBHeHUH, MIO3BOJISIIOLLME HAaJesIThCSl, UTO IPUMEHEeHHe PACCMOTPEHHBIX METO/I0B JacT
TIpUeMJIeMbIN pe3yJbTar.

OCHOBHOe TIpe/iNo/ioyKeHre OTHOCUTe/IbHO (DYHKLIMH f(X,y) COCTOUT B TOM, UTO OHA yZOBIeTBOPSIET
yca0BUrO JIumnmmia

||f(x5yl)- f(xayz)” SL”yl )
rae L — KoHCTaHTa JIuminuiia,
x€la,b]

3

AJ1d BCexX 3HAYEHUM u,B 06H_[eM Cj1y4dae, BCeX COOTBETCTBYIOLMX KOMIIOHEHT BEKTOPOB Vi

u2.

KoHcTaHTa Jlvmniuija urpaet BaKHYIO POJib B TEOPUM UHC/IEHHBIX METOZIOB, B UaCTHOCTH, TIPU
WCCIIeIOBaHUY UX YUCTIEHHOW YCTOMUMBOCTH, Y MOXKET OBITh BBIUMC/IEHA KaK

L= [lof oy,

B UeM HEeTPY/IHO 3aMeTHUTh HOPMY MaTpHILIbI SIKoOu.

[Tpu BeIBOZIe METO/IOB pellieHtsl, OCHOBAHHBIX Ha pa3/ioykeHWH B psifi Telisopa, mpeArosiaraeTcs
Hazyiexkatias auddepeniypyemMocTs y. ITpy 3ToM TOBOPST, UTO GYHKIMSA Y T0/DKHA 00/1aZiaTh TOU
CTereHbI0 I7IaIKOCTH, KOTopasi TpeOyeTcsi B KOHKPeTHOM YacTHOM ciaydae. [Ipobsiema MoxkeT
BO3HUKHYTb, €C/I UCKOMbIe (DYHKI[MM UMEIOT pa3phiB. KpoMe TOro, pa3pbiB MOTYT UMETh MpaBble
yactu guddepeHMaNbHbIX ypaBHeHUN. Takasi cUTyalusi MO>KeT ObITh 00yc/ioB/IeHa
KOHCTPYKTHBHBIMH 0COOEHHOCTSIMUA MOZETUPYeMoi (hHU3UUeCKOM CUCTEMBI.

HamoMHuM, uto TouKoi pa3pbiBa (0c000# TOUKOM) hYHKIMM Ha3bIBAaeTCS TaKasi TOUKA, B KOTOPOU
(dyHKIIMS He ABsieTCsl HerpepbIBHOM. Touka pa3pbiBa Oyzer 1 pozia, eciiv CyIeCTBYIOT Mpe/iebl

lim f(x)=f(x,+0) lim f(x)=/(x,- 0)
x— xy+0 U x—xy-0 .

BenuuuHa f(xo+ 0) — f(xo — 0) Ha3bIBaeTCsi CKaukoM (YHKIIUU.

Touka pa3pbiBa OyzeT 2 poza, ecyiv GyHKIUS OTipeZiesieHa B OKPeCTHOCTH 0Cc000i TOUKH 3a
HCK/TFOUeHHeM, ObITh MOXKET, CAMOM TOUKH. Tak>ke OfIUH U3 paCCMOTPEHHBIX BIIIIE MPe/eI0B He
CyILIeCTBYeT.
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Pa3peiB 1 pozia B npaBbIx yacTsax AuddepeHLManbHbIX YpPaBHEHUM MTPeo0eBaeTCsl YUC/IeHHBIM
aJrOpuTMOM 06e3 Kakoi—11b0 MoJiepHU3AL[UH arOpUTMa.

25.2.3. YCTONYNBOCTb

[TpumenuTenbHO K ArddepeHIMaTbHBIM YPaBHEHHSIM pPa3/IMuaoT UMC/IeHHY0 YCTOMYMBOCTh
METOZIOB pellleHusl U YCTOWYMBOCTb CUCTeMbI AuddepeHLIMaNbHbIX YpaBHeHUH. Pa3nnuator
YCTOWUMBOCTb MeTO/la U yCTOWUMBOCTb YPaBHEHMH KaK MaTeMaThueCKOM MO/je/Ti HEKOTOPOro
(hr31uUeCcKoro siBjIeHUs], IPUYEM B MTOCTIEeJHEM C/lyyae HEyCTOMYMBOCTb YpaBHEHUH NIPSIMO O3HAuaeT
HEeyCTOMUMBOCTb MO/Ie/IMpyeMoro (hu3nveckoro siBieHus1. [Ipu cxofcTBe METOI0B aHaIu3a
YCTOMUMBOCTH B TOM U B [[PyTOM CMbICJ/Ie COBEPILIEHHO pa3/iMuatoTcst 00beKThl, K KOTOPbIM
IIPUMeHs1eTCs JaHHbIN aHa/In3.

AHanmm3y yCTOMUMBOCTA METOZOB MOCBSIIEH 3HAYNTE/TLHBINA 00beM UCTOUHUKOB T10 YUCT€HHBIM
MeToziaM pelleHus fjuddepeHMaIbHbIX ypaBHeHUN. bosee Toro, onyicaHye BHOBb BBe/IEHHOTO
MeTOZia IPUHSTO COMPOBOXK/aTh aHaIM30M €r0 YCTOMUMBOCTH. AHa/IM3 yCTOMUMBOCTH MeToza
CBOJUTCS K U3yUeHHIO I7100ambHOM OMMOKY pelleH s, CK/Ia/IbIBAIOIIe sl U3 OLIMOKH yCeueHUs U
omM6ku pacripoctpaHeHust. Ha ocHoBe 3Toro aHanusa [jjisi pa3/IMYHbIX METOZI0B, €C/IU TOBOPUTh O
YKCIeHHBIX MeTOZlax pelleHusi 0ObIKHOBeHHBIX A dhepeHIanbHbIX yPaBHEHUH, BHIBOASTCS
peKOMeH/JalK 110 BEIOOPY MUHMMAJILHO AOMYCTUMOTO 11ara MHTerpUpOBaHus 100, B 0011jeM
CMBIC/Ie, UHTepBasa YCTOUUMBOCTH.

[lpyroe omnpefienieHre yCTOMUMBOIO a/IrOPUTMa MpOlLle: YCTOMUYMBBIM Ha3bIBAETCS aJlfTOPUTM, B
KOTOPOM He HAaKaIUIMBAIOTCs OMMOKNA OKPYI/IEHHSI.

25.2.3.1. XXecCTkune 3agauu

YcroliunBoe auddepeHipabHOe YpaBHEHUe Ha3bIBaeTCs KeCTKUM, eC/Id OHO UMeeT YaCTHOe
pellieHre B BU/le YObIBaroIeld SKCIIOHEHTBI, ITOCTOSTHHAsE BpeMEeHH KOTOPOTo OUeHb Majia Tio
CpPaBHEHUIO C JJIMHOW MHTepBajia, Ha KOTOPOM pa3bICKMBAaeTCs pellieHre. MareMaTHuecKu O
BBICOKOH >KECTKOCTH CUCTEMbI CBU/IETEILCTBYET O0JIbIIIOe 3HAYeHHe KOHCTAaHThI JIummmIja.
Ectb u apyroii nokasarenb. CornacHo JIambepty, 3aaua Koliy 1711 yCTOMUHUBOM CHCTEMBI
Ha3bIBaeTCsl )KeCTKOM, eC/IU JIOKa/IbHBIN KO3 UIIMEHT KeCTKOCTH 3a[jauu

S(x) = max Re(-4)/ min Re(-4)>>1 ’

A,i=L2,....n
e — cobCTBeHHBIe 3HAUeHHsT MaTPHUILIbI SIKOOH CHCTEMBI.

2KecTkoli cunTaeTcst crcteMa yxke rpu 3HaueHuM S(x) = 10, XOTs Ha IPAKTUKe MOTYT BCTPeYaThCsi
3HaueHus 10 S(x) = 10°.

JKecTkue cucTeMbl TPYAHBI AJIs pellieHus], TprudYeM 3T TIpo6sieMa YHMCTO BBIUMCIUTe/IbHAs, He
OTpaykarolllasi KaKUX—TO 0COOBIX CBONCTB MO/le/IipyeMoit pusrueckoli cructembl. JKecTKue 3a/jauut
PeIIaoTCs C TIOMOLIBIO CIelanbHO Pa3paboTaHHBIX METO/[OB.

@ o @ Copyright © 2017 Igor Gaidyshev



@ The ME.com

25.2.3.2. YCTONYNBOCTb peLleHuns

YCTOWUYMBOCTD pellieHUs: CUCTeMbl JuddepeHIa/IbHbIX YpaBHEHUM COOTBETCTBYET YCTOMUMBOCTH
JIBYDKEHUS] MOJle/TMpyeMoii pusuueckoi crctembl. OnrcbiBaeMoe cucteMoi AuddepeHiianbHbIX
ypaBHeHUH ABM>KeHHe (107 KOTOPbIM MOXXHO TIOHUMATh JIF000M M3MeHSTFOIIUNACS TTPOLiecC)
Ha3bIBAeTCS YCTOWYMBLIM aCUMIITOTUYECKH, €C/TH I0CTaTOUYHO MajlbiM BO3MYIL[eHUsIM OyzeT
COOTBETCTBOBAaTh Harepe/ 3a/jaHHasi MaJloCTh BO3MYILIEHHOTO /IBWKeHUs. [I/1s1 yCTOMYMBOTrO
JIBIDKEHUS] UMeeT MeCTO TaK)Ke CTpeMJIeHHe aMIUIMTY/[bl TOr0 BO3MYILIEHHOTO JBW)KEHUS K HYJTIO
TIPU HEOTPAHUUEHHOM POCTe BpeMeHH.

[TpakTHyecku HeyCTOHUKBOe MoBejeHHe (hH3MUYeCcKO CUCTeMBbI BeZleT K ee pa3pylleHHI0, K BBIXOAY
13 UHTepBasia JOMyCTUMBIX 3KCIUTyaTal[dOHHBIX ITapaMeTpoB /MO0 (B cydae ¢pusnuecKon
CHCTeMbl, OITMCHIBAEMOI CHCTEMOI HelTMHeHHbIX AudQepeHLIManbHbIX YpaBHEHHH) K Xa0Cy
(becriopsiIKy, HEPeTy/IsPHOCTH) TOTO WUJIW MHOTO THIIA. «... MajieHbKast OLIMOKa B Hauasie MO>KeT
craTb O0sbION B KoHLe» (Poma AkBrHCKHIA). Kputeprem nepexo/ia perysisipHON OpraHi30BaHHOMN
CTPYKTYPbI K Xa0Cy MOXXET CJIY>KUTb YCTOMUMBOCTb CTPYKTYP MO OTHOLLEHUIO K MajbiM
BO3MyIleHUsIM. EC/iv Takast yCTOMUMBOCTb OTCYTCTBYET, ZleTePMUHUPOBAHHOE OMKCaHue CTPYKTYP
TepsieT CMbIC/I, U HeOOXOJUMO UCII0J/Ib30BaTh CTAaTUCTUYECKHE METO/IbI.

Yacro a/151 aHanM3a MoBejeHrs1 00beKTa WK SIBJIEHUS], OMTUCHIBAEMOT0 CUCTEMOM
mddepeHIManbHBIX YpaBHeHUH, Heobsi3aTeTbHO pelliaTh 3Ty cucteMy. Ecim nccienoBarerns,
Harpumep, UHTepeCyloT 3HauUeHHs HEKOTOPbIX NTapaMeTPOB CUCTEMbI WM Haya/IbHBIX YCI0BUM
3a/lau, OTIpeJIesISFOINX, OyyT I B CCTeMe 3aTyXaTh BO3MYILeHUs], UId Ha000POT, Masible
BO3MYII[eHHs OyyT MPUBOJUTH K HAPACTAHUIO aMIUIATY/bl BOMYIIIEHHOTO JIBVKEHHS], 3HAUUT,
WICC/Ie[I0BaTeI0 HY)KHO MCC/Ie[loBaTh YCTOMUYMBOCTh CUCTEMbI (MHTETPUPOBAaTh CUCTEMY
mddepeHIMaNbHBIX YpaBHEHUH HET HeOOXOAUMOCTH).

25.2.4. YUucneHHoe pewweHue guhcepeHymnanbHbIX YpaBHEHUN

Ecnu perraeTcst ypaBHeHHe TIOpsiJjKa BbIllle TIEPBOT0, KOMYeCTBO HaYa/bHBIX YC/IOBUH OyZieT paBHO
TOPSIKY YPaBHEHUs, T. K. HaYa/IbHbIe YC/I0BHSI HAaK/1a/IbIBAIOTCS KaK Ha (DYHKLIMIO Y, TaK U Ha BCe ee
npou3BogHble. CKazaHHOe eCTeCTBeHHO 000011jaeTcsi M Ha CUCTeMY YpPaBHEHUH.

Cpeau umMC/IeHHBIX METO/I0B Haubosiee yroTpeOUTebHbI pa3HOCTHBIE METO/[bI, TpeOytolie J1s
CBO€ro (PyHKIJMOHMPOBAHKS 3HAHUS 3HaueHUH (PyHKLIMY B HECKOJIBKMX T10C/Ie/l0BaTeIbHbIX TOUKaX
(MHOTOIIIarOBLIE METO/IbI), U OJJHOIIIArOBbIe MeTO/IbI (HaripuMep, MeTos, PyHre—KyTTa), Tpebytoiiue
3HaHMS 3HaYeHUs1 PyHKLMU TOJBKO B OHOW TpeAblAyILeli Touke. 1 y OHOIIAroBbIX, U Y
MHOTOILIATOBBbIX METOZI0B €CTh CBOU JJOCTOMHCTBA M HEJIOCTAaTKH, [epeurcIeHHbIe IPU UX
OTMCaHUH.

Bce paccMoTpeHHbIe uncieHHbIe MeTO/bI SIBJISIFOTCS JMCKPETHBIMH, T. €. C MX NTOMOILbIO UILeTCS
1I0CJIe/I0BaTe/IbHOCTb 3HAUeHUM MCKOMOM (yHKLMM y B N 3a/JlaHHBIX TOUKaXx

Vv, =y(x,),

rﬂe xn+l

h, >0

=x,+h,,n=0L..,N-1Lx, =a,x, =b
n " n — 3aJJaHHOe MHOKECTBO TOUEK HHTErPUPOBaHMUS,

— IIar CeTkKu.
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Yarrie Bcero paccMaTpuBaeTcst cydai h, =h , [7le h — IoCTosIHHAs BeJIMUMHa.

CnenyeT OT/IMUaTh LIATr CETKU pellleHus] OT 111ara BbIBOZA PeIlleHus, T. €. 111ara, C KOTOPbIM pellleHre
JOJDKHO BBIBOAUTHCS. XOTsI 3TH BeJIMUMHBI MOTYT COBIIa/IaTh, B 00II[eM C/iydae OHH Pa3/HuHBbI,
TipUyeM BTOpast HAMHOTO (BO3MOYKHO, Ha TOPSIZIKM) MOKeT TIPeBOCXO/IUTh MepBy0. Y100HO, UTOOBI
JlAHHBIE BeJTMYMHBI ObUTM KPaTHBIMU [/l TapaHTHU OT TIOTyYeHUsl Ype3MepPHO Masioro 3HaUeHUs
I11ara CeTKY B KOHILle UHTepBasia. OTO CIIpaBeJIMBO [l BCeX MeTO/[0B, 0COOEHHO /s MeTO/|0B C
aBTOMaTH4eCKHUM BbIOOPOM [JIMHBI 111ara, TIPY BHI30Be KOTOPBIX KaK Haua/bHBIM 1LIar pelieHusl, Tak
Y MUHMMaJIbHBIN 11ar JO/DKHBI ObITH KpaTHBI I1ary BbiBofa. Hanbomee pacripocTpaHeHHbIe CXeMbl
perieHust 0OBIKHOBEHHBIX v depeHLIMaNbHBIX YPaBHeHH 6e3 TToTepy 00IIHOCTH PacCCMOTPUM Ha
TIpUMepe pelieHus 0fHOro v depeHMaTbHOTO YPaBHEHMS.

25.2.4.1. OgHolarosble MeToAb!

X
PertieHyie 0OLIKHOBEHHOTO ,Z[I/ICI)CI)EPGHL[I/I&UILHOFO YPaBHEHMS B TOUKE n+l , €CJIM OHO U3BEeCTHO B

Touke ", Ha OCHOBe pas/iokeHus B psig, Teilopa uiercs o Gopmyiie
y(‘xn+1) :y(xn) + hA(xn 5yn 7h)7
rae

) hk—l
A(xn aynah) 227.);(1{) (X)
k= . .

v X
Ecnu 6eckoHeuHbIH PS4 060pBaTI: Ha HEKOTOPOM 4MCJIe YJIEHOB U TOYHO€ 3Ha4YeHHne y( ”)

3dMEeHUTHb HpI/I6JII/I)KEHHLIM 3HAUYEeHHEeM y” y l'IOJ'IyLII/ITCH Cl)OpMyJ'Ia,
yn+l :yn + h(p(Xn,yn,h),
rae

h B P hk-l 1)
¢(~X’ya ) _Z k' f (‘xn’yn)9
k=l .

rJie p — CTelleHb MeTo/a PelleHus!.

Cuuraetcs (BO3MOXHO, UTO 3TO YTBEPKJEHUE He SIBSeTCS OJHO3HAUHO BEPHBIM), UTO (POPMYJIBI
OoJsiee BBICOKUX CTereHel IaloT He TObKO Oosiee BHICOKYIO TOUHOCTb, HO U YMEHBIIIAl0T
KOJTMYEeCTBO BBIYMC/TUTETLHON paboThl, T. K. IOMyCKatoT Oo/bliiie BeTMUnHbI mara. [1pu p = 1
VIMeeM M3BeCTHBIM MeTo/, Juepa.

C 1en1bl0 UCKITIOUEHUS] IPOU3BOHBIX U3 (POPMYJIbI /IS () TIPU TOCTPOEHHH METOZI0B CO CTENEeHSIMU
p > 1 Pynre, XouH 1 KyTTa npejjoXuim npouecc «rnoAroHKu» psfoB Teinopa BeIpa)keHUsIMU, B
o0I111eM cTyuae UMERIIUMU BU/

@(x,y,h) =) c k,,
=1

rae m — KOJIM4eCTBO 3TAllOB pelIeHHs.
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B Ha3BaHMM KOHKPETHOTO MeTo/ia PUrypypyeT Kak YKC/I0 3TaroB, O3Havarollee KoJInyecTBO
BbIUMC/IEHUM NIPABOM YaCTH, TaK U CTeNeHb MeTO/|a, O3Hauarolllee YnC/o yaep>KUBaeMbIX 4IeHOB
pas3noXKeHUsl ¥ XapaKTepy3yoLLero TeopeTHuyecKyro TOUHOCTh MeToza. [si crenenu p > 4 B
HMCTOUHHMKAX M0Ka3aHo, YTO KOJIMYeCTBO 3TArloB m > p.

B ncToyHMKax Bce 0fjHOLIAroBble METOAbI YaCTO TPA/JULIMOHHO Ha3bIBalOT MeTogamu PyHre—Kyrra.

25.2.4.1.1. fIBHbIe cXeMbl

[TycTb KO3 pULIMeHTbI, BXOAALIME B TIPeAbIAYILYIO (OPMY/TY, BBIUACSIOTCS Kak

r-1
k, =f(x,»),k =f(x+ah,y+ hZ B, k), r =2,3,..,m,
s=

B

rae %> P.._ koHcTaHTHL

HanHasi popmysia onpesiesnsieT oOIIM BU, TaK Ha3bIBaeMbIX SIBHBIX CXeM OJJHOIIIAarOBbIX MeTO/IOB.
[Tozpo6OHBI BEIBOZ, TPOMO3/I0K U 3[1eCh He TTPUBOJUTCSI.

OcHOBHOe NpUMeHeHMe sIBHble CXeMbl HaXOJAT IIPU pelLlieHuy HeXXeCTKUX cucteM. I1pescraBieHbl
Metoz, Pynre—Kytra 1 Mmetozs! MepcoHa.

25.2.4.1.2. HesiBHble cXeMbl

17151 HeSIBHBIX CXeM OT/IMUMe OT SIBHBIX CXeM B BBIUMC/IEHUH KO3 ULIMEeHTOB, BXOASIMX B 00IIyI0
(hopMysny OjHOLIArOBLIX METO/OB, C/Ieflytolee

k. =f(x+ahy+ hZ B, k).r =13,....m,
s=l

a.p

rae ' — KOHCTaHTHI.
HesiBHbIe MeTO/IbI ODMEHTHPOBAHbBI HA pellleHHe KeCTKUX cucteM. OHM [1at0T XOPOLLKe pe3y/bTaThl
Y J1J151 HE)KeCTKUX CUCTeM, HO T10 BpeMeHH cueTa MPeBOCXOJMAT UX.

[Ipepcrasnen metos Xammepa—XoJ/IJIMHICYyOpTa.

25.2.4.1.3. MeTop PyHre—-KyTtTta

PacueTHble (popmyIibl 7151 CXeMbl Kiaccuueckoro Metoza PyHnre—KyTTa nMerot BU/,
Vuu =Y, +(ky + 2k, +2k; +k,) /6,

rae

k, =hf(x,,»,),

ky =hf(x, +h/2,y, +k/2),

ky =hf(x, +h/2,y, +k,/2),

k, =hf(x, +h,y, +k;).

Hawnyummii mpyem rpoBepKy TOYHOCTH PellieHHsI COCTOUT B TOM, UTOOBI 110C/Ie OKOHYAHHS
peliieHUs 3a7iaui MeTo/joM PyHre—KyTTa yMeHbIIUTS I1ar peiiieHus h B 2 pa3a U MPOBECTH pellleHue
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C HOBBIM 1L1arom. Ec/i He3HaUUTeTbHOCTb Pa3HULbl MeXXY ABYMsI pelleHUsIMU yCTparBaeT
WCCIie[ioBaTesisi, MOXKHO Y/JIOB/IETBOPUTHLCS PellieHreM C TiepBOHauaIbHbIM I1aroM. B mpoTuBHOM
C/lydae aqrOpyuTM YMeHbIIIeHUs 111ara pelleHusi cyieZlyeT OBTOPUTh.

Knaccrnueckuii Metos PyHre—KyTTa MoXKeT paccMaTpuUBaThCsl, Kak 000011ieHre Ha
mvddepeHiMaibHble ypaBHeHUS KBa/ipaTypHOU GopMysibl CUMIICOHA, MpejHa3HauYeHHOU 17151
YMCJIEHHOTO BBIYUC/IEHUST OTIpe/le/IeHHbIX UHTerpasioB.

25.2.4.1.4. MeTtoabl MepcoHa

PaccmarpuBaeMble fjanee (hopMy/ibl TIOJTyueHbl HA OCHOBE UJled, UTO eC/Id CXeMa pellleHus

MG depeHIMaTBHOTO YpaBHEHUS Hapsy C TpupaltieHreM QyHKIMKU OyZieT Cofiep>KaTh HEKOTOPOe
nipubsKeHre 6osee BBICOKOTO TIOPSiIKA, TIOC/Ie[Hee MOYKHO MCIT0/Ib30BaTh JI/Is yIpaB/IeHuUs
TOTPeLIHOCTBIO PelleHus U IJTMHOM 111ara UHTerpUpOBaHUSI.

Co3naHHasi MepcoHOM OpyrvHajbHast MoAuduKalys Metosa PyHre—KyTTa npejoctassieT
BO3MO)KHOCTb aBTOMATHUeCKOTO BbIOOpA I11ara h /iis JOCTWKeHHs 3aZJaHHOM TOUHOCTHU PeleHHsl.
Metoj MepcoHa (KyTtei-MepcoHa, PyHre—KyTtra—MepcoHa), SIB/ISIOIIMICS NSTUITaTHBIM
METO/IOM TIOpsi/iKa 4, aeT OI|eHKY MOTPEeIIHOCTU PellleHus B 0011eM cityuae (T. e. /1Sl HeJTMHeHHbBIX
ypaBHEHMIT) CBepXy, UTO TIO3BOJISIeT YIIPAB/ISATh [IaroM CeTKU pellieHus], 1001Basick TOUHOCTH, He
Xy>Ke 3ajlaHHoN. PopMysibl TepBOTO BapuaHTa MeTozia MepcoHa MOTYT ObITh Mpe/ICTaB/Ie€HbI B BUIE:

yn+l :yn+yl’

rae
y, =k, 16+2k,/3+k, /6,
ky =hf(x,.y,),

k, =hf(x, +h/3,y, +k, /3),

ky =hf(x,+h/3,y, +k /6+k,/0),

k, =hf(x, +h/2,y, +k /8+3k,/8),

ks =hf(x, +h,y, +k /2-3k,/2+2k),).

Kpome Toro, mofcuuThiBaeTCst

v, =k, /2-3k;/2+2k,,

TI0CJIe Yero MPOU3BOJUTCS BIUNC/IEHUE Be/TMUHHBI
£ =y -y
KOTOpas CPaBHUBAETCsI C 3aJaHHOM abCOIIOTHOM rorperHocTeio € . Ecim € = € | miar
WHTErpYpOBaHUsI YMEHbBIIIAeTCs BBOe 1 BbIUKMC/IEHHEe TIOBTOPSIETCS C MPe/IbIAYIei TOUKH.
HepnocraTkom noaxopa siB/isieTCs TO, UTO He TIPeJlyCMOTPeHO yBe/IMueHue 11ara MHTerprpoBaHus
TIPY TIOTyYeHUH «CJIMIIKOM MaJiok» TMOTPeIHoCTA. DTO UHOT/Ia BeJieT K Oosiee Me/i/ieHHOU paboTe
aJrOpUTMa, YeM MOTJIO Obl OBbITh, ICXO/IS1 M3 3a/IaHHOM TIOTPEIITHOCTH.

dopMysibl BTOPOro BapuaHTa MeToZja MepcoHa, mpeJycMaTpyBarollye yBeJnyeHre JJIMHbI 1ara
VHTEerpUpOBaHUs B C/lyuae «CJIUIIKOM Majioi» BBIUKMCIEHHOM MOTPeITHOCTH, UMEIOT BUJL:
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yn+l :yn +(k1 +4k4 +k5)/29
e
ky =hf(x,,»,)/3,
kZ :hf(xn +h/37yn +k1)/37
ky =hf(x, +h/3,y, +k /2+k,/2)/3,
k, =hf(x, +h/2,y, +3k /8+9%,/8)/3,
ks =hf(x, +h,y, +3k /2- 9%, /2+6k,)/3.
[lar pemeHust BEIOWPAeTCs aBTOMaTHYeCKH B 3aBUCUMOCTH OT OLIeHKH abCO/TFOTHOM MOTPeIHOCTH
pelieHusi, 1aHHOU hopmysioi
e =(k - 9%, /2+4k, - ks/2)/5.
Bo3MOXHBI TpU Ci1yuas:
* Euwm € > € TOUHOCTb Hey/OB/IeTBOPUTE/IbHAS, Il YMEHbIIIAeTCs B 2 Pasa, U BLIUHC/IEHHEe
TIOBTOPSIETCSI C HOBBIM, YMEHBIIIEHHbIM, I11aroM.
« Ecm € =€/32  1ounoCTh upe3MepHO BBICOKA, LIAT JOJDKEH ObITh YBe/IHUeH B 2 pa3a, i
BBIUKC/IEHHE TTPO/[0/KAeTCs C HOBBIM, YBEJTMUEHHBIM, 1I1arOM.
« Ecm €/32<€ <& 1oynocTb B 3aaHHBIX [pe/ie/ax, LIar BEIGPaH (HACTPOEH) BEpHO, 1

BbIUKCJIEHHUE MPOJ0J/DKAETCS C TEKYLHUM «TIPaBU/IbHBIM» I11arOM.
B Hacrosiiiee Bpemsi nonysisipeH Apyro MeTo/, pelleHrs C KOHTPOJIeM MOrPelHOCTH —
11eCTUATAIHBIA MeTo/, 4 Tiopsiika depbepra.

25.2.4.1.5. MeTtog Xammepa-XossiMHrcyopTta

PaccmoTpuM AByXSTanHbId HeIBHBIM MeToZ 4 mopsiika XaMmepa—XOo/UIMHrCyopTa (XamMmmepa—
XOJ/JTMHT CBOPTA):

yn+1 :yn + (kl +k2)/25

rae

k, =hf(x, +(1/2- 3/6)h,y, +k, 14+(1/4- \[3/6)k,),

ky =hf(x, +(1/2+~3/6)h, y, +(1/4+~/3/6)k, +k,/4).

[Be moceAHUX (OPMYIIbI OTIpe/e/IsIFOT UTePALIMOHHBIN TIPOLIeCC, /1/Is1 He)KeCTKUX YpaBHeHUM
CXOZSAIIANACSA 0UeHb OBICTPO.

17151 HeXKeCTKUX CHUCTeM MpeZiCTaB/IeHHbINA HesIBHBIM afroput™M He 3(pdeKTrBHee K1acChuecKoro
MeToza Pynre—Kyrra. OfHako B cilydae )KeCTKUX CHCTEM, T0 JaHHbIM JIUTepaTypbl, IBHbIE
OZIHOIIIarOBbIE€ METO/Ibl He paboTaroT BOOOIIIE, a C TIOMOIIbIO HESIBHBIX OZIHOILIArOBBIX METO/IOB
pellieHre TOIyYUTh UHOT/A YaeTcsl.

[pyrue yacto nprMeHsieMble HesiBHbIe MeToZbl: MeTo KyHiimaHa—byTuepa nopsizika 6 u 8, a Takxe
KOMOMHUPOBaHHbIe anroput™bl byTuepa (Baruepa) mopsizika 4 u 6.
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25.2.4.2. MHorowlarosble MeToAbl

MHoro1aroBsle MeTO/ibl, B OT/IMUMe OT PACCMOTPEHHBIX BbIllle OHOIIArOBbIX METO/0B, ONIePUPYIOT
3HaueHUSIMU (QYHKIMY B HEeCKOTBKUX TIPeAbIAYIIMX Toukax. Ob1mas ¢popmysnia TuHeRHOTro k—
111aroBOr0 MeTo,a UMeeT BUJ,

k k
Y+ =Zaiyn+l—i + hzﬂif;ﬁl—i

i=l i=0 y
rae o — Ko3puimeHThI repesi 3HaueHUsIMU (PYHKIWH,
B. — k03 uLIMeHTHI Tepe]] 3HaUeHUSIMH TIPAaBbIX UaCTel.

C NOMOLL[bF0 MHOI'OLLIATOBOT'0 MeTO/la HeJlb3s HauaTh pelleHus, T. K. /1 BBIUYUCIeHUs Vst JIOJDKHBI
ObITb M3BECTHBI BCE UM HEKOTOPbIe (B 3aBUCUMOCTH OT MeTO/d) BeJIMUUHEI

yn’yn-l""’yn-kﬂ’fn ’f;1-1’fn-k+1 .

BrIBatoT siBHBIE M HessBHbIe MHOI'OLLIArOBbIe MeTO/Abl. HeKoTopble MHOrOIIaroBble MeTo/bl
BKJTFOUAIOT B ce0sl JIBa I11ara: sIBHbIM, Ha3bIBa€MbIl TIPEAUKTOPOM, W HESIBHBIN (M/TM HECKOTBKO
HesIBHbIX ), Ha3bIBaeMblIii KODPEKTOPOM.

MHoro1iaroBbsle MeTO/bl TTOKa3aind CBOIO 3()(PEeKTUBHOCTD MPH PELLIeHUU KeCTKUX CUCTEM.

[Tpu By = 0 MeTof Ha3bIBaeTCs sIBHbIM. [IpeacTaBiieH MeTo Azamca.

Ecu By # 0, MeTof, OyzieT Ha3bIBaThCs HesIBHBIM. [1pesictaBieH Metof ['vipa 4 nopsizika.

25.2.4.2.1. MeTop, Apamca

®opmyna metoza Azamca 4 nopsiika UMeeT BU/,

Vs =Y, +h(55f, - 59f,., +37f,.,-9f,.5)/24.

B BapuaHTe npeMKTOp—KOpPPEKTOp AaHHasi (hopMysia JOTO/HSIeTCs BbIpaXkKeHueM
Vst =V, ¥hOf,0 ¥19f, - 5f0 + f,.2)/ 24,

25.2.4.2.2. MeToabl Npa

711 Harbosee TIPOCTBIX YACTHBIX C/TyYaeB pacCMaTpUBaeMbIi MeTo/ BBezieH KepTricom u
XwupiudensaepoMm (Iupiiidenbaepom). O6mmumii ciaydait paccmorpes I'up. Metoa I'npa 4 nopsiika
OTHOCUTCS K HESIBHBIM MHOTOLIIarOBBIM MeTO/jaM, UCII0/Ib3YIOIIUM U/et0 TaK Ha3bIBaeMOro
muddepeHIMpoBaHus Ha3aj,. [1is paccMaTpyBaeMoro ciyuasi popmysia UMeeT BUJ

25/12y,,,- 4y, +3y,., - 4/3y, _, +1/4y, . =hf ,,.

MeTozp! ['ipa MpUMeHsIIOTCS /17151 UHTErpUpOBaHUs »KeCTKUX AuddepeHLiManbHbIX YypaBHeHU. s
HEe)KeCTKUX CUCTeM T0/Ty4eHbl TaKKe XOpOLLIe pe3y/IbTarhl.
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FnaBa 26. MHOrousieHbl

26.1. BBegeHue

[TonMHOMOM (MHOTOUZIEHOM) Ha3bIBalOT BhIpaKeHUe, COCTOsLLee U3 HeCKOIBbKUX YacTeld 0ZJHOTO
THMa. MHOrouseHbl BO3HUKAKOT B Pa3/IMYHbIX [IPU/IOKEHUSIX, Hallp¥Mep, NPU pelleHnr
IvQdepeHLManbHbIX ypaBHEHNU!H, UHTePIIOJMPOBAHMY U T. [l. Bo3MOKHbIe pUIoKeHNs
MHOTOY/IEHOB K CTaTUCTUYEeCKOMY aHaau3y JaHHbIX U MaTeMaTH4eCKOMY MOJeHpPOBaHUI0
pPacCcMOTpeHbI ITPYU ONMKMCAaHUU KOHKPETHBIX ITPUMepOB.

26.2. TeopeTuyeckoe 060CHOBaHUue

MBI pacCMOTPUM BbIUKC/IEHUE HEKOTOPBIX MHOTOW/IEHOB U3 K/lacca MHOTOU/IEHOB Ammess,
COZieprKalliero Takue BaKHble CUCTeMbl MHOTOU/IEHOB, Kak MHOrousieHbl bepHysy, Jlareppa,
OpmuTa, a TakXKe BHIYUC/IeHUe MHOTOUIeHOB YeObiiieBa u JlexkaHapa. MHorousieHbl YeObiiieBa
MepBOro ¥ BTOPOTO poja ¥ MHOrousieHbl JlexxaHapa sIB/ISF0TCS YaCTHBIMU CTy4YasiMA MHOTOY/IEHOB
SIKoOH, SIB/ISTIOIIMXCSI, B CBOIO OUepe/lb, CIIel[Ha/IbHbIM C/TydyaeM TUrepreoMeTpudeckoi (pyHKITUH.
Cas13b MHOTOU/IEHOB SIKOOM 1 yHKI[MM B—pacripenenerust 06CyK1aeTcsi B TUTEparype.

MHorue 13 pacCMOTPEeHHBIX MHOTOUWIEHOB 00/1alat0T CBOMCTBOM OPTOTOHA/ILHOCTH, KOTOPOe
3aK/IF04aeTcsl B TOM, 4TO

3P ()P, (x,) =0,i %),

s=1

HekoTopble MHOrOW/IeHb! CBSI3aHbI C aHA/IMTUYECKUM pellleHrneM CIel{da/IbHbIX TUIIOB
I depeHLIMaTbHBIX YpaBHEHUM. [1/11 aCHMIITOTUYECKUX pa3/ioXKeHU CTaTUCTHYeCKUX
pacripefie/ieHUM IPUMEHSIFOTCSI MHOTO4/IeHbl DpmuTa U Jlareppa.

26.2.1. MHorouneHbl bepHynnu

MHorounensl BepHynnu onpepensitorcst hopMynon

n
B,(x) =) C:Bx""*,n=0,1,2,..,

s=0
rae B — unciia bepHym.
Tak Kak BCe HeueTHbIe unc/ia bepHy/um, KpoMme uncia C HoMepoM 1, paBHbI HYJTIO, [IJIsI
0003HaueHUs yMCe/l 1 MHOTOWIeHOB bepHy i MpUMeHSIOT Takke o003HaueHue Boy,(x),m=0,1,2,... .
PekyppeHTHbIe COOTHOLIEHMS /151 OTIpeZiesieHus: urces bepHy/uim uMeroT BUJ:
Bo(X) = 1,

1 n-1
B (x)=x"-——)> C’, B.(x),n =12,...,
n( ) n+1SZ:0' n+l 5( )

rJie MO)KHO ObUTO ObI TIPO/IO/DKUTE M COCTaBUTh PEKYPCHEIO /ISl UMC/Ia COUeTaHUM, UeT0 MbI TTOKA
Jenathb He Oyzem.
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26.2.2. MHorouneHobl Jlareppa

O600111eHHbIe (TTPHUCOeJMHEHHBIE) MHOTOU/IEHBI Jlareppa sIBISIOTCS pellieHUsIMU
JuddepeHIMaabHOTO ypaBHeHUs

xy"+(A+1-x)y'+ny=0

Y onpeiesisitoTcs Hopmyioi

n

LP(x)=(-1)"x ’lexd—(x’“"e'x),n =0,1,2....,
dx"

rae A > -1,
0<x<oo,
PeKyppeHTHbIe COOTHOILIIeHUusda ,IZ[]IH BbBIUMCJ/IEHUSA 0606LHQHHLIX MHOI'O4/IeHOB J'Iareppa BbIFJIH,E[HT KdK
L (x) =1,

LY (x)=x- A-1,

LY (x) =(x- A- 2n+ 1)L (x)- (n- D(A+n- 1)L,

X
-2 (X, n=223,...
CBs13b MHOTOU/IEHOB Jlareppa c MHTerpaaoM BeposiTHOCTel x2 u ¢ I'—pacripe/iesieHueM 06CyKaeTcst

B JIUTEparype.

26.2.3. MHOrousnieHbl dpmMmuTa

MHorousieHbl DpMUTa SBASIOTCS pellieHussMU AuddepeHiaabHOr0 ypaBHeHUs
y"—=2xy'+2ny=0,n=0,1,2,...,
1 orpeiesisitoTcst hopMyoi
x2 d n e‘ X2

dx"
PekyppeHTHbIe COOTHOIIEHUS /1J11 BBIYMCIEHUS] MHOTOU/IEHOB DPMUTA BBIMIIAAT KakK
Ho(X) = 1,
HI(X) = 2X)
Hy(x) = 2xH,_1(x) — 2(n — 1)H, _2(X), n = 2,3,... .
PekyppeHTHbIe COOTHOIIEHUS /1J1s BBIYMC/IEHUS] MHOTOUYJIEHOB DPMUTA MOXKHO 3amucaTh Mo—
npyromy. Torza ux Ha3biBatOT MHOTOWIeHaMH YeObiieBa—OpMHUTA 1 BBIUMCIISIFOT Kak
Ho(X) = 1,
Hi(x) = —x,
Hy(x) = —xH,_1(x) —(n — 1)H,_2(x),n = 2,3,... .
B Takoii (hopme MHOrOU/IeHbI TIPUMEHSIFOTCS /1J151 BBIUKMC/IEHHS IPOU3BOAHBIX IJIOTHOCTH
HOpPMa/bHOTO pacripe/iesieHus 1o Gpopmyiie

o () =% =H, ()¢, (x).

26.2.4. MHoOrouneHbl YebbiweBa

H,(x) =(-1)"e

MpuorousneHnsl Yebbiiiesa repBoro poda ABJAAKTCA pelleHUusIMHN I,E[I/I(1)(1)epeHI_[I/I{:l]I]:HOFO YPaBHEHHUA
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(1-xX)y"—xy'+n’y=0
U orpeiesisitoTcst hopMynoi

n

T (x) =cos(narccos(x)) —(22 n)" V- 2 4 [(1 x%) )

,n=0,12,..

rge—1 <x<1.

PeKyppeHTHbIE COOTHOLIEHHS BBIIVISIAAT ropaszio Mpole

To(x) = 1,

Ti(x) = x,

Tu(x) = 2XT-1(x) — Th-2(x), n = 2,3,... .

MHorousneHs! YeOrbIiieBa BTOPOTo pojja sIB/SIOTCS pellieHnsIMU A depeHIanbHOT0 ypaBHeHHs
(1-x)y"-3xy'+n(n+2)y=0

U orpeessitoTcst hopMynoi

sin[(n+1)arccos(x)] _2"m+1)! 1 d" (- xz)m%]

M- Qn+D)! (12 2 dx” ,n=0,1,2,...,
rme -1 <x<1.

PexyppeHTHbIe COOTHOILIEHHUS BBIVIAAAT KaK

Us(x) = 1,

Ui(x) = 2x,

Un(x) = 2xUn-1(x) = Up—2(x), n = 2,3

MHorousneHs! YeOrbiiieBa 00pa3yroT CHCTeMY, OPTOTOHa/IBHYIO Ha oTpe3ke —1 < x < 1. B yiiureparype
Jaetcsi hopmysia CBsI3M MHOTou/ieHOB YeObbIiieBa 1epBoro v BTOPOro poja.

U,(x) =

26.2.5. MHorouneHbl JlexxaHgpa

Paccmotpum guddepeHiansHoe ypaBHeHHe
2

n(n+l)- y =0

b

(1- x*)y"- 2xp '+

2
- X

rJle N ¥ I — IPOX3BOJIbHbIE YUCIA.
Ecmin=0,1,2,..., a p = 0, ToO orpaHuyeHHbIe Ha OTpe3ke —1 < x < 1 pelleHUs] ypaBHEHHUSs
Ha3bIBalOTCsl MHOTOU/IeHamMu JlexxaH ipa (cdepruecKMMU MHOTOU/IEHAMMU)

_ a5 o
P, (x) O (x"-1
Y OTIPeJIeJISFOTCS 110 PeKYPPEHTHBIM (popMy/iam
Py(x) =1,
Pi(x) = x,

Po(x) =[(1-2n)xP,_1(x) + (n— 1)P,_2(x)] / n,n = 2,3,... .

bnarozmapsi Tomy, 4To MHOTOU/IeHbI JIe>kaH/ipa OPTOrOHa/IbHBI Ha OTpe3ke —1 < x < 1, oHM 00pa3syroT
TIOJIHYI0 cucTeMy (YHKLMN U MOTYT ObITh UCIO/b30BaHbI /IJIsi pa3/IoXKeHUs! B Psifl TPOM3BOJIbHOM
(yHKLMY, UHTErprpyemoi Ha oTpeske —1 < x < 1.
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MpunoxeHue. CTtatucTuyeckue pacnpeseneHus

B BbIUMC/IUTE/TEHOM acIieKTe HauMeHOBaHWe «(QYHKI[US pacripe/ie/ieHus» yIoTpeosieTcst /st
MareMaTHyecKkoro o0beKTa, B KOTOPhIN MOACTaB/ISIOTCS CTAaTUCTHKA, a TaK)Ke HEKOTOPbIM Habop
rapaMeTpoB (B TOM UKC/ie, BO3MO)KHO, TaK Ha3bIBaeMble CTereH! CBOOO/bI), a B pe3y/ibrare
T10/1y4yaeTcsl 3HaueHue, UMerolliee CMbIC/I BePOSATHOCTHU U, C/lefloBaTe/IbHO, 3aK/IFOUeHHOe B
unTepBarie [0;1]. I Hao6opoT, «obpaTHast GyHKLMS pacnipe/ie/ieHus» — 3TO Takasi QyHKIWs, B
KOTOPYIO MO/ CTaB/IsIeTCs TapaMeTp, UMEIOLMI CMbIC/I BePOSITHOCTH, a TakKe, BO3SMOJKHO,
HEeKOTOPbI HabOop [[0TIO/THUTE/TBHBIX TTAPDAMETPOB, a B Pe3y/bTaTe MoyJaeTcs 3HadyeHue
CTaTUCTUKMU.

Ncrouynuku: bonblies ¢ coast., bpauar, e I'poor, [1ornos ¢ coasrt., Poguonos, PoAWOHOB € coaBT.,
XaH € Cc0aBT., XaCTUHIC C coaBT., [Ilop c coasr., brtopu (Bury), OBanc (Evans) c coaBT. CBoAKy
pacnpe/esieHUi U arrpokcuMariui fan Kob3apsb.

N.1. BuHoMmuasibHOe pacnpepgeneHve

OyHKIMS OMHOMHATBLHOTO pacripe/ie/ieHust BBIYUC/ISeTCs 1o hopMyrie
K-1

P(k<K) =)W,
k=0

IJie N — YKCJIO CTereHel cBoboabl, n > 0,

Wl’l

k' — BepOSATHOCTH OMHOMMA/ILHOTO pacrpezie/ieHus], BIUKMC/IsieMble 110 popmyrie

n _ ok _k n-k
VVk _Cnp (1 - p) 5

k
rJe " — YKCJI0 COUeTaHMM u3 n 110 k.
Iyt obecrieueHyst YMCIEHHONW YCTOMYMBOCTH aJITOPUTMA YUC/IO COUETAaHUH MOXKET BBIUMC/ISIThCS
Kak (bpanar)
cf = I'(n+1)
- s

" T(k+DI(n- k+1)

rae I'(.) — ramma—QyHKIusI.

MN.2. F'MnepreomeTpuyeckoe pacnpegesnieHne

@DyHKLMS rUIepreoMeTpUyecKoro pacripeiesieHusi BbIUMCISAeTCs 110 popmyJie
k-1
P(k<k)=2W,,
k=0
rae Wk — BEPOATHOCTHU TUIIepreoMeTpruyueCKoro pacripeiejieHrusd, BbIluncisieMble T10 d)OpMyJIe
Ck Cn- k
K*>~N-K

n s
N

W, = n <N,k <K,

k
rae Cr _ yncio couetanuit u3 K o k,

@ o @ Copyright © 2017 Igor Gaidyshev
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Cn-k .
N-K _—yycjo coyetaHuii us N — Ko n -k,

n

Cy _ UKCa0 coueTaHuu u3 N mo n,
K, N, n — mapaMmeTpsl pacripefiejieHus.

N.3. HopmanbHoe pacnpegeneHue

HopwmasnbHbIM Ha3biBaeTCs OAHO M3 BaXKHEUILNX pacrnpeeeHUi BePOsITHOCTeN Cy4alHON
Be/IMuMHbI. TeopeTrueckoe 000CHOBaHME PO/ HOPMaJIbHOTO PacIipe/iesieHus JaeTcst
LIeHTpa/IbHbIMU Mpe/le/TbHBIMU TeOpeMaMH, PacCMaTprUBaeMbIMU B Kypce « Teopun BepOSITHOCTEeN».

(I)yHKL[I/IH IMJIOTHOCTHU HOPMAJIBHOT'O pacCIipe/ie/ieHud UMeeT BU/:
N,

2
f(x) =—=e >,
ovN2m
—o0<g<oo,0g>0,—00<x<o00,
[TyTem BBeJjeHHsI HODMUPOBaHHOM BeTUUYUHBI

X-da
=

b

o

T7le a — MaTeMaTUuecKoe oxujaHue (0ObIYHO ero OljeHKa — Cpe/jHee 3HaueHHe, HO MOT'YT

TIPUMEHSIThCS U [IpyTHe TlapaMeTpPhbl TI0/I0XKeHMUs),

02 — pucnepcusi (mapameTp pa3dpoca),

TOKa3aHHOM BhIIIe (hopMyJie MPH/IaH HeCKOTBKO MHOM BU/l. DTOU (HOpMYIION y0OHO MOJ/Ib30BaThCs

TIpY pacueTe TeOpeTUUeCKUX YaCTOT SMITUPHUYecKoro pacripefesieHus. K Tomy >xe Tabnuiibl 00b1YHO

JaroTcst A1t QYHKIMY, Ha3bIBaeMOMW TaKyKe IJIOTHOCTBIO BePOSITHOCTU CTaHAApTU30BaHHOMN

(cTanAapTHOM) HOPMa/IbHOM C/TyuyaiiHOW BeJTMUMHBI,

1 -2

J(t) =—=e?
NP

@DYHKI[MS CTaHJaPTHOIO HOPMaJILHOTO pacrpe/iesieHusi paBHa

X

g . ©
Y Ha3bIBaeTcs GyHKIMel Jlanaca (BTOpbIM 3aKOHOM pacripesienienus Jlariaca) imbo WHTerpaaoM
BeposiTHOCTH 'aycca (3akoHOM "aycca, raycCoBBIM pacripe/iesieHreM) B UeCThb IIPUMeHeHus! JAHHOTO
3aKOHa pacrpe/ienieHus AJIsl U3yueHus OIMO0K HaboeHui.
[TpakTHueCcKy BbIUKMCIeHHe (GYHKLUKA CTaHAAPTHOTO HOPMAJIbHOTO pacripe/ie/ieHus IPOU3BOAUTCS
o gopmysne

D(x) :% 1+ sign(x)P.

P(x) =

1/2)]

rae P(.) — HerosiHasi raMMa—(yHKLIYS.
HaxonuT nprMeHeHUe UHTerpajl BeposiTHOCTelH

Copyright © 2017 Igor Gaidyshev
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x
1(x) :L J'e'yz/zdy.

NEZR
C uCIio/1b30BaHMEM CBOWCTBA CUMMETPHHU TIOZBIHTErPaTbHOM (PYHKIMK CTaH[apTHOTO HOPMaTbHOTO
pacripesiesienusi ®(.) pacueTHasi popMysia UHTerpasa BeposiTHocTel I(.) CBOAUTCS K TIPOCTOMY
BBIPa)KEHUIO
I(x) = 2(x]) - 1).

MN.4. MHoromepHoe HopMasibHOe pacnpegeneHue

B ciiyuae MHOroMepHOTr0 HOPMa/IbHOTO pacIipeZiesieH st IJIOTHOCTh paciipeZiesieHHs: COBOKYITHOCTH
ornpezesnsieTcs: popmMysnion

1 L@ s (x-X)

2 € ? >

(2m)"|S]

rae S-— AUCTIEDCHUOHHO—KOBAPUALIMOHHAA MaTpHli4,

P(X) =

X - BEKTOP MdTeéMaTHU4Y€CKOT'0 OXKKWaHWA,

d — «4KC/I0 U3MepeHuil» — NOPSAL0K MaTPULbI S U [/IMHA BeKTopa X ,

' — omepaLysi TPaHCIIOHUPOBaHMUSI.

[ucriepcioOHHO—KOBapHUaLMOHHAsi MaTpuLia B C/lydyae MHOTOMEPHOI'O pacripe/ie/ieHust siB/IseTCst
rapaMeTpoM, aHaJIOTUYHbIM JIUCIIePCUU B OAHOMEPHOM c/iyuae. Ha auaroHanu JaHHOM MaTpULIbI
pacrio/iararTcst JUCTIepCUU KOMITOHEHT C/Ty4aiiHOro BeKTopa. BHeinaroHaabHbIe uieHbl MaTpPULIbI
SIBJISIFOTCSI KOBapHaLUsIMHU.

WHora HopMaibHOe MHOTOMEPHOE pacripe/iesieHre OIMO0YHO TTOHUMAeTCsl B TOM CMBICIIe, UTO
Ka)K/lasi epeMeHHasi, COCTaB/ISAI0LLIasi MHOTOMEPHYIO0 COBOKYITHOCTh (peanu3aljyio C1y4aiiHOro
MHOIOMEPHOI'0 BEKTOpa), MMeeT HOPMaJIbHOe pacrpeziesieHye. DTO HEBEPHO: UCC/Ie/lys Takoe
pacripe/iesieHle «OJHOMEPHBIX COCTaB/ISIOIINX», aHATU3UPYIOT TOJILKO MaprUHa/bHbIe
pacripe/ie/ieH!si KOMITIOHEHT C/Ty4allHOro MHOTOMEpPHOT'O BEKTOpa, COCTAB/ISIIOIMX MHOTOMEepPHOe
pacrpezie/ieHre, HO He CaMO MHOTOMEpPHOe pacripe/ienieHye. [1jisi uccyiefoBaHus HOpMalbHOCTH
MHOTOMEPHOTO pacripe/iesieHus pa3paboTaHbl CrieraabHbIe METO/IBL.

O MHOromMepHOM HOpPMa/IbHOM pacripefie/ieHUH CM. CTaTbi0 MapThIHOBA.

N.5. t-pacnpepneneHue

CDYHKL[I/IH t—paCHpeAEHEHI/IH CTL}O,Z[EHTa BbIDAXXaeTCda Cl)OpMYJ'IOI\/JI
1 X 2\" (n+l)/2
Y

Fx)y=—/—F"-—= [1+— dy,
() \/;B(l/Z,n/Z)_w n 4

T7le N — YMCIIo CTerneHel cBobopl, n > 0,
B(.) — 6eta—yHKIWSI.
[TpakTHUeCKH BblUKC/IeHHe (PyHKIMU TIPOU3BOAUTCS 110 hopmyie
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F(x)= ]1 + sign(x)|l - (n/2,1/2)ﬂ,

n/(n+x2)

rae I,(.,.) — perynsipru30BaHHasi HerloyiHasi OeTa—(hyHKIuSI.

rN.6. F-pacnpepgeneHune
®ynk1ms F—pacrpesieneHus BeipakaeTcst opmysion

m/2 - (m+ny) /2
I'((n, +n,)/2) fy”‘ | dy
['(n,/2)T(n,/2) ’

0
I7ie Ny — YKCJIO CTereHeli cBoboel, n; > 0,
Ny — YHUCJI0 CTereHel cBoOobl, n, > 0,
I'(.) — raMmMa—QyHKLHS.

[TpakTUUecku BbIYMC/IeHHe (PYHKLIUW TTPOM3BOAUTCS 10 opmysie
Fx(nl ’nZ) :1 - Inz /(ny+mx) (”2 /2’ nl /2)7

rae I(.,.) — pery/ispu3oBaHHast HeTo/iHasi 6eTa—(hyHKIIMS.

l+ﬂy

n,

F.(n,n,) =

n,

N.7. bera—-pacnpeaneneHue

dyHKIMs beTa—pacrnpeziesieHNst — SKBUBAaJIeHTHOe HaMEHOBAHUE PeTy/IsIPU30BaHHOMN HETIOTHON
6eTa—hyHKINN.

N.8. Xu-kBagpar pacnpegeneHuve

DyHKLUA pacnpe,qeneHHﬂ X2 BbIpakaeTcsi hopMysioun
1 n/2- 1 /2

F(x)=—s——

) 2"?*T(n/2) ; f

I7le N — YKCIIo cTereHel cBobopl, n > 0,

['(.) — raMmma—yHKIMS.

[TpakTHyeckH BbluMc/IeHHe (PyHKIIMY IPOU3BOAUTCS 10 hopmysie

Fy(x) =1—Py/2(n/2),

rae P (.) — Hemo/iHasi raMMa—(yHKLHSI.

)

MN.9. HeueHTpanbHOe XN-KBagpar pacnpeaesnieHue

DYHKI[MsI HeLIeHTPaJTbHOTO pacnpe,qeneHI/m X2 BbIpa)kaeTcsi opMysioi

ﬂk
F (x A’) =€ 1/22 k'2n/2+2k1—~( /2+k)f

TJie n — YKCIIo cTerneHeld cBobozbl, n > 0,
A\ — mapameTp HeleHTPaJTbLHOCTH, A > 0,
u — obparHasi GyHKIMS pacripefiesieHust X2,

Copyright © 2017 Igor Gaidyshev
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I'(.) — raMMa—GbyHKLHS.

[Tpu A = 0 HelleHTpasIbHOE pacrpeziesieHre X? COBIAaZAeT C pacripe/ieieHueM x2.

[TpakTHYecku BblUKcieHre (PyHKIMU TTPOU3BOAUTCS TIOCPEICTBOM arllpOKCUMALIUH, TTPeJ/I0KeHHOM
ITupcoHoM,

Fi(va) =F, (0 234 2
n+24 n+34
rae Fr(x) — dyHKus pacripesiesieHust X2 C YMC/IOM CTerleHel CBOOO/bl, pABHBIM
o= (n+21)°
(n+314)°

CBoMCTBa, anmpoKCcMMali1 U MPUIOKeHUs pacripeiesieHys 3y4yeHbl bosibleBbIM € COaBT.,
OysHomM, Ko63apem, Kynbbakom. OfuH 13 yacTHBIX ciiydaeB paccmotpeH @uriepom (Fisher).

N.10. O606LWeHHOe raMMma—pacnpegeneHme

@OyHKLMA raMmma—pacrpeesieH|s: MOXKeT UMeThb OZIWH, iBa UM TpY napamMeTpa. ['aMMa—(pyHKUus €
TpeMs TlapaMeTpaMH, Ha3biBaeMasi 000011[eHHOM raMmMa—(pyHKI[Hel, BEIYUC/ISeTCS 110 (hopmyrie

F.(a,b,c) =

t-c a-le-(t-c)/bdt.
bT'(a) Of( )
[TpakTUuecku BbIYMC/IeHHE (PYHKLIUW TIPOM3BOAUTCS 110 Gopmysie
Fx(a,b,c) = P(X_C)/b(a),
rae P (.) — HemoiHasi raMMa—(QyHKLHSI.

MN.11. /lorHopmasibHOEe pacnpeaeneHve

®yHKIMS IOTHOPMabHOTO (JioraprMryecky HOpMa/IbHOTO) pacripe/ieieHust C AByMst
rapaMeTpaMH BBIUMCIISETCS 110 (popMyiie

Rc(avb) — - (Iny-a)? /ZbZdy.

1 X
-1

P
b2 §
3ameHoi1 mepeMenHoii In y = t, y'dy = dt 1, COOTBeTCTBEHHO, MeHsIsl TIpe/ie/Ibl UHTer PUPOBaHMs
Y€ {O;x J Ha ! € J' oo Inx J, nosiyuaeM opmyity, KOTopasi PUTOJUTCS B aIbHEMIINX BbIK/IaKaX,

Inx
1

P.(a,b) = [,

b2
dyHKUYS HOPMaJIBHOTO pacripe/iesieHysi OT HeCTaHAPTH30BaHHOM CTy4aliHOM BeTMYMHBI paBHA
F.(a,b) = ®((x—a)/b),

rae @(.) — pyHKLMS CTaHAapTHOTO HOPMa/IbHOT'O pacripe/ie/ieHusl.

PacueTtHast hopmysia myTeM TipeoOpa3oBaHMii TIPUMET BUJ

P,(a,b) = Fin{a,b) = ®((In x — a) / b).

PaccMoTpeHHOe pacripefiesieHue sIB/sIeTCS YaCTHBIM C/lyyaeM JIOTHOPMaJ/IbHOTO pacIipefiesieHus ¢
TpeMsi TapaMeTpaMH, Ha3bIBaeMOT0 TAK)Ke pacripesiesieHrneM Sy [[>KOHCOHa.
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[1/I0THOCTh JIOTHOPMAJILHOTO pacripee/ieH st C AByMs TlapaMeTpaMK BBIUKC/ISIeTCS 110 (hopmyJie
1 2
frab) = ¢?
xb~ 2

N.12. PacnpegeneHue Sy )KOHCOHA

dyHKIUsA pacripeseneHus: Sy [J)KOHCOHA BBIUUC/IIeTCS 110 (hopmysie
poo | Havtin] G-o) GV ||

Jf' e 2 dy

d27 5 (- )a¥ +1)

PykoBozcTBYsICh MaTepuasaMu MoHorpauu XaHa C coasT. (c. 233) 1o pacripeesieHUsIM
II>KOHCOHa, YCTaHaB/IMBaeM, UTO pacuyeTHast popMysa OyzeT UMeThb BUJ,
Py«(a,b,c,d)=1—-®(a + b - Arsh(x — c) / d)),

rae @(.) — pyHKUMS CTaHAAPTHOIO HOPMAaJ/IbHOTO pacrpe/iesieHus],

Arsh(.)— byHKIMs THepboInuecKoro apKCHHYyca.

In(x)-a
b

,x>0,b>0,-00 <g <o,

P (a,b,c,d) =

N.13. PacnpeaeneHne BbIGOPOUHOro pasmaxa

dynkuus pacripeaenenusi P,(W < w) BbibopouHoro pa3maxa (range) W st BLIDOPKHM UMC/IEHHOCTH
n, UHauUe BepOSTHOCTb TOTO, UTO OH He TIPeBBICUT W, onpeZiessieTcss (hopMyIou

P.(W <w) =n wﬁF(x +w)- F(x)|" dF (x).

Ecsiv coBoKymHOCTH pacripe/iesieHa HOpMasbHO, TO BbipaskeHue F(.), BXxopsiiee B hopMymy,
ripeficTaBssieT co00M (YHKIIMIO pacripeziesieHUst HOpMaJIbHO pacripezie/ieHHOM CTaH/IapTH30BaHHOM
C/Ty4aiiHOM BeJIMUKHBI

P(x) = gy,

1 X
— fe
N2 Y
Inist BeIuMC/ieHnst GYHKIUY pacripe/iesieHyst pa3Maxa JoTOoTHATe/IbHO He00X0IUMO BbIPa3UTh
BesnuuHy dF(X), BXOASAIIYI0 B (hOpMYyJly ee BbIUMC/IeHus1, yepe3 dX. MO)KHO 3aricarb

F
dF (x) 2% dx,

X

dF (x)

rge  dX — npowusBogHasi F(x) M0 X — IVIOTHOCTb PACIIPe/ie/IeHNsT BEPOSITHOCTH — ISl
CTaH,E[apTI/I3OBaHHOI‘/JI HOpMaHBHOﬁ CnyqaﬁHoﬁ Be/JIMUMHBI BEIUUC/IAETCA I10 (I)opMyJIe
dP(x) _ 1 -x%/2

dx N2

C/ZLE‘]IEIB BCe H606X0/ILI/IMI:I€ HO,I[CTEIHOBKI/I, I'IOJ'IyIJEIEM HpI/II‘O,Z[Hy}O ,Z[JISI HpaKTI/I‘—IeCKI/IX BLIIJI/IC]IEHI/Iﬁ
bopmyny
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P(W <w)="_ J[P(x +w)- P(x)]" e .

N2
PacueT npou3BOgUTCS YMC/IEHHBIM HHTerprupoBaHueM MeTozioM CrumiicoHa. Metog cM. y
Jlopencesns (Laurencelle) c coaBt. Cm. Mrosnnep c coasr., Xanb[, OysH, bBapuaopp—Hunbcen c

COaBT.

MN.14. PacnpepeneHue CTbiOAEeHTU3NPOBaAHHOIO pasmaxa

[TycTh 13 HOpMa/IbHOM COBOKYITHOCTH M3BJIEKAeTCsI BLIOOPKA UHMC/IEHHOCTBIO N U TI0 IaHHOU
BbIOOPKE BBIYUC/ISIETCST BELIOOPOUHBIHM pa3max W. 3arem u3 TOM ke HOPMaIbHON COBOKYITHOCTH WJTH
13 [Ipyroii HOpMa/IbHOWM COBOKYITHOCTH C T€M K€ CTaHZapPTHLIM OTK/JIOHEHHWEM W3BJIeKaeTCst
BbIOOPKA UHC/IEHHOCTBIO f ¥ TI0 JAHHOM BBIOOPKE BHIUMC/ISIETCS] BEIODOPOUHOE CTaHAapTHOe
OTKJ/IOHEHUeE S.

Torma oTHolleHre W / s Ha3bIBaeTCsl CTbIO/IEHTU3UPOBAHHBIM pa3MaxoM (pa3maxoM CThIOfIeHTa,
studentized range) u ero pacripe/iesieHre 3aBUCHT TOMBKO OT BeIUUUH n U f. DyHKIUs
pacripegesienusi P, (W / s < q) BHIOOPOUHOTO CTHIOIEHTU3UPOBAHHOTO Pa3Maxa, MHaue BepOSITHOCTD
TOTO, UTO OH He MPEeBBICUT (, OTIpe/iesisieTCst (HOpMYJIoit

112 o ,
PO 1s <) =i e e R g,
rie P,(.) — dyHKIus pacrpesiesieHyst BBIDOPOYHOTO pa3Maxa.

BbIuncsieHre pacCMaTpUBaeMOT0 pacripe/iesieHusi POU3BOUTCS YMC/IeHHBIM HHTerPUPOBaHUEM
MeTozioM CumricoHa. Metoz cM. y JlopeHcens (Laurencelle) ¢ coaBt. CM. Takxke ructouHuku: OyaH,
Jlukel c coaBT., Mtosiep ¢ coaBT., Xanw[, [stiBua, [dsiiBug (David) c coaBr., Xaptep (Harter) c
coaer., [lledde. Annpokcumariyu paccMoTpenbl Komnenraysp (Copenhaver) ¢ coaBr., [in3oH
(Gleason), Pamceii (Ramsey) c coaBr., Kappu (Currie), ITupcon (Pearson), Tunmett (Tippett).
MeToauKy BeIUKC/IeHUN cM. Takke B ctatbe Kornienxosep (Copenhaver) c coaBt., baym (Baum) c
COAaBT.

N.15. PacnpepeneHuve cTbioAeHTU3UPOBAHHOIO MakCUMyMa
Moaynemn

®yukuuys pacripegeneHus: P(Qx, < q) CThbIOIEHTU3MPOBAaHHOTO MaKCHMyMa Mozy/ei (studentized
maximum modulus) Qx, ¢ TapaMeTpoM K M UHCJIOM CTeTleHel CBOOO/bI N, MHAUe BEPOSITHOCTD TOTO,
YTO OH He MPEeBLICUT ¢, oTipeensieTcst (HhopMyioit

P(Q,, <q) = [[20(q)- 1} du, (),

rae @(.) — pyHKLMS CTaHAaPTHOTO HOPMa/IbHOTO pacripe/ieieHus,

H.(.) — AeneHHas Ha Vn IJIOTHOCTb (DYHKLIMY X-pacripejiesieHusl.
[TnoTHOCTH X-pacrpesiesieHus: UMeeT BU/,
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xn-le- x2/2

SOem) = T )

BoinosiHUB HeoOXouMble Tpeobpa30BaHusl, TI0 CMBIC/TY aHA/IOTHUHbBIE TEM, UTO TIPOW3BE/I€HbI TPH
BBIUMC/IEHUH BLIDOPOYHOTO pa3maxa, MoyuMm, uto auddeperiman dy,(X) orpeensercs
dhopmynoii

nn/an-l -nx?/2

—dx.
2"*'(n/2)
Torga vckomblii BU/, (GYHKLMU pacripeiesieHust

P(Qk,n SQ) =

du,(x) =

n/2 © 5
ﬂ2<b(qx)- l]kx”'le'"" " dx.

0

.
2" (n/2)

BbrunicsieHre paccMaTpyuBaeMoro pacrpeiesieHusi pOU3BOJUTCS UMC/IeHHbIM UHTerPUPOBaHUEM
MetozoM CumricoHa. Metog, M. y JlopeHcesns (Laurencelle) ¢ coaBT. Cioco6 MHTerpupoOBaHust
METO/[OM Pa3/IoXKeHHsl B psifi CM. B ctaTbsax [Tusuiau (Pillai) u [Tuntau ¢ coaBt. Tabmuiger u
annpokcumanuio cm. B ctatbe FOpu (Ury) c coaBt. Kak ykaseiBatoT Caxau (Sahai) c coasr.,,
(byHKLMS pacTnipefiesieHUst CThEOJIEeHTU3UPOBAHHOTO MaKCUMyMa MO/y/iell MOXKeT OBbITh TIo/TyyeHa
TaK)Ke Kak KOpeHb KBaJJpaTHbIN U3 (PyHKLIMU pacripefiesieHust CThbIOJJeHTH3UPOBaHHOTO MaKCUMyMa
xu—KBazpar (studentized maximum chi—-square) — cM. ApmMuT3iiaxK (Armitage) ¢ coasT. O
CTBIOJIEHTU3MPOBaHHOM MakKCMMyMe U MUHUMYMe XU—KBa/par (studentized minimum chi-square)
cM. moHorpaduto I'yrita (Gupta) ¢ coaBT., 0 CTBIOIEHTU3UPOBAHHOM MUHHUMYMe XH—KBa/ipaT CM.
ctatbio Asad (Alam). Cm. Takke Beuxodep (Bechhofer) ¢ coarr., Ctonaiin (Stoline) c coasr.

MN.16. PacnpegeneHue ctatTuctTuku Kputepua Konmoroposa

Pacnipesienienre cratucTuky Kputepust Kovoroposa (A—pacrmpe/iesieHre) BEIUKCISETCS 10 TOUHON
dbopmyrne

()] 2 e x>0,
0,x <0.

BeckoHeuHasi moc/iej0BaTe/TIbHOCT OBICTPO CXOAWUTCS, U /IJISI TIO/TyUeHUsI TIPUEeMIIEMOU JIist
TIPAKTUUe CKUX BBIUKMCIEHUM TOYHOCTH KPUTHUECKOTO 3HaUeHUsI JOCTaTOUYHO HeOObIIIOTO UHC/Ia ee
YJIeHOB.

N.17. PacnpegeneHne ctatTuctuku Kkputepusa Kovinepa

Pacnpe,qeneHI/Ie CTAaTUCTHUKU KPUTEPUA Kofx’mepa BBLIUKC/ISIETCS 10 TOUHOM (1)OpMyJ'Ie

0 =¥ (45 - e ™

Copyright © 2017 Igor Gaidyshev



(

@ The ME.com

beckoHeuHasi TI0C/1el0BaTe/IbHOCTh OBICTPO CXOAUTCS, U [I/IS1 TIOMyUYeHHs] IPUEMIIEMOM /1St
MPAKTUYeCKUX BBIUMC/IEHUHA TOYHOCTA KPUTUUYECKOTO 3HAUEHUS [[OCTaTOUHO HEOOJIBIIIOTO UKC/ia ee
YJIeHOB.

N.18. PacnpepgeneHna ctTatTucTuk Kputepmes BunkokcoHa

Paznuuaror pacripenenieHus CTaTUCTHUK KPUTePUs BunkokcoHa AJ1s1 He3aBHUCHUMBIX BbI6OPOK n
Kpurepus BunkokcoHna AJ1s1 CBA3aHHBIX BBI6OPOK.

'Z[JIH He3aBUCHUMBbIX B])I6OPOK PeKyppeHTHEIe Cl)OpMYJH)I BBIUMC/IEHUA KPUTHYE CKHUX 3HAUeHUH
Kpurepus BunkokcoHna CyTb

f(rh,nz,W) = f(nl,nz — I,W— n1) + f(n1 - l,nz,W),

f(ni,n,—x) =0, x>0,

f(nl,nZ’O) =1,

f (nlsO:W) = O:

rie N, — YUCTeHHOCTh OHOM BBIOOPKH,

Ny — 4MC/IeHHOCTDb ,E[perﬁ BBI6OPKI/I.

P-—3HaueHue BLIUMCIAETCSA KaK
e S(n,ny = LW - n)+

n +n, n +n,

m

P = f(n - Ln, ,W).

[n1st cBsi3aHHBIX BBIOOPOK peKyppeHTHbIe (hOPMYJIbI BLIUMC/IEHNS] KPUTUUYECKUX 3HaUeHUH KPUTepHsI
Bunkokcona cyTb

f(N’W+) = f(N_ 1’W+) + f(N_ 1)W+ _N):

f(N,0) =1,

f(N,—x) =0, x>0,

fINNW) =f(N,N(N+1)/2), W >NIN+1)/2,

rie N — UMC/IeHHOCTb KaXK/I0i BBIOODKH.

P—3HayeHue BBIUMC/IAETCA KaK

p LS
Cwm. OysHa.

MN.19. PacnpepgeneHne cTaTUCTUKU Kputepusa MaHHa-YNTHU

PEKYPPEHTHLIE Cl)OpMyan BBIYUC/IEHUS KDUTHUUECKHUX 3HaUeHWM CTaTUCTHKHU KpuTtepusa ManHa—
YUTHU CyThb

f(nl’n2)U) = f(nl - 1,“2,U— nl) + f(n1,n2 - 1’U))

f(nl,nz,—x ) = 0, X > 0,

f(nl,nz,O) = 1,

f (nlsO’U) =1,

f(nl,nZ)U) = f(n2’n1:[])’

T7ie N — YUC/IEHHOCTh OIHOM BLIOOPKH,
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N, — UUC/IEHHOCTb JIPyroil BbIOOPKU.
P—3HaueHMe BbIUMC/ISIETCS KaK
n!n,!

= V),

Cwm. pabotbi Ban sie Buns (Van de Wiel) ¢ coarr., /lu Byuunanuko (Di Bucchianico) c coabr.

MN.20. PacnpeaeneHue cTaTUCTUKU KpUTepueB TuUna omera-
KBagpar

[TpenenbHas GyHKLMSA pacripefiesieHUs a; KpUTepreB TUIa OMera—KBa/ipaT BbIUMC/ISIeTCS Kak
1 r(j+1/2 : 47+1)° 47+1) 47+1)°
a(x) = UHVD) il exp| - Dy 1 @GRDT) @D
N2x S TA/2)L(j +1) 16x 16x 16x

rae I(.) — moguduiupoBanHas ¢yHkius beccens.
Cwm. Bosnbiiesa c coasr.

o0

MN.21. MapruHanbHble pacnpepgesnieHus

MapruHaibHbIM (4aCTHBIM) pacrpe/ie/ieHueM Ha3bIBalOT MPOEKLIMI0 MHOTOMEPHOT'O pacrpe/eieHust
Ha IO/TIPOCTPaHCTBO, MOPOKAeHHOe HEKOTOPhIM HabOPOM KOOPAMHATHBIX BEKTOPOB. I[1yCTh
F(x1,x2,...,Xn) — QYHKIUS pacripe/ie/ieHysl CTy4aliHOTO n—MepHOTro BekTopa (X1,Xo,...,X;). @YHKIMS

(X, , X, .. X; )1 <i, <i,<..<i <n,m<n, .
pacripeieneHuss = 1’0~ m Ha3bIBaeTCsl MaprUHATLHOU

(dbyHKLIMel pacripefiesieHusI 110 OTHOIIeHUto K F(.), a COOTBeTCTBYHOIIlee pacripefiesieHre —
MapryHaabHbIM.
CM. 3HLUK/IONen0 «BeposSTHOCTh U MaTeMaTHuyecKast CTaTUCTHKa» (c. 299).

N.22. CneuynasnibHble PYHKLNN
Famma—¢yHKUuMs Ditiepa onpeensiercs: GopMmyson
I'(a) = J'y”'le'ydy.
0
HernosHasi raMMa—@yHKLMs (C OAHUM TTapaMeTpoM) oripefiesnisieTcsi opMysioin
1 X
P(a) =—— [t"'e'dt.
I'(a) 5r
bera—dyHkuus onpegensercs GopMysion
1
- . L'(a)T'(b)
B(a,b) = "(1- ) dy =———>.
(a,b) Ofy U=y =1

HernosHast 6eTa—dyHKIMs onpeziesisieTcst hOpMy/oi

@ o @ Copyright © 2017 Igor Gaidyshev
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B (a,b) = [y"'(1- y)"'dy.
0

Perynsipru3oBaHHasi Hero/iHasi 6eTa—(hyHKIUsS (MHOTA [/isT KpAaTKOCTH UMeHyeMasi IIPOCTO
pery/sipu3oBaHHOM GeTa—(yHKIMel) onpeensieTcss HopMyioit

B B (a,b) b
" B(a,b)’

ripuyeM Ji/1s1 Lje/IbIX 3HaueHW apryMeHTOB UMeeT MeCTO TpocTasi (hopMysia
a+b-1 - | ) )

I .(a,b)=) (a+b-DV (1- x)=""7,

= JWa+b-1- )
MopuduipoBanHas pyHkiusi beccensi 1 poga BeruMcsieTcs o opmysie

(2/2)2k+v
1) Z = KID(k+v+1)

BLIHI/ICJIEHI/IH C rapaHTUPOBAHHOM TOUHOCTBIO NIPOM3BOAAT IIPU ITOMOLLM pa3/ioXKeHUs B psif, U
B3TieM KOHEUHOT0 UKc/la ero YieHOB, 1100 MpU MOMOILY HellpephIBHBIX YCeUeHHbBIX, TIPU
JOCTYDKEHUH 3a[JaHHOW TOYHOCTH, LIeTTHBIX Ipo0eit, b0 Mpy NMOMOIIY arpOKCHMALIUH.
HexkoTopble crieryiaabHble C/Iy4yad peKypCHBHOIO BbIUMC/IEHUS pacCMOTpeHs! [le I'pooTom.
Cwm. AbpamoBwur] ¢ coaBT., bpanar, [le I'poor.
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